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Pfi^lFACE TO THE THIRD EDITION 

I *■ 


T HAVE taken the opportunity afforded by the need for a new 
edition to subject the whole work to a careful revision, and to 
introduce a considerable amount of new matter. In Chapter i 
I have inserted a theory of the lengths of circular arcs, and of 
the areas of circular sectors, based upon arithmetic definitions 
of their measures. Much of that part of the work which deals 
with Analytical Trigonometry has been re-written. Proofs of the 
transcendency of the numbei-s e and tt have been introduced into 
Chapter xv. It is hoped that the proof there given of the 
impossibility of “squaring the circle” ^vill prove of interest 
to many readers to whom a detailed discussion of this very 
interesting result of modern Analysis has hitherto not been 
readily accessible. 

E. W. HOBSON. 


Cuuist’s College, Cambridge, 
October, 1911 . 


PREFACE TO THE FOURTH EDITION 

In this edition a few errors in the text have been corrected. 

E. W. HOBSON. 


Christ’s College, Cambridge, 
December, 1917 . 



PREFACE TO THE FIRST EDITION 


TN the present treatise, I have given an account, from the 
modern point of view, of the theory of the circular functions, 
and also of such ai)plications of these functions as have been 
usually included in works on Plane Trigonometry. It is hoped 
that the work will assist in informing and training students of 
Mathematics who are intending to proceed considerably further in 
the study of Analysis, and that, in view of the fulness with which 
the more elementary parts of the subject have been treated, the 
book will also be found useful by those whose range of reading is 
to be more limited. 

The definitions given in Chapter iir, of the circular functions, 
were employed by De Morgan in his suggestive work on Douhli 
Algebra and Trigonometry, and appear to me to be those from 
which the fundamental properties of the functions may be most 
easily deduced in such a way that the proofs may be quite 
general, in that they apply to angles of all magnitudes. It will 
be seen that this method of treatment exhibits the formulae for 
the sine and cosine of the sum of two angles, in the simplest 
light, merely as the expression of the fact that the projection of 
the hypothenuse of a right-angled triangle on any straight line in 
its plane is equal to the sum of the projections of the sides on 
the same line. 

The theorems given in Chapter vii have usually been deferred 
until a later stage, but as they are merely algebraical consequences 
ot the addition theorems, there seemed to be no reason why they 
should be postponed 
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A strict proof of the expansions of the sine and cosine of an 
angle in powers of the circular measure has been given in 
Chapter viii ; this is a case in which, in mjiny of the text books 
in use, the'^assage from a finite series to an infinite one is made 
without any adequate investigation of the value of the remainder 
after a finite number of terms, simplicity being thus attained at 
the expense of rigour. It may perhaps be thought that, at this 
stage, I might have proceeded to obtain the infinite product 
formulae for the sine and cosine, and thus have rounded oif the 
theory of the functions of a real angle; for convenience of 
arrangement, however, and in order that the geometrical appli- 
cations might not be too long deferred, the investigation of these 
formulae has been postponed until Chapter xvii. 

As an account of the theory of logarithms of numbers is given 
in all works on Algebra, it seemed unnecessary to repeat it here; 
I have consequently assumed that the student possesses a know- 
ledge of the nature and properties of logarithms, sufficient for 
practical application to the solution of triangles by means of 
logarithmic tables. 

In Chapter xii, I have deliberately omitted to give any 
account of the so-called Modern Geometry of the triangle, as it 
would have been impossible to find space for anything like a 
complete account of the numerous properties which have been 
recently discovered; moreover many of the theorems would be 
more appropriate to a treatise on Geometry than to one on 
Trigonometry. 

The second part of the book, which may be supposed to 
commence at Chapter xiii, contains an exposition of the first 
principles of the theory of complex quantities ; hitherto, the very 
elements of this theory have not been easily accessible to the 
English student, except recently in Prof. Chrystal’s excellent 
treatise on Algebra. The subject of Analytical Trigonometry 
has been too frequently presented to the student in the state in 
which it was left by Euler, before the researches of Cauchy, Abel, 
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Gauss, and others, had placed the use of imaginary quantities 
and especially the theoiy of infinite series and products, where 
real or complex quantities are involved, on a firm scientific basis. 
In the Chapter on the exponential theorem and/ logarithms, 
I have ventured to introduce the term “generalized logarithm” 
for the doubly infinite series of values of the logarithm of a 
quantity. 

I owe a deep debt of gratitude to Mr W. B. Allcock, Fellow 
of Emmanuel College, and to Mr J. Greaves, Fellow of Christ's 
College, for their great kindness in reading all the proofs; their 
many suggestions and corrections have been an invaluable aid to 
me. I have also to express my thanks to Mr H. G. Dawson, 
Fellow of Christ's College, who has undertaken the laborious 
task of verifying the examples. My acknowledgments are due 
to Messrs A. and C. Black, who have most kindly placed at my 
disposal the article “Trigonometry” which I wrote for the 
Encyclopaedia Britannica. 

During the preparation of the work, I have consulted a large 
number of memoirs and treatises, especially German and French 
ones. In cases where an investigation which appeared to be 
private property has been given, I have indicated the source. 

I need hardly say that I shall be very grateful for any 
corrections or suggestions which I may receive from teachers 
or students who use the work. 


E. W HOBSON. 


Christas College, Cambridge, 
March f 1891 . 
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CHAPTER L 


THE MEASUREMENT OF ANGULAR MAGNITUDE. 

1 . The primary object of the science of Plane Trigonometry 
is to develope a method of solving plane triangles. A plane 
triangle has three sides and three angles, and supposing the 
magnitudes of any three of these six parts to be given, one at 
least of the three given parts being a side, it is possible, under 
certain limitations, to determine the magnitudes of the remaining 
three parts; this is called solving the triangle. We shall find 
that in order to attain this primary object of the science, it will be 
necessary to introduce certain functions of an angular magnitude ; 
and Plane Trigonometry, in the extended sense, will be under- 
stood to include the investigation of all the properties of these 
so-called circular functions and their application in analytical and 
geometrical investigations not connected with the solution of 
triangles. 


The generation of an angle of any magnitude. 

2. The angles considered in Euclidean Geometry are all less 
than two right angles, but for the purposes of Trigonometry it is 
necessary to extend the conception of angular magnitude so as to 
include angles of all magnitudes, positive and negative. Let OA 
be a fixed straight line, and let a straight line OP, initially coinci- 
dent with OA, turn round the point 0 in the counter-clockwise 
direction, then as it turns, it generates the angle A OP; when OP 
reaches the position OA^ it has generated an angle equal to two 
right angles, and we may suppose it to go on turning in the same 
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direction until it is again coincident with OA ; it has then turned 
through four right angles; we may then suppose OP to go on 



turning in the same direction, and in fact, to make any number 
of complete 'turns round 0 ; each time it makes a complete 
revolution it describes four right angles, and if it stop in any 
position OP. it will have generated an angle which may be of 
any absolute magnitude, according to the position of P. We 
shall make the convention that an angle so described is positive, 
and that the angle described when OP turns in the opposite or 
clockwise direction is negative. This convention is of course 
perfectly arbitrary, we might, if we pleased, have taken the 
clockwise direction for the positive one. In accordance with 
our convention then, whenever OP makes a complete counter- 
clockwise revolution, it has turned through four right angles 
reckoned positive, and whenever it makes a complete clockwise 
revolution, it has turned through four right angles taken negatively. 

As an illustration of the generation of angles of any magnitude, we may 
consider the angle generated by the large hand of a clock. Each hour, this 
hand turns through four right angles, and preserves no record of the number 
of turns it has made ; this, however, is done by the small hand, which only 
turns through one-twelfth of four right angles in the hour, and thus enables 
us to measure the angle turned through by the large hand in any time less 
than twelve hours. In order that the angles generated by the large hand 
may be positive, and that the initial position may agree with that in our 
figure, WG must suppose the hands to revolve in the opposite direction to that 
in which they actually revolve in a clock, and to coincide at three o’clock 
instead of at twelve o’clock. 
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3. * Supposing OP in the figure to be the final position of 
the turning line, the angle it has described in turning from the 
position OA to the position OP may be any one of an infinite 
number of pbsitive and negative angles, according to the number 
and direction^ of the complete revolutions the turning line has 
made, and any two of these angles differ by a positive or negative 
multiple of four right angles. We shall call all these angles 
bounded by the two lines OA^ OP c oterminal angles^ and denote 
them by {OA, OP)] the arithmetically small^^^oF the angles 
(OA, OP) is the Euclidean an^e AOP, and all the others are 
got by adding positive or negative multiples of four right angles 
to the algebraical value of this. 


The numerical mecbsurement of angles. 


4 . Having now explained what is meant by an angle of any 
positive or negative magnitude, the next step to be made, as 
regards the measurement of angles, is to fix upon a system for 
their numerical measurement. In order to do this, we must 
decide upon a unit angle, which may be any arbitrarily chosen 
angle of fixed magnitude : then all other angles will be measured 
numerically by the ratios they bear to this unit angle. The 
natural unit to take would be the right angle, but as the angles 
of ordinary size would then be denoted by fractions less than 
unity, it is more convenient to take a smaller angle as the unit. 
The one in ordinary use is the de^r^ which is one ninetieth 
part of a right angle. In order to avoid having to use fractions 
of a degree, the degree is subdivided into sixty parts called 
minutes, and the minute into sixty parts called seconds. Angles 
smaller than a second are denoted as decimals of a second, 
the third, which would be the sixtieth part of a second, not 
being used. An angle of d degrees is denoted by d"*, an angle 
of m minutes by m\ and an angle of n seconds by thus 
an angle (2° m' n*' means an angle containing d degrees + m 

minutes + n seconds, and is equal to ^ + + 


of a right angle. 

This system of numerical measurement of angles is called 

the sjxiagesimal system. For example, the angle 23°14'66'H 

, ^ 237 "14 ^ 66-4 . . 1 

denotes ^ ot a right angle. 


1—2 
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It has been proposed to use the decimal system of measurement oS angles. 
In this system the right angle is divided into a hundred grades, the grade 
into a hundred minutes, and the minute into a hundred seconds ; an angle of 
g g Mwies , m mjnuty and n seconds is then written g* nC n"\ , For example, 
the~angle 13* 97' 4''*2 is equal to 13*97042 of a right angle. Jhis system has 
however never come into use, principally because it would be Inconvenient in 
turning time into grades of longitude, unless the day were divided differently 
than it is at present. The day might, if the system of grades were adopted, 
be divided into forty hours instead of twenty-four, and the hour into one 
hundred minutes, thus involving an alteration in the chronometers; one 
of our present hours of time correspouds to a difference of 50/3 grades of 
longitude, which being fractional is inconvenient. 

It is an interesting fact that the division of four right angles into 360 
parts was used by the Babylonians ; there has been a good deal of speculation 
as to the reason for their choice of this number of subdivisions. 

The circular measurement of angles. 

8 . Although, for all purely practical purposes, the sexagesimal 
system of numerical measurement of angles is universally used, 
for theoretical purposes it is more convenient to take a different 
unit angle. In any circle of centre 0, suppose AB to b^an arc 



whose length is equal to the radius of the circle ; we shall shew 
that the angle AOB is of constant magnitude independent of 
the particular circle used ; this angle is called the Radian or 
unit of circular measure, and the magnitude of any other angle 
is expressed by the ratio which it bears to this unit angle, this 
ratio being called the circular measure of the angle. 
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6 . * In order to shew that the Radian is a fixed angle, we shall 
assume the following two theorems : 

(a) In t^he same circle, the lengths of different arcs are to one 
another in tb^ same ratio as the angles which those arcs subtend 
at the centre* of the circle. 

(b) The length of the whole circumference of a circle bears 
to the diameter a ratio which is the same for all circles. 

The theorem (a) is contained in Euclid, Book vi. Prop. 33, and 
we shall give a proof of the theorem (b) at the end of the present 
Chapter. From (a) it follows that 

arc AB Z.AOB 

, circumference of the circle 4 right angles* 

Since the arc AB is equal to the radius of the circle, the first 
of these ratios is, according to (6), the same in all circles, conse- 
quently the angle AOB is of constant magnitude independent of 
the particular circle used. 

7. It will be shewn hereafter that the ratio of the circum- 
ference of a circle to its diameter is an irrational number ; that 
IS, we are unable to give any integers m and n such that m/n is 
exactly equal to the ratio. We shall, in a later Chapter, give an 
account of the various methods which have been employed to 
calculate approximately the value of this ratio, which is usually 
denoted by tt. At present it is sufScient to say that tt can only 
be obtained in the form of an infinite non-recurring decimal, and 
that its value to the first twenty places of decimals is 

3-14159265368979323846. 

For many purposes it will be sufficient to use the approximate value 

aa 355 t 

3*14159. The ratios -y =3*142857, jy^=3*1415929... may be used as approxi- 
mate values of n-, since they agree with the correct value of tr to two and six 
places of decimals respectively. 

8 . We have shewn that the radian is to four right angles 
in the ratio of the radius to the circumference of a circle ; the 

2 

radian is therefore - x a right angle ; remembering then that 

TT 

a right angle is 90"*, and using the approximate value of tt, 
3*1415927, we obtain for the approximate value of the radian 
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in degrees, 57°’2957796, or reducing the decimal of a degree to 
minutes and seconds, 57° 17'44"*81. 

The value of the radian has been calculated by Glaisher to 41 places of 
decimals of a second ^ The value of l/ir has been obtained to 140 places of 
decimals^. 

9 . The circular measure of a right angle is ^tt, and that of 
two right angles is w ; and we can now find the circular measure 
of an angle given in degrees, or vice versa ; if d be the number of 
degrees in an angle of which the circular measure is 6, we have 
Q d 

- = these ratios expresses the ratio of the given 

TT loO 

•jT 

angle to two right angles ; thus d is the circular measure of 

180 

an angle of d degrees, and 6 is the number of degrees in an 

angle whose circular measure is ; if an angle is given in degrees, 
minutes, and seconds, as d° m its circular measure is 

(d + ?n/60 + n/3600) 7r/180. 

The circular measure of 1® is *01745329..., of 1' is •0002908882..., and 
that of r is *000004848137 


10 . The circular measure of the angle A OP, subtended at the 

arc A.P 

centre of a circle by th^ arc AP, is equal to i i Ibr 

•' ^ radius of circle 

... , . arc ZAOP 

this ratio is equal to . „ or — . 

^ arc AP /.AOB 


The arc AP may be greater than the whole circumference and 
may be measured either positively, or negatively, according to the 
direction in which it is measured from the starting point A, so 
that the circular measure of an angle of any magnitude is the 
measure of the arc which subtends the angle, divided by the 
radius of the circle. The length of an arc of a circle of radius r 
is r6, where 6 is the circular measure of the angle the arc 
subtends at the centre of the circle. The whole circumference 
of the circle is therefore 27rr. 


^ On the calculation of the value of the theoretical unit angle to a great number 
of places. Quarterly Journal, Vol. iv. 

* See Grunert’s Archiv, Yol. i., 1811, 
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The length of a circular arc. 

11 . It has been assumed above that the length of a circular 
arc is a definite conception, and that it is capable of numerical 
measurement J this matter will be now investigated. The primary 
notion of length is that of a linear interval, or finite portion of a 
straight line ; and the notion of the length of an arc of a curve, for 
example of a circular arc, must be regarded as derivative. That 
a given finite portion of a straight line has a length which can be 
represented by a definite rational or irrational number, dependent 
upon an assumed unit of length, will be here taken for granted. 
In order to define the length of a circular arc AB, we proceed as 


B 



follows: Let a number of points of division Ag , ... of the 
arc .djS be assigned, and consider the unclosed polygon 

AA1A2 ••• Aifi^iB ^ 

the sum of the lengths of the sides AAi^h A1A2 + ... of 

this polygon has a definite numerical value pi. Next let a new 
polygon AA(Ai ... where w'>n, be inscribed in the arc 

AB^ the greatest side of this polygon being less than the greatest 
side of AAxA^ ...B\ let the sum of the sides of this new unclosed 
polygon be jps* Proceeding further by successive subdivision of 
the arc AB, we obtain a sequence of inscribed unclosed polygons 
of which the lengths are denoted by tficTnum^ers 
of a sequ ence which may be continued indefinitely. In case the 
number pn has a definite limit independent of the mode of the 


8 


THE MEASUREMENT OF ANGULAR MAGNITUDE 


successive sub-divisions of the arc AB, that mode being subject 
only to the condition that the greatest side of the unclosed polygon 
corresponding to pn becomes indefinite!}^ small as n is indefinitely 
increased, then the arc AB is said to have the length I, In order 
to shew that a circular arc has a length, it is necefssary to shew 
that this limit I exists, and this we proceed to do. It is clear 
from the definition that, if ABG be an arc, then if AB, BG have 
definite lengths, so also has AG; and that the length of ABG is 
the sum of the lengths of the arcs AB, BG. It will therefore be 
sufficient to shew that an arc which is less than a semicircle has a 
definite length. In the first place we consider a particular 
sequence of polygons such that the comers of each polygon are 
also corners of all the subsequent polygons of the sequence. 
Denoting by Pj, Pa, ... Pn» ••• the lengths of these unclosed 
polygons, it can be shewn that 

Pi<Pa< ••• <P 

for, by elementary geometry, it is seen that ArAr^i is less than the 
sum of the sides of an unclosed polygon which joins Ar, Ar+i. 
Again all the numbers Pj, Pj, ... P^, ... are less than a fixed 
number. For let TA, TB be the tangents at A, B the ends of 
the arc, and draw AiUj, ... An-iOtn-i parallel to BT, and also 
draw Aj/8i, •• An-i^n-i parallel to AT. We have then 

AAi< Aai + Aiai< Aai + P/Si, and AiA 2 < ctiaa + ^Sifti 
hence AAi-h AiAa + ... + A»_iP< AT-\-BT, 

therefore Pn < A 2’ -P BT. 

In accordance with a fundamental principle in the theoiy of 
limits, since the sequence Pj, Pj, ... Pn, ... of numbers is such that 
each one is less than the next one, and such that all of them are 
less than a fixed number, the sequence has a limit I, which is such 
that, if « be an arbitrarily chosen positive number, as small as we 
please, from and after some value Ui of n, all the numbers Pn 
differ from I by less than e. 

To shew that if pi, pa, ...pn, are the lengths of any se- 
quence of unclosed polygons whatever joining A, B, not subject 
to the condition that the comers of each polygon are also corners 
of all the subsequent ones, but subject only to the condition that 
the greatest side of the nth polygon decreases as n increases, and 
has zero for its limit, we compare such a sequence with the special 
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sequence considered above, and which has been shewn to have a 
definite number I as the limit of the lengths of the polygons 
Consider a polygon AAiA ^ ... A^^iB of the sequence whose lengths 
are Ps, so far advanced that its length is greater than 
2 — £. An integer n can be determined, such that, if n the 
polygon Aa^y, .../c, ... B of which the length is pn has its greatest 
side less than the least side of AA^A ^ ... Ay^^B and also less than 
6/2r. Some of the points a, /8, 7, ... are then in each of the arcs 
AA^y AiAj, .... Let a, /8, 7 be in AA ^ ; then 
Aa + a)8 + /87 + 7Ai > AA^. 

Using this and the similar inequalities AjS + Se + . . . + /kA > AjAj, 
we have by addition, and remembering that 7A,, AiS, ... are all 
less than €/2r, pn + « > A Ai + Aa + . . . + A^-iP > Z — e, there- 
fore pn > ^ ” 26, provided n ^ n. Next consider a polygon 
AAj'Aa'As' ... P, of the sequence whose lengths are Pi, Pj, ..., 
so far advanced that the greatest side is less than the least side 
of Aa/87 ... kB, and also less than 6/2^, where s is the number of 
sides in this latter polygon ; as before we see that 

p» < € -h A A/ 4 * AyA^ + • • . < Z 4“ 6. 

It has now been shewn that, if n ^ n\ lies between Z 4- e and 
Z — 26, and therefore differs from Z by less than 26. Since 6 is 
arbitrarily chosen, and to each value of it there corresponds an 
integer it has been shewn that pn has the same limit Z, when 
n is indefinitely increased, as for the special sequence of polygons 
first considered. 


It has now been shewn that the length of a circular arc is 
measured by a definite number, a unit of length being assumed. 

The circumference 0 of the whole circle is itself given as the 
limit of the perimeters of a sequence of inscribed closed polygons, 
such that the greatest of the sides becomes indefinitely small as 
the sequence proceeds. 

That the lengths of different arcs of the same circle are to one 
another as the angles subtended by those arcs at the centre of the 
circle may now be established as in Euclid, Book Yi. Prop. 33 . 

To prove that the circumferences of circles vary as their 
diameters, let us consider two circles of which the diameters are 
d and d\ If two similar polygons be inscribed in the circles, it 
follows from the properties of similar rectilineal figures that the 


perimeters of these polygons are to one another in the ratio of d 
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to d\ The circumferences 0 and G* of the circles may bo taken 
to be the limits of the perimeters jpn, Pn of two sequences of 
polygons such that the polygon corresponding to pn is for each 
value of n similar to the polygon corresponding to pn* Since 
Pn • Pn = d : d', it follows that the ratio of the limit.of pn to that 
of the limit of pn is equal to the ratio of d : d'; and therefore 

(7:0'=*d:d' 

The area of a sector of a circle. 

12. The area of the sector OAB of a circle, with centre 0, 
bounded by the arc AB is defined to be the limit of the sum of 
the areas of the triangles OAAi, 0ili.4a, ... 0.d.n-i£, when the 
number of sides of the polygon AAiA^.-^^Bis increased indefi- 
nitely and the greatest of its sides is diminished indefinitely, as 
explained in § 11. It must be proved that this limit exists as a 
definite number. 

Let ji, 99 , ...9n be the lengths of the perpendiculars from 0 
on the sides AAi, AiA ^, ... A^^iB ; then the sum of the areas of 
the triangles is \{qi. AAi’^q 2 .AiA 2 -¥ ••*'\‘qn^An^iB\ and this 
lies between \f pn \ f'pn \ where f and g" are the greatest 
and least of the numbers gf, ...gn, and is the sum of the 
sides of the polygon. The limit of exists as the length of the 
arc AB\ also the two numbers g', have one and the same 
limit, the radius of the circle, since they differ from this radius by 
less than half the greatest side of the polygon. Therefore the 
area of the sector is a definite number, equal to half the product 
of the radius r of the circle, and the length rO of the arc AB; 
where 0 is the circular measure of the angle AOB. Thus area 
AOB = ^r^0. The whole circle is a sector of which the bounding 
arc is the whole circumference ; hence the area of the whole circle 
is TTrt 


EXAMPLES ON CHAPTER L 

1. What must be the unit of measurement, that the numerical measure 
of an angle may be equal to the difference between its numerical measures as 
expressed in degi'ecs and in circular measure ? 

2. If the measures of the angles of a triangle referred to 1°, 100', 10000" 
as units be in the proportion of 2, 1, 3, find the angles. 
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3. l^nd the number of degrees in an angle of a regular polygon of n sides 
(1) when it is convex, (2) when its periphery surrounds the inscribed circle m 
times. 

4. Two of fjhe angles of a triangle are 52® 53' 61", 41» 22' 50" respectively ; 
find the third angle. 

5. Find, to five decimal places, the arc which subtends an angle of 1® at 
the centre of a circle whose radius is 4000 miles. 

6. An angle is such that the difference of the reciprocals of the number 
of grades and degrees in it is equal to its circular measure divided by 2ir ; 
find the angle. 

7. The angles of a plane quadrilateral are in a.p. and the difference of 
the greatest and least is a right angle ; find the number of degrees in each 
angle and also the circular measure. 

8. In each of two triangles the angles are in g.p. ; the least angle of one 
of them is three times the least angle in the other, and the sum of the 
greatest angles is 240®; find the circular measure of the angles. 

9. If an arc of 10 feet on a circle of eight feet diameter subtend at the 
centre an angle 143® 14' 22", find the value of w to four decimal places. 

10. Find two regular figures such that the number of degrees in an 
angle of the one is to the number of degrees in an angle of the other as the 
number of sides in the first is to the number of sides in the second. 

11. ABC is a triangle such that, if each of its angles in succession be 
taken as the unit of measurement, and the measures formed of the sums of 
the other two, these measures are in a.p. Shew that the angles of the 
triangle are in h.p. Also shew that only one of these angles can be greater 
than § of a right angle. 

12. Shew that there are eleven and only eleven pairs of regular polygons 
which are such that the number of degrees in an angle of one of them is 
equal to the number of grades in an angle of the other, and that there are 
only four pairs in which these angles are expressed by integers. 

13. The apparent angular diameter of the sun is half a degree. A planet 
is seen to cross its disc in a straight line at a distance from its centre equal 
to three-fifths of its radius. Prove that the angle subtended at the earth, by 
the part of the planet’s path projected on the sun, is irJ450, 
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13. If it is required to measure a given length along a given 
straight line, supposed indefinitely prolonged in both directions, 
starting from any assumed point, the question arises, in which 
direction is the given length to be measured off. In order to avoid 
ambiguity, we agree that to lengths measured along the straight 
line in one direction a positive number shall be assigned, and 
consequently in the other direction a negative number; it ii 
necessary then in such a straight line to assign the positive 
direction. ^Suppose, in the figure, we agree that linel^ measured 


A B C 

from left to right shall be considered to have a positive measure ; 
the length AB \% then measured positively, and the length BA 
negatively, or AB^-BA, 

14. If C be any third point anywhere on the straight line, we 
shall have AB = AO-\-GB, for example if, as in the figure, C lies 
beyond 5, the line CB is negative, and therefore its numerical 
length is subtracted from that of AG The sum of the measures 
of the lengths of any number of such straight lines generated 
by a point which starts at A and finishes its motion at B is 
accordingly equal to that of AB, 

16. When, as in Art. 2, an angle is generated by a straight 
line OP turning from an initial position OA, we shall suppose 
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that, whilst turning, the positive direction in the line OP remains 
unaltered, thus the angle which has been generated in any position 
of OP is the angle between the two positive directions of the 


A B 

bounding lines. It follows, that if AB, CD are the positive 
directions in two straight lines, the angle between AB and DC 
differs by two right angles from the angle between AB and C72), 
for a line revolving from the position AB must turn through an 
angle, in order to coincide with DO, 180° greater or less than the ' 
angle it must turn through in order to coincide with OD. 

If we consider all the coterminal angles bounded by AB and 
OD, and by AB and DO, respectively, we shall have {AB, CD) 
= (ilD, D0) + 180°, the angles being all measured in degrees. 

16. When a straight line moves parallel to itself, we shall 
suppose its positive direction to be unaltered, so that if AB, CD 
are non-intersecting straight lines, the angle between them is equal 
to the angle between AB and a straight line drawn through A 
parallel to OD. For ordinary geometrical purposes, the angle 
between AB and CD is the smallest angle between AB and this 
parallel, irrespective of sign. 


17. If from the extremities P, Q of any straight line PQ 
perpendiculars PM, QJV be drawn to any straight line AB, the 
portion Mlf, with its proper sign, is called the projection of the 
straight line PQ on the straight line AB. It should be noticed 
that PQ and A B need not necessarily be in the same plane. The 
projection of QP is NM, and has therefore the opposite sign to 
that of PQ. 
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If the points P and Q be joined by any broken line/ such as 
PpqrQ, the sum of the projections of Pp^pq^ qr, rQ on il^is equal 



to the projection of PQ on AB, For the sum of the pr^ections 
is Mm + mn + n« + sN^ which is, according to Art. 14, equal to 
We obtain thus the fundamental property of projections. 
The sum of the projections on any fixed straight linSy of the parts 
of any broken line joining two points P and Q, depends only upon 
the positions of P and Q, being independent of the rmnner in which 
P and Q are joined. 

A particular case of this proposition is the following : 

The swm of the projections on any straight line, of the sides, 
taken in order, of any closed polygon, is zero. If, in the above figure, 
the points P and Q coincide, the broken line joining them becomes 
a closed polygon, and since the projection of PQ is zero, the sum of 
the projections of the sides, taken in order, of the polygon, is also 
zero. The polygon is not necessarily plane, and may have any 
number of re-entrant angles. 



CHAPTER TIL 

THE CIRCULAR FUNCTIONS. 

Definitions of the circular fimctions. 

18 . Having now explained the manner in which angular and 
linear magnitudes are measured, we are in a position to define the 
Circular Functions or Trigonometrical Ratios. Suppose an angle 
AOP of any magnitude A, to be generated as in Art. 2, by the 


B 



revolution of OP from the initial position OA, remembering the 
convention made as to the sign of angles. Let B'OB be drawn 
perpendicular to A'OA ; we suppose the positive directions in 
A'OA and BOB to be from 0 to A and 0 to B respectively. We 
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also remember the convention made in Art. 15, as to the positive 
direction of the revolving line. 

The ratio of the projection of OP on the initial line, to the length 
OP, is called the cosine of the angle A, and is denoted! hy cos A. 

The ratio of the projection of OP on the straight line OB which 
makes cm angle + 90° with the initial line, to the length OP. is called 
the sine of the angle A, and is denoted hy sin A. 

The ratio of the projection of OP on OB, to its projection m OA, 
is called the tangent of the angle A, and is denoted hy tan A. 

The ratio of the projection o/OP on OA, to its projection on OB, 
is called the cotangent of the angle A, and is denoted by cot A. 

The ratio of OP, to its projection on OA, is called the secant of 
the angle A, and is denoted hy sec 

The ratio of OP, to its projection on OB, is called the cosecant of 
the angle A, and is denoted hy cosec A. 

Thus we have 


A OM 
cos 4 = ^ , 

■ A ON 

olo 

II 

1 

cotA = ^, 

i 

II 

CIO 

J OP 

cosec A =-^. 


When each of the lengths in the ratios is taken with its proper 
sign, the sign of OP is always positive, but those of OM, ON are 
each positive or negative according to the magnitude of the angle 
A. It should be observed that MP is equal to, and of the same 
sign as ON, so that 


MP , . MP 


cot A : 


OM 

MP^ 


cosec A = 


OP 

MP' 


In the figure, the angle A has four different magnitudes AOPi, 
AOP 2 , AOPi, AOPi, corresponding to the four positions Pu P,. 
A, P4 of P. 


The projection of any positive or negative length on a straight line 
CD, is obtained by multiplying the length AB taken with its proper sign 
by the cosine of the angle between the positive dii’ections of the lines on 
which AB and CD lie ; the projection is thus given with its proper sign. 

It should be observed that since OP, in the figure, always retains the 
j)ositive sign as it revolves from the position OA, when it coincides with OA* 
it has the opposite sign to that of OA*. 
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19. • The six ratios defined above are the six Circular 

Functions, called also T rigonomo^cal Ratios or T rip rr>nnmetncftl 
Functions. Each of them depends only upon the magnitude of the 
wgle A, and'not upon the absolute length of OP. This follows 
from the property of similar triangles, that the ratios of the sides 
are the same in all similar triangles, so that when OP is taken of 
a different length, we have the same ratios as before for the same 
angle. These six ratios are then functions of the angular magni- 
tude A only; we may suppose A to be measured either in the 
sexagesimal system or in circular measure. For convenience, we 
shall in general use large letters A, B, 0, . . . for angles measured in 
degrees, minutes and seconds, and small letters a, jS, for 

angles measured in circular measure ; so that, for example, sin A 
denotes the sine of the angle of which A is the measure in degrees, 
minutes and seconds, and sin a is the sine of the angle of which 
a is the circular measure. To these six circular functions two 
others may be added, which are sometimes used, the versine written 
versinil, and the c oversine written coversin-4; these*afSHefincd 
by the equations versin A = 1 — cos -4, coversin 4 = 1 — sin 4. 

The versine and coversine are used very little in theoretical 
investigations, but the versine occurs very frequently in the 
formulae used in navigation. 

20. In the case of an acute angle, the definitions of the 
circular functions may be put into the following form. Let P 



be any point in either of the bounding lines of the given angle ; 
diaw PJV perpendicular to tlie other bounding line, we have then 
H. T. 2 
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the right-angled triangle PAN, of which the angle PAN is the 
given one A, 

Cos A is then defined as 


side adjacent to A 
hypothenuse ^ 

^ . side opposite to A 

tan A as — , — -f-. . . 

side adjacent to A 


sin A as 


■I j. . 

hypoihenrise * 

^ j, side adjacent to A 
cot A os -- V , 

side opposite to A 


, hypothenuse . hypothenuse 

sec A as -rr » oosec A as r*: — T • 

side adjacent to A side opposite to A 


21. Until recently, the circular functions of an angle were defined, not as 
ratios, but as lengths having reference to arcs of a circle of specified size. If 
PA be an arc of a given circle, lot PN be drawn perpendicular to OA, and let 



FT be the tangent at P ; the line PN was defined to be the sine of the arc 
PA, ON to he its cosine, PSTits tangent, OT its secant, and J AT its versine. 
In this system the magnitudes of the sine, cosine, tangent, &c. depended not 
only upon the angle POA, but also upon the radius of the circle, which had 
therefore to be specified. The advantage of the present mode of definition of 
the functions as ratios, is that they are independent of the radius of any 
circle, and are therefore functions of an angular magnitude only. The sine 
of an arc was first used by the Arabian Mathematician AM3attS,ni (878—918) ; 
the Greek Mathematicians had used the chords PP' of the double arc, instead 
of the sine PN of the arc PA, 
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Relations between the circular functiovs. 

22 . Referring to the definitions of the circular functions, 
we sec at once that there are the following relations between 
them, 

(1) cos A sec = 1, (3) tan A cot -d = 1, 

(2) sin A cosec A = 1, (4) tan A = sin A /cos A 

cot A = cos .4 /sin A 

Expressed in words, the relations (1), (2), (3) assert the facts 
that the secant, cosecant, and cotangent of an angle are the 
reciprocals of the cosine, sine, and tangent of the angle re- 
spectively ; and relation (4) expresses the fact that the tangent of 
an angle is the ratio of its sine to its cosine, or what, in virtue 
of (3), comes to the same thing, that the cotangent of an angle is 
the ratio of the cosine to the sine of the angle. 

23. Referring to the figure in Art. 18, the square on OP is 
by the Pythagoraeari theorem, equal to the sum of the squares oi 
its projections OM and MP, so that since the ratios of those pro- 
jections to OP are the cosine and sine respectively of the angle 
A, we have (cos A)® + (sin 41)® = ! or, as it is usually written, 
coa^A + sin* A =1. If we divide both sides of this equation by cos* A 
and remember the relations (1) and (4), we have 1 -f tan*A = 8ec*A ; 
similarly if we divide both sides of the equation by sin* A, and 
remember the relations (2) and (4), we have 1 -f cot® A= cosec* A. 
Thus the three identities, 

cos* A + sin* A = 1 \ 

1 + tan* A = sec® A i (6), 

1 + cot* A = cosec* a] 

are different forms of the same relation between the functions. 

24 . The five independent relations just obtained between 
the six circular functions enable us to express any five of these 
functions in terms of the sixth. The student should verify the 
correctness of the following table, in which the meaning of x in 
each column stands at the head of that column, and the value of 
the expressions in each horizontal line, at the beginning. 

2—2 
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sin 

cos 

tan 

cot 

sec 

cosec 

In this table the ambiguities in the signs of the square roots 
are left undetermined. As an example of the verification of this 
table we will suppose eec A = a?, to be given ; we have at once from 
(1) in Art. 22, cos A = Ijx, and from the second form of (5), 
tan A = Va?* — i, and then from (3), cot A = 1/Va?* — 1 ; from the 

/ T — 1 

first form of (6), sin A = ^ 1 - — = — - — ; then from (2), 

cosec A = ■ , — ■ ; we have thus verified the correctness of the 
Var>-1 

fifth column in the table. 



Range of values of the circular functions, 

26. The projection of one straight line upon another cannot 
be of greater length than the projected line, hence the sine or the 
cosine of an angle cannot be numerically greater than unity ; each 
of them may have any value between + 1 and — 1, both inclusive ; 
and secant and cosecant which are the reciprocals of the cosine and 
sine cannot therefore lie between the limits ± 1, and are therefore 
numerically greater than, or equal to, unity. The tangent or the 
cotangent, being the ratio of two projections, one of which has its 
greatest numerical value when the other one vanishes, may have 
any value between + oe . The versine may have any value between 
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Properties of the circular functions. 

26. If the angles A OP, A Op he A and — A respectively, we 
see that OP and Op have equal projections OM, upon OA, but 



that their projections ON, On, on OB, are of equal magnitude but 
opposite sign, therefore 

cos (— J.) = cos il, and sin (— il) = — sin .d (6); 

it follows that tan (— il) = — tan A, cot (— id) = — cot A, 
sec (— il) =» sec A, cosec (— 4) = — coscc A. 

If a function of a variable has its magnitude unaltered when 
the sign of the variable is changed, that function is called an even 
function, but if the function has the same numerical value as 
before, but with opposite sign, then that function is called an 
odd function; for instance is an even function ot x, ia an 
odd function of x, but a* + a® is neither even nor odd, since its 
numerical value changes w'hen the sign of a; is changed. We see 
then that the cosine and the secant of an angle are even func tions, 
and the sine, tangent, cotangent, and cosecant are iaa Jui^tms. 
The versine is an even function, but the coversine is neither even 
nor odd. 

27. The values of the circular functions of an angle depend 
only upon the position of the bounding line OP, with reference 
to the other bounding line OA, consequently all the coterminal 
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angles {OA, OP) have the same circular functions, or in other 
words, all the angles n . 360® + A, where n is any positive or 
negative integer, have their circular functions the same as those 
of il. If a be the circular measure of the angle which contains 
A degrees, all the angles 2n7r + cr, in circular measure, have the 
same circular functions. We have also, since all the angles 
2w7r— a have the same circular functions. 


sin {2mr — a) = sin (— a) = — sin a, 


and 


cos (2a7r — a) = cos (— a) = cos a. 


The properties we have obtained are both included in the 
equations 

Bin (2n7r ± a) = ± sin a 
cos (2n7r ± a) = cos a 



28. If the angle 180^ --A or tt — a is bounded by OQ, then UQ 
makes the same angle with OA' as OP does with OA, and we see 
that the projections of OP and OQ, on OA arc equal and of opposite 







sign, and the projections of OP and OQ, on 05, are equal and of 
the same sign, therefore sin (tt — a) = sin a, and cos (tt — a) = — cos a. 
These equations hold whatever a may be, so that we can change a 
into — a, and we have 

sin (*»■ + «) = sin (—«) = — sin ot 
cos (tt + a) =s — cos a) = — cos ee. 


and 
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TKus we have the system of equations 

sin (tt i c/) = + sin a 
cos (tt + o) = — cos a 

from these we. obtain 

tan (w ± a) = ± tan t 
Also sin (2n + 1 w- + a) = sin (tt ± a) 

cos (2n + 1 w i a) = cos (tt ± a) 
tan (2n + 1 tt ± a) = tan (tt ± a) 

29 . In the figure of Art. 28, the angle OP makes with OP is 
90® + A ; therefore the cosine of the angle 90® + A or Jtt + a is the 
ratio of the projection of OP on OB' to OP ; hence since the pro- 
jection on OP is equal with opposite sign to the projection on Ofi, 
we have cos(i7r-|- a) = — sina; changing ^Tr + a into a, we have 
cos a = — sin (a — Jtt), hence in virtue of (6) we have 

cos a = sin (I^tt — a). 

In these equations we can, if we please, change the sign of a, 
since a may be either positive or negative; we have then the 
equations 

sin (^TT ± a) = cos a \ 

cos (Itt ± a) = + sin aV (10). 

tan (Jtt + a) = + cot a] 

We have also, from (6) and (9), 

sin (m -f ^tt + a) = (— sin (^tt ± a), 
cos (vi + Jtt + «) = (— 1)”* cos (Att ± a), 

tan (7n + ± a) = tan tt ± a), 

hence 

sin (7/i + ^TT ± a) = (— 1)”* cos a \ 

cos (m -f- i TT ± a) = + (— sin a> (11). 

tan (7R + ^TT ± a) = + cot a J 

The angle tt — a is called the supplement of the angle a, and 
the angle ^tt-- a is called the complement of a. 

We have shewn that the sine of an angle is equal to tli£ 
sine of the supplementary angle, and the cosine of an angle is 
equal, with opposite sign, to the cosine of its supplement ; also that 
the sine of an angle is equal to the cosine of its complement, and the 
cosine of an angle is equal to the sine of its coniplemenL 




(7); 

1 

= + sin a| 

(8). 

= — cosa> . 

= ± tan a] 

(9)- 
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The formulae (G) to (11) enable us to find the circular functions 
of an angle, when we know the values of the circular functions of 
that angle between zero and which differs from the given angle 
by a multiple of ^tt, or also when we know the circular functions 
of the complement of this latter angle. 


PeHodicity of the circular functiona. 

30. When a function f{x) of a variable has the property 
f (aj) = f{x + k) for every value of Xy k being a constant, the function 
/(a?) is called periodic; if moreover the quantity k is the least 
constant for which the function has this property, then k is called 
the period of the function. 

It follows at once that if f{x)= /(a? + A), then f{x)^f(x + nk)y 
where n is any positive or negative integer; if then we know 
the values of the function for all values of x lying between two 
values of x which differ by ky we know the values of the function 
for all other values of a?, the function having values which are a 
mere repetition of its values in the interval for which they are 
given. 

The property (6), of sin a and cos a, shews that these functions 
are periodic functions of a, the period being 27r, or if the angle is 
measured in degrees, sin A and cos A are periodic functions of Ay 
the period being 360°. The property (7) shews that these 
functions are such that their values, for values of the angle 
differing by half the complete period, are equal with opposite sign. 
The property (8) shews that the tangent is periodic, the complete 
period being tt, half the period of the sine and cosine. Obviously 
the period of the secant or of the cosecant is 27r, and that of the 
cotangent is tt. It will be hereafter seen that the circular functions 
derive their importance in analysis principally from their possession 
of this property of periodicity. 


Changes in the sign and magnitude of the circular functions, 

31. We shall now trace the changes in the magnitude and 
sign of the circular functions of an angle, as the angle increases 
from zero to four right angles. 

(1) To trace the changes in the value of the sine of an angle, 
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we must observe the changes in magnitude and sign of the 
projection OiV', in the figure of Art. 18. When the angle A is zero, 
ON is zero, and as A increases up to 90°, ON is positive and 
increases until when A is 90°, ON is equal to OP, thus sin A is 
positive and increases from 0 to 1. As A increases fi:om 90° to 
180°, ON is positive and diminishes until when A is 180° it is 
again zero, therefore sin A is positive and decreases from 1 to 0. 
As A increases from 180° to 270°, ON is negative and increases 
numerically, until when A is 270°, ON = — OP, hence sin A is 
negative and changes from 0 to — 1. As A increases from 270° to 
360°, ON is negative and diminishes numerically, until when A 
is 360° it is again zero, thus sin A is negative and changes from 
— 1 to 0. 

(2) In the case of the cosine, we must observe the changes in 
magnitude and sign of the projection OM, We find that as A 
increases from 0° to 90°, cos A is positive and dimmishes from 1 to 
0; as A increases from 90° to 180°. cos A is negative and changes 
from 0 to — 1 ; as A increases from 180° to 270°, cos A is negative 
and changes from — 1 to 0; and as A increases from 270° to 360°. 
cos A is positive and increases from 0 to 1. 

(3) To trace the changes in the tangent of an angle, we must 
consider the ratio of ON to OM ; when the angle is zero, this ratio 
is zero, and is positive and increasing as the angle increases from 0° 
to 90°; when the angle is 90°, the projection OM is zero, and ON 
is unity, hence tan 90° = oo ; as A increases from 90° to 180°, the 
tangent is negative and changes from — oo to 0. As A increases 
from 180° to 270°, tan A is positive, since ON and OM are both 
negative, and it increases until it again becomes infinite when 
A = 270°. As A increases from 270° to 360°, the tangent is 
negative and changes from — oo to 0. It will be observed that 
tan A changes from + oo to — oo in passing through the value 90°, 
and from — oo to + oo in passing through 270°; to explain this, it 
is only necessary to remark that as a variable oj changes sign by 
passing through the value zero, its reciprocal 1/x changes sign in 
passing through the value oo . 

(4) The changes in the values of the cosecant, secant, and 
cotangent of A may be deduced from the above, if we remember 
that they are the reciprocals of the sine, cosine, and tangent, 
respectively. Their values for A=s0°, 90°, 180°, 270°, 360° are 
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given in the following table, which also includes the^ results 
obtained above for the sine, cosine, and tangent. 



0° 

0°-90° 

90° 

90°-180° 

180° 

180®-270® 

270° 

270°-360° 

360° 

sin 

0 

+ 

1 

+ 

0 


-1 


0 

cos 

I 

+ 

0 

- 

-1 

- 

0 

+ 

1 

tan 

0 

+ 

+ 00 

- 

0 

+ 

+ 00 

- 

0 

cot 

+ QO 

+ 

0 

- 

+ 00 

+ 

0 

- 

+ ® 

sec 

1 

+ 

+ 00 

- 

-1 

- 

+ 00 

+ 

1 

cosec 

+ 00 

+ 

1 

+ 

±oo 

- 

-1 

- 

+ 00 


Oraphical representation of the circular functions. 

32. In order to obtain a graphical representation of the 
changes in value of the circular functions, we shall suppose that 
the circular measure x of an angle is represented by taking a 
length X measured along a fixed straight line, according to any 
fixed scale, from a fixed point, and that the numerical value of the 
function to be represented is the length of a corresponding ordinate 
drawn perpendicularly to the given straight line, through the 
extremity of the length x ; the function is represented graphically 
by the curve traced out by the extremity of this ordinate. This 
curve is called the graph of the function. 

The first of the three figures opposite gives the graphs of sin x 
and of cos a?. If 0 is the origin from which the length x is 
measured along the fixed straight line OX, and OA = tt, OB = 27r, 
00' = i7r, 0'(7' = 1, the curve OP APB is such that any ordinate 
lepresents roughly the value of sin x corresponding to any value 
of X between 0 and 27r. If 0' is taken as origin, and O'jB' = 27r, 
the curve CPPU represents the value of cos x for values of x 
between 0 and 27r ; this follows from the relation cos a? = sin (^tt 4- x). 
Beyond OB, the curve OPPB will be repeated indefinitely on both 
sides of the origin 0. The second figure represents, in a similar 
manner, the values of tan x and cot x, 0 being the origin for tan x, 
and 0' for cot x ; the ordinates through O', A\ B' are asymptotes 
of the curve, where the functions change sign by passing through 
an infinite value. The third figure represents the values of sec x 
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Example. Dram grapha of the following fumtiona 

(1 ) ain X + coa x. (2) coa (tt ain x) . cos (tt cos x ). 

(3) <awx+«ecx. (4) ain {ir coax)! coa {ir sin x), 

( 5 ) si?i^x — 2cosx. (6) «iyi(j7r+j7r cofix). 

Angles with one circular function the same. 

33. Wc shall now find expressions for all the angles which 
have one of their circular functions the same. 


B 



Z?' 


(1) If in the figure, A OP is a given angle, and PP, is drawn 
parallel to OA, the angles (OA, OP) and (OA, OPf) are the only 
angles which have their sine the same as that of 4 OP, for they 
are the only angles for which the projection of the radius on OB 
is equal to ON \ these angles are 2nir + a and 2mr + tt — a, where a 
is the circular measure of -4 OP, and n is any integer; they are 
both included in the expression m7r + (— !)”*«, where m is any 
positive or negative integer ; this is therefore the expression for all 
the angles whose sine is the same as that of a. 

(2) Next draw PP, parallel to OB, then the angles (Oil, OP) 
and (Oil, OP,) are the only angles which have the same cosine as 
a, for they are the only angles for which the projection of OP on 
OA is equal to 0M\ they are both included in the formula 2m7r ± a, 
where m is any positive or negative integer. 
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(3) « If PO is produced to Pg, the angles {OA, OP), (OA, OPj) 
are the only ones which have the same tangent as a ; these angles 
are respectively 2n7r + a and 2mr + tt + a, and are therefore both 
included in -the formula mir -f a, where m is any positive or 
negative int^er. 

(4) Since angles which have the same cosecant have also the 
same sine, we see that mir + (— 1)™ a includes all the angles whose 
cosecant is the same as that of a ; also 2m7r + a includes all angles 
whose secant is the same as that of a, and mir + a includes all 
angles whose cotangent is the same as that of a. 

In every case zero is included as one value of m or ii. 


Determination of the circular functions of certain angles, 

34. The values of the circular functions of a few important 
angles can be obtained by simple geometrical means. 

(1) The angle 45'' or Jtt is an acute angle in a right-angled 
isosceles triangle, the sine and cosine of this angle are therefore 
obviously equal to one another ; and since the sum of their squares 
is unity, each of them is equal to 1/V2; the tangent of the angle 
is therefore unity, 

(2) Each of the angles of an equilateral triangle is 60° or J tt. 



Let -45(7 be such a triangle; draw AD perpendicular to 5(7, 

BD 

then the cosine of the angle 5 is > and this is equal to ^ ; the 


sine of the same angle is Vl — J = J\/3. The complement of 60° 
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is 30® or Jtt, hence we have cos 30® = ^ and sin 30® = J. We 
have also tan 60° = V3, and tan 30° = l/\/3. 


(3) Draw AE bisecting the angle DABy then the angle DAE 
is 16° or ^TT. We have by Euclid, Book vi. Prop. III. 


EB'^ * 


therefore 


DE 


V3 


2)5 “’2 + ^/ 3 ’ 

DE ^/3 

and thence or tan 16® is equal to 2 — V3* 

From this we obtain 


sin 16® 


V6-V2 


cos 16° = 


Ve-f V2 


We can, from these values, obtain the sine, cosine, and tangent of 
75” or ^TT, the complementary angle. If we proceeded in the same 
way, bisecting the angle DAEy we should obtain the tangent of 
7° 30' or ^TT, and we might continue the process so as to obtain 

the tangent of all angles of the form ^ - , where jp is a positive 

integer, but we shall hereafter obtain formulae by which the 
functions of these angles may be successively calculated, thus 
obviating the necessity of continuing the geometrical process. 

By a similar geometrical method we might obtain the circular 
functions of the angles of the form 7r/2*^. 

(4) Let ABC be a triangle in which each of the base angles 
is double of the vertical angle A \ the base angles are each 72°, or 


A 
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Itt, and the vertical angle is 36®, or -Jtt. If AB is divided at D so 
that AB . BD = -42)*, then it is shewn in Euclid, Book iv. Prop. x. 
that AD = DC ^ OB. Draw AE perpendicular to BG. Denoting 
the ratio of AD to -4 B by x, we have 1 — a? = and solving this 
quadratic, wo find « = i(±V^ — 1); we must take the positive 


root, hence = 


^(v'S — 1), thus 


cos 72® = sin 18® = ^ 


BG 

AB 


i(V6-l); 


from this we obtain sin 72® = cos 18® = J ViO + 2 »J5. 

AG 

Also cos 36® = I since DAG is an isosceles triangle, 


therefore cos 36® = J (V5 + 1), hence sin 36® = J VlO — 2 VS. 

Since 64® is the complement of 36®, we have therefore the 
values of sin 54® and cos 54®. 

In the following table the values we have obtained are collected - 
for reference. The functions in the first line refer to the angles 
in the first column, and the functions in the last line to the angles 
in the last column. 



sine 

cosine 

tangent 

cotangent 


— 15 

Vc- Va 

4 

Ve+V^ 

4 

2 — 

2+V3 

,»il>r = 75° 

iV=18' 

V5-1 

4 





V ] 0 + 

4 

JV25-10V6 

V5 + 2V6 

Jir=30' 

i 


1 

^3 

V3 

J»r = 60* 

tir = 36’ 


Vii+i 

4 



tly»r = 54* 

V10-2V5 

4 

Vr> - 2^6 

^tV25 + 10VS 

i7r = 46“ 

1 

V2 

1 

1 

1 



cosine 

sine 

cotangent 

tangent 



We can find at once the circular functions of any angle which 
differs from any one of those in the table by a multiple of a right 
angle, by employing the formulae (6) to (j i). 
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Example. Find the nne and cotine of 120”, and of - 576*. 
We have 120® =90® +30®, hence 

sin 120® = cos 30® = cos 120® = -- sin 30* = - J . 
Again - 576® = - (3 . 180® + 36®), therefore 

sin ( - 576®) = sin ( + 180® ~ 36®) = sin 36®, . 
also COB - 576® = cos (180® - 36®) = - cos 36®. 


The inverse circular fvmcti ons, 

35. If y is a function /(od) of w, then as may also be regarded 
as a function of y ; this function of y is called the inverse function 
of f(x), and is usually denoted by/"^(y); thus sc=f^^{y). If 
f{x) is a periodic function, of period fc, so that /(^)=/(/c +m/0, 
where m is any positive or negative integer, the function (y) 
will have an infinite number of values given by a? + mh, where x is 
any one value of /"' (y) ; such a function of y is called multiple- 
valued, since it has not a single value for each value of the 
variable y. We see therefore that, corresponding to a periodic 
function f (x) =y, there is a multiple-valued inverse function f"^ (y) 
which has an infinite number of values for any one value o/y, these 
values differing by multiples of the period ofi (x). 

86. If there are two or more values of x, lying between 0 and 
k, for which f{x) has equal values, the multiplicity of values of 
/“^(y) is still further increased, since it will have each of the 
values of x for which /(a;) = y, and the infinite series of values 
obtained by adding multiples of k to each of these. For example, 
suppose that there are two values ac^, ac^, each lying between 0 and 
k, for which f{x) = y, then the inverse function (y) has the two 
sets of values x^ + mk, x^ + nk. 

37. In the case of the circular function sin a? = y, the values 
of the inverse function sin”^y are nir +(— VfXx, where a?, is any 
value of X for which sin = y ; in this case the complete period 
of sin X is 27r, and there are two values of x, say ac^ and tt — a?j, lying 
between 0 and 27r, for which sin a? = y ; thus the values of sin““'y are 
the two series of values w.27r+a^ and ri.27r + tt — Xi, both included 
in W7r+(— 

In a similar manner, we see that the values of cos""* y are in- 
cluded in 2w7r ± x, where cos x = y. 

The periods of the functions tana?, cot a? are tt, only half 
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those of. sin an and cos a, and there is only one value of a: between 
0 and TT for which tan a or cot a has any given value ; thus tan~^ y 
has the values W7r + a?i, and cot““^y the values nir-i-ai, where ajj is 
that value of eg between 0 and tt, such that tan a;i or cot is equal 
toy. 

38 . The numerically smallest quantity a; which has the same 
sign as y, and is such that sin a? = y, is called the Prirtjoipal Value 
of sin““^y; a similar definition applies to the principal values of 
tan“"^y, cot”^y, cosec^^y. 

The numerically smallest positive value of x which is such 
that cosa? = y is called the Principal Value of cos-^y; a similar 
definition applies to sec”^y. 

Thus the principal values of sin“^ y, tan”^ y, cot““^ y, cosec“"^ y 
lie between the values and the principal values of C08“^y, 

sec“^ y lie between 0 and w. In some works, the principal values 
of sin"^ y, cos”^ y, tan"”^ y are denoted by Sin”^ y, Cos""* y, Tan~* y ; 
the general values are then given by 

sin^^y =n7r+(— 1 )"Sin~*y,cos"“*y =2n7r± Cos“*y,tan”*y= W7r+Tan"*y ; 

we shall however not use this notation. It must be remembered 
that in many equations connecting these inverse functions it is 
necessary to suppose that the functions have their principal values^ 
or at all events that the choice of values is restricted. For 
example, in such an equation as sin”* y + cos”* y = ^tt, the choice of 
values of the inverse functions is restricted. 

It should moreover be noticed that the functions cos'"* y, sin""* y 
have only been defined for values of y lying between + 1 ; beyond 
those limits of y, the functions have no meaning, so far as they 
have been at present defined. The student should draw, as an 
exercise, graphs of the various inverse circular functions. 

In Continental works, the notation arc sin x, arc cos x, arc tan x 
is used for sin"~*a?, cos”* a?, tan”* a?. 


EXAMPLES ON CHAPTER IIL 

1. Prove the identities 

(i) tan A (l-cot2A)+cot A (l-tan*i4)=0, 

(ii) (sinA+BeoA)2+(cos A+cosec A)*=(l+secA cosecA)*. 

2. The sine of an angle is — s- — ^ ; find the other circular functions. 

vn.” 4 - 71 * 


H. T, 
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3. If tan +sin ^ =m, tan A - sin il ^ n, 

prove that m* - = 4 V mn, 

4. Having given find tan A and tan B. 

» Ti. sin ^ tan A j* * a j »- 

6 . If ^ = (^2, — ' jK = ^/3, find .4 and B. 

sinB ^ ’ taiiB ' ’ 

6. If cos A =tan B, cos B- tan C, cos (7= tan 

prove that sin A = sin B = sin 2 sin 1 8* 

7. Solve the equations : 

(i) sin d+2cos^=l, 

...V cos a 3 

<"> 


tJZ cosec® ^ = 4 cot d. 


8. Solve the equations : 


cos (2^ +y) x=sin (j? - 2y)I 
cos {x + 2^) = sin (2a7 — ?/) J ’ 

9. Find a general expression for 4, when sin®^=sin*a, and also when 

sin ^ — cos ^=1/^2. 

10. Find the general values of the limits between which A lies, when 
sin®il is greater than cos®4[. 

11. Find the general value of B, when 9 sec*d=16. 

12. If tan (it cot B ) — cot (tt tan B\ 

then tan^=i{27i + l + V4?i®+4w-15}, 

where n is any integer which does not he between 1 and —2. 

13. Give geometrical constructions for dividing a given angle into two 
parts, so that (1) the sines, (2) the tangents of the two parts may be in a 
given ratio. 

14. Construct the angle whose tangent is 3 - V2. 

15. Divide a given angle into two parts the sum of whose cosines may be 
a given quantity c. What are the greatest and least values c can have ? 


16. If 
prove that 


= cos" ^ 4- sill” d, 
2we-3i44+l=0, 

- 16^8 + lOwe -1=0. 


17. Two circles of radii a, h touch each other externally ; B is the angle 

contained by the common tangents to these circles, prove that 

. ^ A:(a-h)»Jah 
sin4=— — . 

(a + 6)* 



EXAMPLES. CHAPTER HI 


85 


18. «A pyramid has for base a square of side a ; its vertex lies on a line 
through the middle point of the base, perpendicular to it, and at a distance h 
from it ; prove that the angle a between two lateral faces is given by 


sin a 


2h v/2a2 + 44a 


19. Two planes intersect at right angles in a line AB, and a third plane 
cuts them in lines AD, AC; if the angles DAB, CAB bo denoted by a, (i 
respectively, prove that the angle BA makes with the plane CAD is 

^ . tan a tan S 

tan " ^ - 7 ^===^= . 

Vtan^a+tan*i8 


20. Shew that, if OD be the diagonal of a rectangular parallelepiiied, the 
cosines of the angles between OD and the diagonals of the face of which 
OA, OB are adjacent sides are respectively 

AB , OA^^OB^ 

07 > -qdTab- 


21. Two circles, the sum of whose radii is a, are placed in the same- 
plane, with their centres at a distance 2a, and an endless stnng, quite 
stretched, partly surrounds the circles, and crosses itself between them. 
Shew that the length of the string is (|9r+2V3)a» 


22. Prove that 


cos tan “ * sin cot ^ = 



23. Illustrate graphically the change in sign and magnitude of the func- 
tions 3 sin 3? +4 cos iF, e*sina7, and sin sin for all values of x. 

Shew that the equation 2d?a(2n-f 1) it vers j?, where n is a positive integer, 
has 2n+3 real roots and no more, roughly indicating their localities. 


8—2 
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THE CIRCIJLAB FUNCTIONS OF TWO OR MORE ANGLES. 

The addition a/nd svhtraetion formulae for the sine and cosine. 

39. We shall now find expressions for the circular functions 
of the sum and of the difference of two angles, in terms of the 
circular functions of those angles. 

Suppose an angle AOB of any magnitude A, positive or 
negative, to be generated hy a straight line revolving round 0 
fix)m the initial position OA, our usual convention being made as 
to the sign of the angle, and suppose further that an angle BOC of 
any magnitude B is described by a line revolving from the initial 
position OB ; then the angle A OG is equal to il + A. In 00 take 
a point P, and draw PN perpendicular to OB. 

According to the convention in Art. 15, the straight line ON 
is positive or negative according as it is in OB, or in OB produced ; 
also NP is positive when it is on the positive side of OB, revolving 
counter-clockwise, and negative when on the other side. The 
positive direction of the straight line on which NP lies makes 
an angle A + 90° with OA. We have ON = OP cos B, and 
WP = OP sin P; for ON and NP are the projections of OP on 
OB and on the line which makes an angle A + 90° with OA, 

In fig. (1), each of the angles A, B ia positive and less than 
90° ; in fig. (2), the angle A lies between 90° and 180°, and the 
angle B also lies between 90° and 180° ; in fig. (3), the angle A lies 
between 180° and 270°, and the angle B is negative and lies 
between - 90° and - 180°. In figs. (1) and (2), NP is of positive 
length, and in fig. (3), NP is of negative length, since, in the last 
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case, PN is the direction of a line making an angle A + 90® with 
OA. 

By the fundamental theorem in projections, given in Art. 17, 
the projection of OP on OA is equal to the sum of the projections 
of ON and NP on OA, or 

OP cos ( A + B) = ON cos A + NP cos (A + 90®) 

= OP cos A cos J5 + OP sin B cos (A + 90®), 
therefore cos ( A + B) = cos A cos B — sin A sin B (1 ). 

If, instead of projecting the sides of the triangle ONP on OA, 
we project them on a line making an angle +90® with OA, we 
have 

OP sin (A + jB) = ON sin A + NP sin (A + 90®) 

= OP sin A cos -B + OP sin (A + 90°) sin B, 
therefore sin (A + B) = sin A cos B + cos A sin B (2). 

The formulae (1) and (2) have thus been proved for angles of 
all magnitudes, both positive and negative. The student should 
draw the figure, for various magnitudes of the angles A and B, in 
order to convince himself of the generality of the proof. 

If we change B into — B, in each of the formulae (1) and (2), 
we have 

cos ( A — B) = cos A cos (— B) — sin A sin (— B) 
and sin ( A — B) = sin A cos (— B) — cos A sin (— B), 


hence cos (A — B) = cos A cos B + sin A sin B (3), 

and sin (A — B) = sin A cos B — cos A sin B (4). 


These formulae (3) and (4) would of course be obtained directly, 
by describing the angle B in the figure in the negative direction, 
so that the angle POA would be equal to A B. 

40. The formulae (1), (2), and (3), (4), are called the addition 
and subtraction formulae respectively; either of the formulae (1) 
and (2) may be at once deduced from the other; in (1) write 
A + 90® for A, we have then 

cos (90® + A + B) = cos (90° + A) cos B — sin (90® + A) sin B 
or — sin ( A + B) = — sin A cos B — cos A sin B ; 
and changing the signs on both sides of this equation, we have the 
formula (2); in the same way, by writing A + 90® for A in (2), we 
should obtain (1). It appears then that all these four fundamental 
formulae are really contained in any one of them. 
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41. •The proof of the addition and subtraction formulae, given by Cauchy, 
is as lollows: — With 0 as ceuiro describe a circle, and let the radii OP, OQ 




make angles A, B, respectively, with OA ; join PQ, and draw PM, QN per- 
pendicular to OA, and QR parallel to OA, then wo have 

P(^=^QR^^RP^ 

^{ON-^ OMf+{PM-- QNf 
= OA^ {(cos B - cos A )24. (sin A - sin BY\ 

= 20 A^ (1 - cos A cos - sin -4 sin B), 

Let PS be drawn perpendicular to the diameter QQ!, then 
Pg^-=QS. QQ'==20A (OA - OS) 

^20A^{l--coa(A^B)}, 

therefore cos (i4 — jB)=cos A cos iJ-Hsin A sin B (3). 

The other formulae may then be deduced; (1) by changing B into — J?, 
(2) by changing B into 90® -J5, (4) by changing B into 90* + jB. 

42. Besides the two proofs which we have given of the 
fundamental addition and subtraction formulae, both of which are 
perfectly general, various other proofs have been given, some of 
which are in the first instance only applicable to angles between 
a limited range of values, and require extension in the cases of 
angles whose magnitudes are beyond that range. We shall make 
this extension in the case in which the formulae have been first 
proved for values of A and B between 0® and 90®. Whatever 
A and B are, it is always possible to find angles A' and B\ lying 
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between 0® and 90°, such that A = m . 90° A\ 90° + 5', 

where m and n are positive or negative integers ; we have then 

cos (il + -B) = cos + w 90° + -4' + i?') jj 

(1) if m and n are both even, we have 

TO+n 

cos (-4 4* B) = (— 1) cos {A' + B') 

m+n 

= (— 1) ^ (cos A' cos B' — sin A' sin B'), 

m m 

now cos 4 — 1) 2 COS A\ sin -4 = (— 1) sin A\ 

with similar formulae for B, 

hence cos (u4 + B) = cos -4 cos B — sin sin B ; 

(2) if m and n are both odd, we have 

m-l m+1 

cos 4 = (— 1) ® cos (90° + A') = (— 1) ^ sin A\ 

m-l 

sin = (— 1) ® sin (90° + -4') == (— 1) ® cos A\ 

with similar formulae for B; hence as before we obtain, by sub- 
stituting the values of cos -4', cos S', sin -4', sinB', the formula 
for cos (-4 + B) ; 

(3) if m is odd and n is even, 

m+n-l 

cob{A + B)=-(-1) * cos(90° + ^' + B') 

m+n+1 

= (-l) » sin (4' + ^) 

m+n+1 

= (— 1) * (sin il' cos jB' + cos A' sin 

m+1 n 

now cos il = (— 1) * sin A\ cos £=(-1)* cos B'. 

sin -4 = (— 1) 2 cos A', sin B = (— 1) * sin B' ; 

hence, substituting as before, we have the formula for cos (-4 + B). 
The other formulae may be extended in the same manner. 

43. The form in which the addition formulae were known in the 
Greek Trigonometry^ is Ptolemy’s theorem given in Euclid, Bk. vi. 
Prop, d; this theorem is, that if ABGD be a quadrilateral in- 
scribed in a circle, ilB. OB -f -4I).B(7 = .4(7 .BjD. Any chord 
AB is the sine of half the angle which AB subtends at the centre 
of the circle, the diameter of the circle being taken as unity, and 

^ See the Article ** Ptolemy” in the Encyclopaedia Britannica, ninth Edition. 
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this half angle is the angle subtended by the arc AB at the cir- 
cumference. We shall shew that the formulae for sin (a + /8) and 
cos (a ± P) are contained in Ptolemy’s theorem. 

(1) Let BD be a diameter of the circle, and ADB^ot^ 

BDG^B; then ABD ^ a, DBG = 13, AG fi), 

AB = sin a, (7/) = cos/3; thus the theorem is equivalent to the 

formula • >- ^ ^ 

sin (a + /S) = sin a cos ^ + cos a sin jS. 

(2) Let GD be a diameter of the circle, and BGD = a, A GD = /8, 
thus ilfi=!sin(a — /9), and the theorem is equivalent to 

sin (cl — 13) + sin /3 cos a = cos /8 sin a. 

(3) Let BD be a diameter of the circle, Emd ADB = a, 
GBD = J3, then ili)0 = ^Tr + a — /S, thus AG— cos (a ~-/3), and the 
theorem is equivalent to 

cos(a— y9) = cosa cos )8 -f sin a sin fi. 

(4) Let GD be a diameter of the circle, and BGD — a, 
ADG^^B; then =a + /8— Jw, il-B = — cos (a + iS), and the 
theorem is equivalent to 

— cos (a 4- i8) + cos a cos ^ = sin a sin /8. 

Example. Employ Ptol&iny^s theorem to prove the foUovnng theoreme : 
sin a «w 03 - y ) + sin ^sin(y-a)+ sin y sin (a - ^) =* 0 , 
sin (a 4- 3) sin (/3 -1-y) «=!«m asiny+sinp sin (a +^ 4 - 7 ). 


Ftyrmulae for the addition or subtraction of two sines or two 

cosines, 

44 . We obtain at once from the addition and subtraction 
formulae sin (4 + J5) 4- sin (il — JS) = 2 sin A cos B, 
sin (il 4- 5) — sin (4 — 5) = 2 cos A sin B, 
cos (A+B) 4- cos (-4 — JB)= 2 cos A cos B, 
cos (A — E) — cos (il 4- 5 ) = 2 sin A sin B, 
lot A B — G, A — B — D ] we obtain then, since ^ ((7 4- D), 
5 = J (C7 — D), the formulae 

sin 0 4- sin D = 2 sin ^ ((7 4- D) cos J((7 — D) (6), 

sin C — sin D = 2 cos J ((7 4- jD) sin J ((7 — D) (6), 

cos(74-cos2) = 2cos J((74*D)cos 

cos i) — cos C = 2 sin J ((7 + D) sin J ((7 — D) (8). 
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These important formulae (6), (6), (7), (8) are the erpressions 
for the sum or diflference of the sines or of the cosines of two 
angles as products of two circular functions; they may be ex- 
pressed in words as follows: 

The mm of the sines of two angles is equal to twice the prodttct 
of the sine of half the mm and the cosine of half the difference of 
the angles. 

The difference of the sines of two angles is equal to twice the 
product of the cosine of half the sfum and the sine of half the 
difference of the angles. 

The mm of the cosines of two angles is equal to twice the 
product of the cosine of half the mm and the cosine of half the 
difference of the angles. 

The difference of the cosines of t/wo angles is equal to twice the 
product of the sine of half the mm and the sine of half the reversed 
difference of the angles. 

46 . These formulae may be proved geometrically by the 
method of projections. 



Let BOA = (7, GOA = D, and let OB = OC ; draw ON per- 
pendicular to BG, then N is the middle point of BG, also 
NOA^hiG + D), NOB^NOG^^iG^D). 

The sum of the projections of OB, OG, on OA, is equal to the sum 
of the projections of ON, NB, ON, NG, on OA, and, since the 
projections of NB and NG are equal with opposite sign, this is 
equal to twice the projection of ON ; therefore 

OBcos G+ 0(7cosD = 20JV’cos J((7+ D), 

Oj»r= 05 cos i(0-2)). 


and since 
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•we have ^he formula 

cos C + cos J) = 2 cos i (C + D) cos i(0 — D) (7). 

If instead of projecting on OA we project on a straight line 
perpendicular to OA, we have 

OB sin (7 + 0 (7 sin JD = 2 ON sin J ( (7 + D), 
hence sin C7+ sin D = 2 sin ^(G + D) cos | {C--D) (5). 

Also the projection of 00 on OA is equal to the projection of 
OB, together with twice the projection of BN, or 
0(7 cos D^0Bco8O+ 2BN sin 27), 

hence cos D — cos (7 = 2 sin J ((7+ /)) sin ^ ((7 — D) (8), 

and if we project on the line perpendicular to OA, we have 
0(7 sin D s= OJB sin 0— 2BN cos J (0 + 27) 
or sin 0 - sin 27 = 2 sin ^ (0— 27) cos ^ (0+27) (6). 

A curious method of multiplying numbers, by means of tables of sines, 
was in use for about a century before the invention of logarithms. This 
method depended on a use of the formula 

sin il sin {cos cos (if + JS)} ; 

the angles A and B, whose sines, omitting the decimal point, are equal to the 
numbers to be multiplied, can be found from a table of sines, and then 
cos {A +i3), cos {A — B) can be found from the same table ; half the difference 
of these last gives the required product. This method was called n-poo-da^m- 
pco-ir. An account of this method will be found in a paper by Glaisher, in 
the PhUosophical Magazine for 1878, entitled ** On Multiplication by a Table 
of single Entry.” 

Examples. 

(1) Prove the identity 

ww A ( B - 0) (B + C - A) + B w (C - A) ( C + A - B) 

+«n C ein (A- B) dn (A+B — C)=2 (B - 0) sin (C - A) sin (A - B). 

The second and third terms on the left-hand side may be written 

i sin B {cos {B - 2A)- cos (2(7- ^)} +^ sin (7 {cos ((7- 2J5) - cos (2A - (?)}, 
which is equal to 

J {sin 2 (B - A) -I- sin 2A - sin 2(7- sin 2(5- (7)} 

+ i {sin 2(0— B) +sin 25 - sin 2A - sin 2(0- A)}, 
or (sin 25 - sin 20) - J sin 2 (5 - (7)+ J {sin 2 (5 - A) - sin 2 (C’- A)}, 

or sin (5 - 0) {J cos (5 + (7) - cos (5 - (7) + J cos (5 + (7- 2A )}, 

which is equal to sin (5- 0) {cos A cos (5+ (7— A) - cos (5 - (7)} ; 
adding the term sin A sin (5 - 0) sin (5 + 0- A), 
we have Ein(5-(7){cos(5+(7-2A)-ooB(5-(7)}, 

2 sin (5 - 0) sin (C7- A) sin (A - 5). 


or 
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(2) Prove that 

Z cos A sin (B — C) sin (B+C— A)=2 (B — C) sin (0- A) sin (A - B). 

This may be deduced from Ex. (1), by changing A, B, C into 90* -A, 
90® -i?, 90*- (7 respectively, or may be proved independently os in Ex, (1). 

Prove the identities 

(3) 2 sin A sin (B - C) =0, 2 cos A sin (B - C) =0. 

(4) 2«m(B+C)«m(B-C)=0, Zco«(B+C)wn(B-C)Ba0. 

(5) 2 sin B sin Csin(B-C)= —s£n(U- C) sin (C - A) sin (A - B), 

S cos BcosCcos(B-Q)ss ^sin(B- C) si7i (C — A) (A — B). 

(6) Prove that if A + B-hC=7r, 

sin^A^sin^ B +sin^ G — 2stnBsinCcos A, 
arid A=1 —co8^B — cos^Q — 2cosAcosBcosG, 

A large number of Trigonometrical identities are analogous to similar 
Algebraical identities^. For example, the following algebraical identities 
correspond to examples (1) to (5), 

Za(6-c)(6 + c — a)=2(6— c)(c— a)(a — 6), to (1) and (2), 

2a(6 — e)*0, to (3), 2(6+e)(ft— e)=0, to (4), 

2 6c(6-c)a- -(6-c)(c-a)(a -6), to (5). 

We shall, in Chap, vii., give the theory of these correspondences. 


Addition and subtraction formulae for the tangent and cotangent. 


46. From the addition and subtraction formulae we may 
deduce formulae for the tangent or cotangent of the sum or 
difference of two angles in terms of the tangents or cotangents 
of those angles. Thus 


(A J?\ — i — sin il cos .B ± cos A sin B 

^ '“cos^A ± 5)”’cos.d.cosjB + sinil sinJ9' 
hence dividing the numerator and the denominator of the fraction 
by cos A cos 


tan {A ±B) ' 


sin A sin J 
cos A ~ cos B ^ 
j sin A sin jS * 
^ cos A cos 5 

thus we have the two formulae 

X />! . tanA+tanJ5 


•< 9 ). 


tan(il — B) 


tan A — tan B 
1 + tanil tan j? 


( 10 ). 


> A large number of thebe oorrespondences are given by M. Gclm, in MathesU^ 
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In a similar maimer we obtain the formulae 


cot (il + J5) = 


cot cot jB — 1 
cot + cot 5 


cot (-4 — jB) = 


cot A cot B + 1 
cot /i — cot A 


( 11 ), 

( 12 ). 


The formulae (9). (10), (11), (12) are the addition and sub- 
traction formulae for the tangent and cotangent. 


Various formulas. 

47. The following formulae may be deduced from the for- 
mulae 'which we have obtained for two angles, and are frequently 
useful in effecting transformations. The student should verify 
each of them. 

sin {A -h B) sin (A — B) = sin® A — sin® B = cos® B — cos® A , . .(13), 
cos (A + B) cos (A ^ B) = cos® A — sin® B = cos® B — sin® . . .(14), 


sin (A + B) cos (il — jB) = sin A cos A 4- sin -B cos B 

(15), 

cos {A + B) sin (A — B)^ sin cos 4 — sin B cos B 

(16). 

sin {A -f B) tan A + tan B 
sin {A — B) tan A — tan B 

(17). 

cos (il -h 2?) 1 — tan A tan B 

cos {A ’-B) 1 + tan A tan B 

( 18 ). 



cos A cos B 

(19). 

From the formulae for the addition and subtraction of two 

sines or cosines we obtain at once 


flin + sin jB _ tan ^ (4 + B) 
sin — sin 5 “ tan 

(20). 

sinilfsinJB i/j.m 

— -7— D = tani(il ±5) 

cos -d + cos jB * ^ ' 

(21). 

sin ^ ± sin £ x 1 / . ^ m 

— ^=cotiMTB) 

OOs£ — COSil ' 

(22). 

cos A -h COS B 

^ J =cotU^ + fi)cotA(il 

cos £ ~ COS il 2 ^ 

-.B)...(23). 



46 THE OIBCULAB FUNCTIONS OF TWO OB MORE ANGLES 


Examples. 

(1) Prove the identity 

1 — coa® A — coe* B — coe* C+2 OM A eo« B ooe 0 

=4«w 4(A.4-B+C)«» J(-A-|-B+C)«?i4(A-B+0)emJ(A+B-C). 
The expression on the left-hand side may be written 

- cos* A — cos (P+ C) cos {B - C7)-|-oos A (cos (P+ (7) +cos {B - O')}, 
which is equal to {cos A —cos (P+C')} {cos (P — (7)— cos A} ; 

then, splitting each of these factors into two factors, we obtain the expression 
on the right-hand side. If ±A±P±(7isa multiple of 2fl’, then 

1 — cos* A - cos* B — cos* C'-b 2 cos A cos P cos (7 
is zero ; this result is sometimes usefiiL 

(2) Prove ihaJt 

I - coa* A — coe* B — eoe* C — 2 coa A coa B coa 0 

-■ -4coa4(A-bB4-C)coa4(— A-|-B+C)coa J (A-B-I-C)coa J(A+B-C). 

This may be deduced from (1), or proved independently, 

(3) Profoeihatif 

dn 2A+ain 2B +at» 2C=( — 1)**“^ 4 am A am B am Q. 

We have 

sin 2A +sin 2P-fBin 2f7= 2 sin A cos 4 -f- 2 sin (wtt — A) com (P - C) 

= 2 sin A {( - 1)** cos (P-b (7) — ( - 1 )»» cos ( P - (7)} 

=s( — I)*”"' 4 sin A sin P sin C, 

(4) Prove that^ under the same supposition as in Ex, (3), 

1 + cos 2A-bcoa 2B-bcoa 2C =( — 1)’‘ 4 coa A cos B cos O. 

Prove the identities 

(fi) sin 3 A = 4 am A sin (60® + A) sin (60® — A). 

(6) cos 3A = 4 coa A cos (60® + A) cos (60® — A). 

(7) am A-l-amB-bamC-am(A-bB-bC) 

=4aiw^(B-|- C)ami (C-bA)a?V? J(A-I-B). 

(8) coa A-|-coaP-hcoaC-|-coa(A + B-bC) 

=4 cos i (B-bO) cos 4 (0+ A) coa J (A-bB). 
w S sin 2A sin^ (B -bC) — sin 2A sin 2B sin 2C 

* 2 am (B -b C) sin (0 -b A) am (A + B). 

(10) S cos 2A coa* (B + C) — coa 2A cos 2B cos 2C 

=»2 cos (B -b C) cos (C -b A) cos (A -b B). 

(11) 2at/i2A am(B-bC — A) — 2 am A am B sin C 
=sin (B-bC — A) am(C -b A - B) sin (A -bB -C). 

2 coa* A oca (B-bC — A) — 2 coa A coa B coa C 

=coa(B+0-A)coa(C+A-B)coa(A-bB-C). 


( 12 ) 
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(9) and (10) correspond to the algebraical identity 

2 2a (6+c)®— 8a5c=2(ft+c)(c+a)(a4-6) ; 

(11) and (12) to the identity 

Sa2(64-c-a)-2a6cs=(6+c-a) (c+a-6) (a+6-c). 


Addition formulae for three angles, 

48 . From the addition formulae (1) and (2) we may deduce 
formulae for the circular functions of the sum of three angles in 
terms of functions of those angles; we have 
sin (-4 + + C?) 

= sin (4 + B) cos (74- cos (4 + B) sin C 

= (sin 4 cos £ + cos 4 sin B) cosC -f (cos4 cos-B— sin4 sin J5) sin (7, 
and cos (4 4- J5 4- C) 

= cos (4 + B) cos (7— sin (4 4- B) sin G 

= (cos 4 cos B — sin 4 sin B) cos C— (sin4 cos B4-cos4 sinB) sin (7, 
hence we have 
sin (4 + B + (7) 

= sin 4 cos B cos (7 4- sin B cos (7 cos 4 + sin C cos 4 cos B 

— sin 4 sin B sin (7 .(24), 

cos (4 4- B 4“ (7) 

= cos 4 cos B cos (7— cos 4 sin B sin (7 — cos B sin (7 sin 4 

— cos (7 sin 4 sin B (25). 

The formulae (24), (25) may be written in the form 

sin(4 4-B + (7) 

= cos 4 cos B cos (7 (tan 4 4-tanB4-tan(7— tan4 tanBtan(7), 
cos(4 4-B4-(7) 

= cos 4 cos B cos (7(1 — tan B tan G — tan G tan 4 — tan 4 tan B), 
hence by division we have the formula 
tan (4 4- B 4- C7) 

tan 4 + tan B 4- tan (7 — tan 4 tan B tan G 


”” 1 — tanBtan(7— tan(7tan4 — tan4 tanB’“' 
We might obtain in a similar manner the formula 
cot (4 + B 4“ (7) 

cot 4 cot B cot G — cot 4 — cot B — cot G 


.(26). 


cot B cot (7 + cot (7 cot 4 4-cot4 cotB — 1 


.(27). 
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Examples. 

(1) Prcm that tan (45" + A ) — tan (46" - A)= 2 tan SA- 
CS) Prove that if A+B+C=»»r, 

A+ ton B + ton C - tan A ton B ton OasO> ; 

and if A+B+C=(2m+1)5, 

ton B tonC+ ton 0 tan A+ton A tow B=1 ; 
and state the corresponding theorems for the cotangmts. 

Addition formulae for any number of angles, 

49. It is obvious that we might now obtain formulae for the 
circular functions of the sum of four angles, then of five angles, 
and so on ; we shall prove by induction that the formulae for the 
sine and the cQsine of the sum of n angles A^,,, An are 

sin {A^ + A, + ... 4- An) = S, - S, + iSf. - (28), 

cos (^Ai 4* A^ 4* ••• 4“ -d-fi) — 8(5 S% 4* (^^)» 

where 8 r denotes the sum of the products of the sines of r of the 
angles, and the cosines of the remaining n — r angles, the r angles 
being chosen fix)m the n angles in every possible way, thus 

So=COS-diCOS -da--- COSil„ 

Si = sin Ai cos dg . . . cos An 4 cos di sin da cos d, . . . cos dn 4* . . .. 
The formulae (28), (29) agree with the formulae (1), (2), and 
(24), (25), for the cases n = 2, n = 3 ; assuming the formulae to 
hold for n angles, we shall shew that they hold for n 4- 1 angles ; 
we have 

sin(di 4- da 4- ... 4- An 4- d^i) 

= sin (di 4- . . . 4- An) cos dn+i 4- cos (dj 4- ... 4- An) sin dn+i 
= cos An +1 {Si — Sf 4" S5 . . .) 4" sin d^i^i { 8 q Sj 4 Si . . .)i 
now let Sr denote the sum of the products of the sines of r of the 
angles di, d, . . . dn+i, and of the cosines of the remaining w 4 1 — r 
angles, the r angles being chosen &om the n 4 1 in every possible 
way, then we have 

81 = Si cos An^i 4 80 sin dn+, , 

for in fificosdn+i there is in each term the sine of one of the 
angles di, d, ... dn, and in each term of /Sosindn+i there is only 
sind,,^!. 
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Similarly 

<8j| = cos A *4’ S2 sm A. 

Sf = So cos An+i + S4 sin A n+i 


hence sin (-4, + . . . + ^n+i) = S/ - 8 ^ + 8 / .... 

We may similarly shew that 

cos (^1 + . • . + ““82 84 ...f 

thus if the formulae (28), (29) hold for ?i angles, they also hold for 
m- 1 ; and they have been shewn to hold for w = 2, 3, hence they 
are true generally. 

These formulae may be written in the form 
sin (ill + -4a + — + An) = cos ill cos ilj . . . cos iln ((1 — ^8 + ^5 • • •)» 
cos {Ai + -4a + ... + An) = cos A^ cos ila ... cos JLn(l — ^a + ^4 •••)» 

where tr denotes the sum of the products of tan ili, tan -4a . . . tan iln, 
taken r together ; hence by division we have 

tan (i, + if + ... + in) “ ” 

which is the formula for the tangent of the sum of n angles, in 
terms of the tangents of those angles. 


The formula (30) may also be proved indopendeiitly. Assuming it to hold 
for n angles, wo shall prove that it holds for tH- 1 ; we have 


tan(Ai + Aa+ ... +iln+i) 


tan (/tiH-Aa-h ... ■f-A,^)4’tan 
1— tan(Ai+il2+ ... +AJtanA„+i 

^ (<1 — <a4-^5"“ ...)+tan — ^2+^4+ ...) 

(1 — <2’i"^4““ ...)— tan (^1 — ^3+^6“ ...) 


Now if tr denote the sum of the products of the tangents of r of the n+1 
angles, we have then 


<i'=^i+tan 


t'J — tan A „ ^ I 


= + 


hence tan(><i+v<a+ ... +.4n.i)=^ 

since the formula (30) holds for 71 ^% 3, it therefore holds for and 
generally. 


H T. 


4 
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Expression for a product of sines or of cosines as the sum 
of sines or cosines. 

60. We may obtain formulae which exhibit the product of 
the sines or of the cosines of any number of angles as the sum 
of sines or cosines of composite angles; we have 

2 sin Ai sin = cos (^i — A.^ — cos (Ai + A^). 

2® sin Ai sin A^ sin = 2 sin As cos (il, — As) — 2 sin As cos {A^ ’\-As) 
= sin (Ai — As + As) + sin (- Ai + As + As) 

+ sin (A^ + As'- As) — sin {A^ + As + As) 
= 2 sin (— Ai-\-As+ As) — sin (Ai +As + Ag). 
2* sin Aj sin Ag sin Ag sin Ag 

= 2 sin (^1 - + As) sin -^4 + — 2 sin (A^ + .4a + Ag) sin .44 

= cos (Ai — As-^Ag — Ag) — cos (A^ — As + As + Ag) 

4- cos (- .4i + .4 a + 4g - ^14) - cos (- Ai + As’^-Ag-^ Ag) 
4*cos( 4.1 + 41a - -^3 - -44) - cos ( 4i + 4a- 4s + 44) 

— cos ( 4i + 4a + 4* — 44) + cos ( 4i + 43 H- 4, + 44) 

=* cos (4i + 42 + 48 + 44) — 2 cos (4i + 4a + 43 — 44) 

4- ^2 cos (4i4-4a — 4, — 44). 

Similarly 

2 cos 4i cos 42 = cos (4j — 4 a) 4- cos (4i + As\ 

2® cos 4i cos 4a cos Ag 

= 2 cos (4i — 4a) cos 4,4-2 cos (4i 4- 4,) cos 4, 

= cos — 4i 4“ 4a 4“ 4,) 4" cos (4| “ 4, 4- 4g) 

4- cos (4i 4- 4, — 4,) 4- cos (4i 4-42 4- 43) 
— 2 cos 4i4-4a'4“48)4- cos (4 j 4- 4, -f* 43), 

2* cos 4 1 cos 42 cos 4, cos Ag 

= 2 cos (— 4i 4- 4a 4- 4, 4- 4^) 4- ^2 cos (4i 4- 4, — 4, — Ag) 

4- cos (i4 j 4- 42 4* 4 8 4- 4 4). 

The general formulae for n angles are the following : 

n 

(— 1)® 2"^* sin Ai sin ... sin id* 

= Cft — On— I + On—o . .. + (“ 1)* i ^Jn' 

when n is even, 


(31) 
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I 

where is the sum of the cosines of the sum of n — r of the 
angles taken positively and the remaining r taken negatively, the 
negative angles being taken in every combination ; and when n is 
odd 

n-l 

(— 1) * 2“^' sin Ax sin A^.,. sin A^ 

— + ...+(— 1) * ^^(71+1) ••••(32), 

where Dn-r denotes the sum of the sines of the sum of n — r of 
the angles taken positively and the remaining r taken negatively ; 

2“"^ cos Ax cos ^ 2 . . . cos An 

= (7n + Cft-I •!" + ••• + (33) 

when n is even, and 

2"“^ cos Ax cos ^2 • • • cos An 

= (7n + Cn -1 -h ... 4- ^i|(n+i) (34) 

when n is odd. 


These formulae (31), (32), (33), (34) have been proved above, in 
the cases n = 2, 3, 4, and may now be proved generally by 
induction ; assume the formula (31) to hold for n, multiply it by 
2sinu!l„+i, and replace any term 2C,^«r sin iln+i by a sum of sines, 
wc then obtain for the product 
- 

(- 1)2 2" sin sin ila . . . sin iln sin A^^^ 

the expression n 

Dn+i-i>n+-+(-l)2i)'i(n+,„ 

where denotes the sum of the sines of the sum of r of the n -f 1 
angles taken positively and the remainder taken negatively; this is 
what (32) becomes when n is changed into w + 1; proceed again in 
a similar manner with this result, we then shew that the product 

n+2 

(—1)2 2"+^ sin Ax--, sin An^ 
is equal to n +2 


where 0", refers to n + 2 angles ; thus the formula (31) is proved 
for the value n + 2, if we assume (31) and (32), for the value n ; 
similarly we may shew that (32) holds for n + 2; therefore as 
these formulae have been proved for n = 3, 4, they hold generally. 
The formulae (33), (34), for the products of a number of cosines, 
may be proved in a similar manner. 


4—2 
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Example. Prove that for n angles a, y, d... 

2 (o ±i3± y ± d + ...) = sin a cos cos y cos d... , 

S coa (o±^±y±8 + ...) = 2*"^coaa coajScoay coai>..., 

2 implies summation extending to all possible arrangemenls of the signs 
indicaled in the n-1 ambiguities. 


Formulae for the circular functione of multiple angles. 

61. If, in the addition formulae which we have obtained for 
two and more angles, we suppose each angle equal to il, we obtain 
the formulae 

sin 2A = 2sinil cos^ (35), 

cos 2.4 = cos*^ — sin® = 1 — 2 sin® = 2 cos® .4 — 1...(36), 
sin 34 = 3 sin 4 cos* 4 — sin® 4, 

or sin 34 = 3 sin 4 — 4 sin® 4 (87), 

cos 34 = cos* 4 — 3 cos 4 sin® 4, 

or cos 34 = 4 cos* 4 — 3 cos 4 (38), 

sin n4 = w sin 4 cos’*'“^4 — sin*4 cos""®4 + . . . (39), 

o 1 

^ w(w — 1).„. 

cos n4 = cos’* 4 — - sin® 4 cos’*”® 4 

It I 

...(40). 

These last formulae (39), (40) follow from (28), (29), since /SV 
in Art. 49 contains as many terms as there are combinations of 
« things taken r together, and becomes equal to 

n(7i — 1) ... (n — r + 1) . ^ . 

r! 

The formulae (39), (40) may also be written 
sin nA = cos’* 4 |w tan 4 — 4 + . . .| , 

cos ?i4 = cos’* 4 |l — — 
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We find also, from (9), (26), and (30), 

1 - tan* A 

. 3 tan - tiui» .... 

““H l-3toM -~ <“>■ 

B tan A — — *^tan’.d + ... 

tan nil = ; • (43). 

We have thus obtained formulae for the circular functions of 
the multiples of an angle in terms of those of the angle itself. 


It should be noticed that each of the sequonces of numbers 

sinil, sin2il, sin 3d 

cosd, cos 2d, cos 3d 

is a recurring one ; for we have 

sin (n+ 1) d ss2 cos d . sin nA — sin (n - 1) d, 
cos(n+l)d ==2cosd.cosnd -cos(n-l)d ; 
thus each term of either sequence is obtained by multiplying the preceding 
one by 2cosd, and then subtracting the term next but one preceding. By 
this means the terms of the sequences may be successively calculated, if we 
assume the formulae (36) and (36). 

The scale of relation of either of the series 

1 sin A sin 2d + 1 + a? cos d + 0 ?* cos 2d + 

is consequently l-2«cosd+a;^ 


Expressions ferr the powers of a sine or cosine as sines or 
cosines of multiple angles, 

62. In order to obtain expressions for a power of the cosine 
or sine of an angle, in terms of cosines or sines of multiples of 
that angle, we must make all the angles equal to one another in 
the formulae of Art. 50 ; we thus obtain the formulae 

2 sin* A = 1 — cos 2A, 

4 sin* A = 3 sin A — sin 3A, 

8 sin^ A = cos 4A — 4 cos 2 A + 8, 

2 cos* A = 1 + cos 2A, 

4 cos* A = 3 cos A + cos 3A, 

8 cos* A =* cos 4A + 4 cos 2A + 3, 
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(—1^ 2"“*8in"^ = cos nA'~ ncoB(n— 2)4 + cos(»t— 4) A — .., 



(n even), 

(-1) * 2*‘"’^8in"il=smwil—wsin(w — 2)^1+ —^—^sin(7i— 4)41— ... 

+<- ‘>~i (»-i)W+iy i“"^ 

{n odd), 

2*^-^ cos* 4l = cos nA + n cos (n — 2) 4 + ^ ^ cos (n — 4) 4 I + . . . 

+ J 1 r -} — j (46) 

(n even), 

mmm J J 

2*~^cos*4l = cos nA + n cos {n — 2)A -\ — — ^cos (/i — 4) 4 I + ... 

n ^ 

n T \ ri / — rm cos -4 (47) 

i (n - 1) I ^ (?i + 1) ! ^ 

(n odd). 

The formulae (44), (45) may be deduced from (46), (47) by 
writing 90® — -4. for A, or conversely. 


Relations between inverse functions. 

63. Corresponding to the addition formulae of this Chapter, 
formulae involving the inverse circular functions may be found. 
Thus in formulae (1) and (3), put cos 4 = a, cos 5 = 6, then we 

have 

cos“^ a + cos“^ ft = cos~^ {aft + Vl — a* Vl — ft®} ; 

similarly from (2) and (4), we have 

sin“^ a ± sin"^ ft = sin""* {a Vl — ft® + ft Vl — a®}. 

From (9), (10), (11), and (12) we obtain 

tan"** a ± tan"”* ft = tan”* ^ 

1 + aft 

cot”* a + cot”* ft = cot”* 

ft ± a 

Again from (26) and (30), we have 

tan*"* a + tan”* ft + tan”* c = tan”* - - ^ " > 

\1 — ftc - ca — aft/ 
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tan~^ tti + tan”^ Oj + ... + tan“^ = tan”^ ) , 

\l — $2 + .,J 

where Sr is the sum of the products of OiO, ... taken ?• together. 

It should 'be observed that, in these formulae, the particular 
values to be assigned to all except one of the inverse functions are 
arbitraiy, but the particular value of that one is determined when 
the values of the others have been assigned. Moreover if in a 
formula involving, for instance, three inverse functions, two of 
them have their principal values, it is not necessarily the case 
that the third has its principal value. For example, in the 
formula 

tan“^ a + tan“‘ b = tan“^ (a + b)/(l — a6), 

if tan*-* a, tan*”’ 5 are both positive and have their principal 
values, that is, values between 0 and and if their sum is 
greater than Jtt, this sum is not the principal value of 

tan“^ (a + b)/(l —ab); 

this principal value is an angle between 0 and — ^tt, which has 
the same tangent as the sum of tan~^ a and tan~^ b. 


Geometrical proofs of formulae. 


54. Direct Geometrical proofs may be given of many of the formulae of 
this Chapter ; wo shall give three examples of such proofs. It should bo re- 
membered that such proofs often hold only for a limited range of the angles. 

(1) To prove the formulae tan {A±B )= • 
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Lot AB^ CD be two chords of a circle at right angles, and let the angles 
ADE^ be denoted by A and B\ since AE, EB^CE, ED, we have 

EB 

ED AE±EB AB 
AM MB ~ MD:^EC BF' 


1 - 


MDED 


whenoe 


tanil±tanj5 . , . m 


(2^ To prove the formulae 

sin 2^ =7 2 sill A cos A, 


cos 2-4 as cos* A - sin* A, 



Lot AO A* bo the diameter of a circle, and lot PAA'^Ay then POA'^^A ; 
draw PN perpendicular to -4-4'. 

PN 

Then sin2A=s^j , now PN ,AA'^2LAPA'=AP . PA\ 


therefore 

also 


. - - AP,A'P -4-4'* sin -4 cos -4 „ . . . 

““ = —OPTIA' ^2 ^ 


ON Am--A*m ilP*-il'P* 


00824-^^- 2.44'.0]P 


44'* 


cos* 4 - sin* 4 . 


(3) To prove the formulae 

sin 34 = 3 sin 4 - 4 sin* 4, cos 34 =4 cos® 4—3 cos 4. 

Let CAB==ACB=^A ; let AB meet the tangent at 0 to the circle round the 
triangle ABO in E; draw BD perpendicular to CE, 
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The angle BED is 3i4, or 180® - 3^ . Now 
AE t^ACE AC^ ^ 

BE “ LBOE ~ BU^ “ 4 ^ } 



therefore 

2^=4 cos* A - 1**3 -4 sin* A ; 

hence 

. « . BD BD AB ^ . A * s A 

mn 3 A = ^ = jg . 3 sin A - 4 sm* A, 

and 

^DE DC EC DC BC AC 
oos3.l-+^^-^^ AB 


■=008 A (4 cos* il — 1) - 2 cos il =4 cos® A-Z cos A, 

The proofs in (1) and (3) were given by Mr Hart in the Messenger oj 
MatJijematios^ YoL iv. 


Examples. 


Prove geometrically the formulae 

2 A l-co«2A 

( 1 ) tan^ A =:p- r-r . 

' ' 1 + oo« 2A 

(2) ^an(46®+A) — tow(45®— A)=2 ton2A. 

(3) «»A«7^Bas«n* J(A4"B)-«m* J(A-B). ^ 

(4) /3=«»* (o +j3) ~ 2 a /3 cotf (a + /3). 

( 6 ) ^ 


tan ^ tom. ^ — ; — = 7 . 

n m + n 4 


(6) co«*A+<JO«*B+cos*C+2co« Aco«Bco«Ca=l, A+B+C=180" 

(7) MnA+«nB-w»C*s4«in JA«m JBcoa JC, w/iere A+B+C=180®. 

( 8 ) cotG^oosec^B-^-cot^. 

(9) 0M36®-<t9il8®=^. 
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EXAMPLES ON CHAPTER IV. 

Prove the identities in Examples 1 — 16: 

1. cos2 A + cos2 (120^+ A ) + cos2 (120® - . 

2. (cos A + sin A)* 4* (cos A —sin A)* sa 3 — cos 4 A. 

3. sin 3A sin^ A + cos 3A cos^ A ^cos^ 2A. 

4. 4cos^A sinSA+Asin^A cos3Ass3sin4A. 

6. sin«A+sin8(120“4'A)-8in3(120‘*-A)« -|sin3A. 

6 A + sin 3A -f sin 5 A + sin 7 A 

cos A + cos 3A + cos 5 A + cos 7A 

7. 16 cos* A — cos 6 A = 5 cos A (1 + 2 cos 2 A). 

8. cosec (m4-n)a; cosec ma: cosec ns — cot (m+n) x cot cot nx 

= cot mx + cot nx — cot {m+n)x 

9. 2 cos A (cos 3R — cos ZC) 

* 4 (cos B - cos (7) (cos (7— cos A) (cos A — cos B) (cos A + cos B + cos (7). 

10. 2 sin A (sin* B + sin^ C) sin {B — C) 

=8in {B — C) sin ((7— A) sin (A - i7) sin (A 4- 5+ C'). 

11. tan(A4-60‘’)tan(A -60")4-tanAtan(A4-60")+tan(A -60")tan A=: -3. 

12. cot(A4-60*)cot(A-G0")4-cotAcot(A4-60‘’)4-cot(A-60*)cotA= -3. 

13 cos 3-d cos6A ^ cos 9 A coslBA 

cos A cos 2A ^ cos 3A "" cos 6A 

= 2 {cos 2A — COB 4A 4-cos 6A — cos 12A}. 

14 , s i n (.8+ 0+2) -i<) 

8in(^-B)8in(il-C')sin(4-j9) 

cos 4 A cos4.g 

sin A sin (A — B) sin (A — C7) sin B sin {B — C) sin {B — A) 
cos 4cG 

+ . ; 7 = — r-- ; / = — = 8 sin (A 4" ^5 4" C7) 4" cosec A cosec 5 cosec C. 

sinC7sm(C'— A)sin(C'— 

If A+B+C^^v, prove the relations in Examples 16—27 : 

16. 2tanAcotHcotC'=2tan A — 22cot A. 

17. 2 cot A ss cot A cot B cot (74-Gosec A cosec B cosec C. 

18. 2 sin {B^C) cos* A » -sin sin ((7- A) sin (A - H). 

19. 2 (sin H+ sin C) (cos (74-oos A) (cos A 4 -oob 

■■(sin ^4^ sin C) (sin (7 4- sin A) (sin A 4-sin B), 

20. 2 sin A cos (A - H) cos (A - (7)a:3sin A sinHsin (74-sin 2A sin 2RBin 2(7. 

21. 2 sin 2H sin 2(7a 4 {sin* A sin* B sin* C+ cos* A cos* H cos* C 

4- cos A COB cos (7}. 
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22. S cos 2 A (tan B - tan 0) 

= - 2 sin (H— 0) sin ((7- A ) sin {A - H) sec A sec Hsec C. 

23. 2 cos^ A (sin 2B + sin 2G) — 2 sin A sin B sin (7. 

24 2cosAsfii3AB:{Ssin2A}{f +2cos2A}. 

25. (sin A +ain H+sin C7) ( - sin A +sin H+sin C) (sin A - sin i9+sin C) 

(sin A + sin B — sin C7) = 4 sin^ A siu*^ B sin* C. 


26. 

sin* A 

cot A 

1 =0. 


sin*i? 

cotH 

1 


sin*C 

cot 0 

1 

27. 

2 cosec B 

cosec (7 sec (H~ 0) 



essec(H 

-C)sec((7- 


28. Prove that, if a+/3+‘y=i7r, 

sin* a +sin* /3+sin* y + 2 sin o sin ^ sin y = 1. 

29. Prove that 

L +__J__ ^ 

l+2oos(i»r+tf)^l+2co8(^ir-tf) 2oo«fl-l' 

30. Prove that 

sin* (6 + fl) 4- sin* (fi +i8) - 2 cos (a -^8) sin (^ -pa) sin (^ -PiS) 
is independent of B. 

31. If tan , shew that tan(a-^)=(l -»)tantt 

1— wsin-^a \ r-/ \ / 

«« Tf i. a sin d XI i. i. sm a sin 0 

32. If tan 0= . , prove that tan — j — — 

^ cosd — cosa COS0±COSa 

33. If V2 COS A *scos H-Pcos®H, V2 sin A =:sin H -sin^^ 

prove that ±sin (A — -fl)=cos 2^=^. 

34. Prove that 

^osx/- ^ — (oos d -Pcos 0) cos (d + 0) - (sin d -Psin 0) sin (d+0}- 

35. If d and 0 satisfy the equation 

sin d + sin 0 * V3 (cos 0 — cos d), 
then will sin 3d +sin 30 ==0. 

36. Prove that tan 70® = tan 20® -P 2 tan 40® -p 4 tan lO*, 

Ti. cos* a , sin* a _ cos*^ . sin*j3 , 

37. If —T7r+ — b-B“l> then — 

cos*/8 sin-^S oos* a sm*a 

38. If cos(A-P-H)sin((7-p2>)=oos(A -5)sin(C7-/>), 

then cot A cot H cot (7 = cot 2). 

39. If a+i9-py=Jir, then 

(cos a+sin a) (cos /9 + sin /3) (cos y -P sin y) « 2 (cos a cos )9 cos y -P sin a sin fi sin y). 
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40. If 
then will 


A+B+C==7r and cosil«cos^cosf7, 
cot 5 cot <7=^. 


41. If 4 8iii*aBin®^8in*y+Bin^o+sin*^+8in*‘y— 2sin*j8sin*y 

~ 2 sin* y sin* a-- 2 sin* a sin*0»O, 

show that a±p±y is a multiple of w. 

tan(a4-/3~y) tany 
tan (o — ^ 4- y ) tan /3 • 
sin 2a + sin 2^-p8in 2y=s0. 


42. If 
prove that 

43. If 
prove that 

sec = sec y sec a + tan y tana and sccye=secasec/3+tanatan/9. 


sec a s= sec ^ sec y + tan jS tan y, 


Ti. sin* d cos 6 - cos* d sin A sin* A cos ^ - cos* A sin ^ 

44. If = in — a =co8(d+A), 

nna A ffln /. COS 0 tan 


then 


cos 6 tan a 

sin* a cos - cos* a sin /S sin* cos a — cos* j8 sin a 


cos a tan 6 


cos ^ tan 4> 


=cos(a+j8). 


45. If Af ChG positive angles such that A+B +0=60**^ prove that 

sec A sec ^ sec (7+2S tan B tan C^2. 

46. If 

cos (d 4-/3) cos (^+y) 4-1 cos (£^4-y)co8 (^+a)4-l cos ( ^4- a) cos (^4-/3) 4- X 

cos(i84-y) cos(y4-o) cos(a4-i8) * 

prove that cosec (/3 - a) cosec (y - a) 4- cosec (y - /3) cosec (o - 0) 

+cosec (o - y) cosec y) = 1. 

47. Having given 

sin* d 4- sin* ^=14 sin* d sin* ^ and sin ^4-sin(^ssBin 
prove that 28in ^=sin (i^ w ± J ir)/sin or cos (^ir w')/cos Jtt. 


48. If cos(A4-^4-C')=cos A cos^cosCi 

then 8 sin (B 4 - C) sin ((74* A) sin (A 4- B) +sin 2A sin 2B sin 2(7stO. 


49. If tan 6 4- tan +tan - tan ^ tan ^ tan ^=tan (64-0 +<^), 

then either two of the angles 6, 0, 0 must be equal to wiTr-Hjn-, 

or else one of them and also the sum of the other two must be multiples 

of w. 

If sm ^ ”- °(yr .f!>coB(g- 

cos a cos ^ 

«« («-2y)=sm (^-y) Bio (y- o)Bin (a-/3), 
prove that cos ^bgos a cos j9 cos ys. 

51. If a, A y, 5 be any four angles and 2(r**a4-/84-y4-6, then 
cos a cos 0 COB y cos 54- sin a sin j3 sin y sin 5 

« cos (cr - a) cos (a- - A cos («r - y) cos (cr - 5) 

4- sin (o* - a) sin (ir — ^) sin (<r - y) sin (a- - 5). 
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52. Prove that. 


tan“* a 7 «s 2 tan'* {coseo tan'* 4 ?- tan cot “* «}. 


53. Prove that 

2 tan~* 4?+2 tan“*y=sin“^ 

54. Prove that 


2(4?+y) ( 1 -^) 

\(l+^)(l+y*)r 


tan”*{J(cos2asec2^+cos2i9sec2a)} = tan-*{tan*(a+^)tan*(a-j 8 )}+tan > 1 . 


66. Prove that 

tan"* 1 +tan~* 2+tan“*3aa7r*2 (tan** l+tan“* J+tan"* 

56. If cos"*4?+cos~*y4-cos“*«=ir, 

then 4;®+y®+«*+2a;y;ja=l. 


57. If tan"*^=5 tan'*.r, find ^ as an algebraical function of x; hence 
shew that tan 18** is a root of the equation 5s*- 1=0. 

68. If 2(r=»o+^+y, shew that 

/ 2 cos g cos jS cos y \ 

^ \cos2 a+cos^ /3 + cos^ y - 1/ 

— tan“* [tan or tan (cr— a) tan (<r- fi) tan (cr — y)]=tan”* 1, 

59. Prove that 

tan-i y^(«+&±o) ^.tan-« 


60. Prove that the algebraical equivalent of the equation 

sin~*47± sin“*^ ± sin"*s + sin”*v = wtt, 
where n is an integer, is 

(4 (s-.v) (s -y) (« - s) (s - - {xy^^-zu) {xz-^yu) (xu +yz)} 

{4« (a - 47 —y) (« -4?— «) (« — 07 - w) - (zu - (yu - xt) (ys- 4rti)} -»0, 
where 2««4?+y+s+i«, 

Solve the equations in Examples 61 — ^75* 

61. sin d+2cosd = l. 

62. Bin5d=16sin*d. 


63. sin 7d — sin sin 3^. 

64. tan 2^s:8 cos^^-cot B. 

66. tan (46" +il) = 3 tan (45" - A). 

66. 2 sin (d — 0) = sin (^+ (ji) =* 1. 

67. sec 4^ - sec 25 = 2. 

68. sin 9n5+sin n5+siu (m + n) 5=-0 
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69. Bin ^+sin — cos 6. 

70. tan^+sec2^Bl. 

71. 2(Bin*^+cos^^)«l. 

72. tan^+tan3^+tan6^»0i. 

73. cot"*j?— cot“* (j?+2)««16*. 

74. asin“^:i?+6cos”*ya**ol 
a cos”^ ^7- 6 sin“^y =/9j * 

75. cosec4a— C08eo4^«oot4a— cot 4tf. 

76. Draw graphs of the functions (a) sin d7-f Bin 2^?, (5) cos 2i7/cos 

77. Find all the solutions of the equation 

a (sin d — cos (sin a — cos d). 

78. If m be any integer, and A (7== ir, shew that 

sin 2w-4 +sin 2m^+sio 2m(7B ( — !)*• + ^ 4 sin mA sin mB sin mC^ 
cos 2tiiA + cos 2mi6+cos 2m(7s=( — 1)"* 4 cos mA cos mB cos wiC'— 1. 

79. Prove that 
where 

a7=sin A 4-sin .04- sin (7, ^»sin B sin f74-sin C7sin A 4-sin A sin 0, 

«sBin A sin 0 sin (7. 

80. Prove that, if 

1 — tan 0 tanC , l-»tan (7 tan A ^ 1 - tan A tan0 

coB^il 008^0 “ cos* C • 

either tan A, tanC, tan0 are in arithmetic progression, or A 4-0+ <7 is an 
integral multiple of «r. 

81. If cos A = cos d sin cos 0 b cos 0 sin cos (7=008^ sin d, and 

A + 0+C7=:7r, prove that tandtan^ tan^sel. 

82. Solve the equations 

4 (cos 3d+oos 4d) (cos 3d+cos d)= I, 

4 (cos 3d+coB 6d) (cos 6d+cos 7d)= -1. 
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THE CIRCULAR FUNCTIONS OF SUBMULTIPLE ANGLES. 


Bimidiary Formulae. 

65. If in the formula (36) of the last Chapter we write 
for A, we have 

cos a = cos- — sin* Ja = 2 cos* — 1 = 1 — 2 sin* ^a, 
whence we have 


1 -- cos o = 2 flin* 1 + cosa= 2cas*^a; 

taking the square roots we obtain the following formulae for 
cos^a and sin^o, in terms of cos a, 

sin = i (1 - cos a), cos Jo = + + cosa); 

dividing one of these expressions by the other, we have also 

ii®= 


tan^ 


— cos a 


+ cos« 


These three formulae contain an ambij;uity of sign ; now if a is 
given, the three functions sin ^-a, cos ^a, tan |^a Have 3ach a unique 
value, and the true expressions for them can therefore contain no 
ambiguity. The reason of the ambiguity in the three expressions 
obtained above is that they give the values of sin ^a, cos ^a, tan^a, 
not when o is given, but when cos a is given ; now, as we have 
proved in Art. 33, all the angles 2n7r ± a, where n is an integer, 
have the same cosine as a, hence formulae which give sin ^a, cos ^a, 
tan ^a, in terms of cos a, will give these functions for all the angles 
included in the formula ^ (2n7r ± a), and not merely the values of 
sin ^a, cos Ja, tan themselves. 
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To find the values which sini(2n7r ±a) may have, we must, 
consider the two cases of an even and of an odd value of n; if n^2m 

sin J (4m7r ± a) = sin (± Ja) = + sin 

if n = 2m + 1 

sin i (4trwrr + 27r ± a) = sin (tt + a) = T sin ; 

hence the values of sin^a and —sin^a are given by the formula 
which expresses sin in terms of cos a. Similarly cos J (2?i7r ± a) 
and tan^(2n7r±a) can be shewn to have the values ±cos^a, 
itan^a, and thus the formulae which express cos^a, tan^a, in 
terms of cos a, will give the values of cos^a and —cos^a, and of 
tan Ja and — tan Ja, respectively. Thus the ambiguity of sign in 
the three formulae is accounted for. 

66. The ambiguity of sign in the three formulae we have 
obtained may be illustrated geometrically. 



If A OP = a, and A OPi = — a, the two sets of coterminal angles 
(OA, OP), {OA, OPi) are the only ones which have the same co- 
sine as a; if QOq, Q'Oq be the bisectors of the angles OP, -dOPi, 
respectively, the bisector of any of the angles {OA, OP) is OQ or Oq, 
and of the angles {OA, OPj) is OQ^ or Oq' ; hence the formulae for 
sin^a, cos ^a, tan when cos a is given, will give the sine, cosine, 
and tangent of all the four sets of coterminal angles {OA, OQ), 
{OA, Oq), (OA, OQ'), {OA, Oq'). The sines of the angles in the 
first and fourth sets are equal to sin and in the second and third 
to - sin ^ or ; the cosines of the angles in the first and third sets are 
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equal to cos^a, and in the second and fourth to — cos^a; the 
tangents of the angles in the first and second sets are equal to 
tan^a, and in the third and fourth to — tan^or. 


67 . We sjiall now remove the ambiguities in the three 
formulae of Art. 55. The function sin Ja is positive or negative, 
according as lies between 2nir and (2?i + l)7r, or between 
(2w + 1) TT and (2?? + 2) tt, that is according as a/27r lies between 
2n and 2n + 1, or between + \ and 2n + 2 ; hence we have the 
formula 

sin ^ a = (-i)pVi(i — cos a) (1). 


where p is the positive or negative integer algebraically next less 
than a/27r. 

The function cos^a is positive or negative, according as lies 
between 2w7r — ^tt and 2n7r+i7r, or between 2n7r+^7r and 2 n 7 r+}w, 
that is according as i(a + 7r)/7r lies between 2n and 2n + l, or 
between 2n + l and 2w + 2; hence 


cos \a = (— 1)« (1 + cos Of) (2), 

where q is the integer algebraically next less than ^ (a + 7 r)/ 7 r. 
We have also 


tan ia=(- 1)1-9 yi 


— cos a 


+ cosa 


•(3); 


the number p — g is always either zero or + I, 


68. If we write J a for A in the formula (35) of the last 
Chapter, we have 

sin a = 2 sin cos 


hence 


tania = 


sin^-a_ sin a _2sin®j^a 
cos^-a 2cos®ia~ sma 


Thus we have the two formulae 


tan ia 


sin a 
i + cos a 


1 — cos a 
sin a 


(4). 


which give tan ^ a without ambiguity. These formulae give tan J a 
when both sin a and cos a are given; now the formula 2/i7r + a 
contains all the angles of which both the sine and cosine arc the 
same as the sine and cosine of a, hence formulae for tan Ja in terms 
of sin a and cos a give the tangents of all the angles WTr + Ja, and 

6 


H. T. 
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all these angles have the same tangent tan^a; this accounts for 
the absence of ambiguity in the formulae (4). 

69. We shall now obtain formulae for sin^a, cos^a, and 
tan ^OL, in terms of sin a ; we have 

1 + sin a = 1 + 2 sin cos J a = (sin |a + cos Jor)’, 
also 1 — sin a = 1 — 2 sin Ja cos ^ a = (sin — cos ^ a)* 

hence sin + cos = ± Vl + sin a, 

sinja — cos Ja= ± Vl — sina; 
therefore sin ^ { ± Vl + sin a ± Vi — sin o}, 
cos^a = ^ {+ Vl + sina T Vl — sin a}. 

In each of the ambiguities either sign may be taken; we have, 
therefore, four values of sin and four values of cos ^a, in terms of 
since Formulae which express sin and cos^a in terms of sin a 
will give the sine and cosine respectively of all the angles included 
in the formula J(n 7 r + (—!)“«), for as we have shewn in Art. 33, 
the sines of all the angles 7i9r + (— l)"a have the value sin a. To 
6nd the sine and cosine of the angles J (wtt + (— iy‘ a) we must 
consider four cases. 

(1) If n = 4m, 

J (wtt + (— 1)" a) = 2?n7r + ; 

the sine and cosine of these angles are singer and cos^a re- 
spectively. 

(2) If w = 4m + 1, 

i (rnr + (— 1)” a) = 2m7r + ^tt — ; 

the sine and cosine of these angles are cos^a and sin^a re- 
spectively. 

(8) If w = 4m -I- 2, 

^ (wtt + (- 1)” a) = 2'm7r + tt + Ja ; 

the sine and cosine of these angles are — smja and — cos^a 
respectively. 

(4) If 71 = 4m + 3, 

4 (fiTT + (— 1)" a) = (2m + I)7r + i7r — ^a; 
the sine and cosine of these angles are — cos .^a and —sin^a 
respectively. 
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Thus we obtain four values sin^a, cos^a, — sin^a, — cos Ja, by 
the formula which gives sin^a, and four values cosj^a, sin^a, 
— cosja, — sinjcz, by the formula which gives cosja. 

The four sots of values of x and y which satisfy the equations 
. (a? + y)* = 1 + sin a] 

(a? — y)2 = 1 — sin aj 

are a? = sinia| af = co8ia] a? = — sin^al a? = — cosjal 

y = cosifltJ* y = siniaj* y = -cosia]* y = -siniaj‘ 

60. As in the preceding case, the ambiguities in the formulae 
of the last Article may be illustrated geometrically. Let P0A=a, 
= — a, then the angles which have the same sine as a are 


n 



the two sets of coterminal angles (OA, OP), (OA, OPj); hence if 
QOq, QOq' be the bisectors of the angles AOP, AOPi, the four 
sets of coterminal angles {OA, OQ), (OA, Oq), (OA, OQ'), (OA, Oq') 
will be the angles whose sine and cosine will be given by the 
formulae which express sin^a, cos^a, when sin a is given. We 
see that Q'0B = \a, and Q'OA = ^(7r — a), hence the sines of these 
four sets of coterminal angles are sin^a, — sin^a, cos^a, — cos^o, 
and their cosines are cos Ja, — cos^o, sinja, — sin^a; these are 
the four values of sin^a, cos^a respectively which are given by 
the two formulae. 


61. We have 

sin i a + cos i a = V2 sin ^ a + ^ cos i 
«V2sin (ia + Jtt), 


5—2 
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and similarly 

sin ^ a — cos = V2 sin (Ja — i'w) ; 


hence sin + cos Jot is positive or negative, according as J 

lies between 2n and 27i + l, or between 2w + l and 2?i + 2, and 

sin J a — cos .Ja is positive or negative, according as J lies be- 
tween 2n and 2n + 1, or between 2n + 1 and 2/^ + 2 ; therefore 
sin ^ a -h cos = (— 1)^^ Vl 4- sin a, 

sin — cos = (— 1)^ Vl — sin a, 

where p is the positive or negative integer algebraically next less 
than + and q is the integer algebraically next less than 


^ — J; we have then the three formulae 

27r 

sin l-a = i {(— 1)^' Vi + sin a -I- (— 1)^ Vl — sin a} (5), 

cos ^ {(— 1)^ VT+sirTa — (— 1)^ Vl — sin a} (6), 


. , (— 1)^^ Vi + sin a 

tan ia = ^ — - — 7 

(— Vl +sina 


-f (— 1)^ Vl — since 
— (— 1)^ Vl — sin a 


,(7). 


62. 


hence 


To express sin cos ^a, tan in terms of tan a, we have 
8in*ia = ^(l - cos a) 


±Vl + tan*a) 

JLq — 1 / 1 1 ^ ^ 

1, 

1; 

^ + Vi + tan* a/ 

fiin Aflf = + * / Xr /^l — — — — 

...-V 

“ ±Vl + tan»a/’ 

/»r»c Xn — 4 . . / i J ^ 

* ±V^V^ + ±Vl + taSiJ’ 


and consequently 


tan \oL-^ 


± Vl + tan* a — 1 ^ 
tana * 


each of these formulae contains ambiguities. We leave to the 
student the discussion of these ambiguities, which should be 
made as in the previous cases. 
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It should be noticed that the values of tan i a are the roots of 
the quadratic equation in tan^a, 


^ 2 tan }, a 

tana = - ^ 

1 - tan-* J a 


obtained by re'placing by ^a, in the formula (41) of the last 
Chapter. 


63. The functions sin a, cos a, tan a can be expressed without 
ambiguity in terms of tan^a; for all the angles which have the 
same tangent as are included in the formula rnr + ^a, and 
2 (riTT -I- ia) or 2n7r -f a are angles which have all their circular 
functions the same as those of a. To find the expressions, we 
have 

2 sin i a cos a 2 tan 4a 

sitio= ^ “ =- — 

COS'* ^0 + sin- ^OL 1 + tan* i a 


hence also 


cos a = 


tan a=s 


cos* Ja — sin*^a _ 1 
cos* + sin*^a ~ 1 
2 tan 

1 — tan* Ja’ 


— tan* I a 
+ tau* 


Examples. 


(1) If 2 cos 3= ^/l- sin 23-^/1-^8171 23, sAew tJwLt 3 mu8t lie between 


(8n+6)— and (8n + 7)j, 


where n is an integer, 
(2) Pnyoe that 


cos\A, 


sin ^ A 




A Vl - A 

the radicals derating positive numbers, provided A lias between 
(4n-i)7r and (4ii+i)tr, 

where nisan integer. What are the signs in other cases 1 

V 1 — OTWX+l 

(3) Prow thal the four values of -=== — - are 

cot lx, tanHir+x), ^tan^x, -co^ J-(ir+x), 


(4) If sin 4A=fi, shew that the four values of tan A are given by 
i{(l+a)4-l}{l+(l-a)i}. 

(6) In theformvia to»^A= ~ a/mMgviiy of 

sign may be replaced iy ( - l)**i where m is the greatest integer in (A+90®)/180*. 
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The circular functions of one-third of a given angle. 


64. If we replace in the formulae (37), (38), (42) of the 
last Chapter, by ^a, we obtain the three equations 


sin a = 3 sin Ja — 4 sin® (8), 

cos a = 4 cos* ^ a — 3 cos (9), 


tan a = 


3 tan — tan® ^oc 


( 10 ); 


l-3tan»^a 

we have thus, in each case, a cubic equation for determining a 
circular function of ^a, in terms of one of a. Hence if sin a be 
given, we obtain three distinct values of sin^a; if cos a be 
given, we obtain three distinct values of cosset, and if tana be 
given, we obtain three distinct values of tan Jo. 


(1) In the case of the formula (8), we have sin a given, and 
thus we shall obtain for sin^a the values of the sines of one-third 



of all the angles (Oil, OP), (Oil, OPj), which have tlie same sine 
as tu Let the trisectors of the angles (Oil, OP) be OQi, OQa, 
OQs, so that QiOil==:^a, and QiQ^Q^ is an equilateral triangle, and 
Qa0.4s= ^TT-h Ja, Q^0A = ^ir ^01] 
the trisectors of the angles (Oil, OPj) are Oqi, Oq^, Oq^, where 
is an equilateral triangle, and Oil = ^ (tt — a), so that 
jaOil = TT - Jo, q^OA = f tt - Jo. 

We see at once that Q^qi, Qiq2, Qaqs are parallel to Oil; the 
sines of the two sets of coterminal angles (OA, OQi), (OA, Oq,) 
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are sin Ja, those of the sots {OA, OQ.), {OA^ Oq^ are sin(§7r4-ia), 
and those of (OA, OQ^, {OAy Oq^) are sin(|7r + ia); therefore the 
three roots of the cubic (8), in sin^a, will be sin^a, sin(j7r — ^a), 
and ~ sin (i7r,+ ^a). 

(2) In the case of the formula (9), the angles which have the 
same cosine as a are {OA , OP) and (OAy OPi) ; let the trisectors 
of the first set of angles be the three lines OQi, OQa, OQ,, where 
QiOA = ^ay and Q 1 Q 2 Q 3 is an equilateral triangle; the trisectors of 
the second set of angles are Oqi, 0 q 2 , Oq^y where qiOA = — ^ 01 , and 
?i ?238 is equilateral triangle ; we see at once that Qiji, Qa3ai and 



Qajs are perpendicular to OA. The cosines of the two sets of 
angles (OA, OQi), (OA, Oq^) are cosja, those of the two sets 
(OA, OQa), (OA, Oq^ are cos(f7r + Ja), and those of the two sets 
(OA, OQz), (OA, Oq^) are cos (|7r + ^o) ; therefore the three roots of 
the cubic (9), in cos^a, are cos Ja, -~cos(^7r—^a) and — cos(i7r+^o). 

(3) In the case of the formula (10), the angles which have the 
same tangent as a are (OA, OP) and (OA, OPi). As before OQi, 
OQ2, OQs, in the figure on page 72, are the trisectors of the first 
set of angles; the trisectors of the second set are Oqi, OqQ, Oqs, 
where is an equilateral triangle, and gi0il=s^(7r4-a); we 

see that QiOja, Q 2 O 981 QsOqi are diameters of the circle. The 
tangents of the sets (OA, OQi), (OA, Oq^) are tan^a, of (OA, 
OQa), (OA, Oqs) are tan (f tt-I- J a), and of (OA, OQs), (OA, Oq^ 
are tan(|7r + ia), hence tan^a, — tan(^7r — Ja), tan(^7r + ia) are 
the roots of the cubic (10), in tan^ot. 


72 
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We may express the results of this article thus ; the roots of 
the cubic in op, 

- 4aj* = sina, are sin^a, sin^(7r — a), — sin^(7r + a), 



those of the cubic 

4a^ — 3ic = cos a, are cos ^ a, — cos ^ (tt — a), — cos ^ (tt -1- a), 
and those of the cubic 

tana(l — 3a;*) =s3a7- are tan^a, ~tan^(7r — a), tani(7r + a). 

Determination of the circular functions of certain angles. 

66. The formulae of this Chapter may be applied to the 
determination of the circular functions of angles which are 
submultiples of angles whose circular functions are known. 

(1) We have sin J tt = cos J tt = 1 /\/2 ; 

hence from the formulae (1) and (2), of Art. 67, 

sin^7r = i>/2-V2, COS ^7r = W2 + V2, 

sin -j^TT = — V2 + ^2, cos = ^^/2+^/2 + ^2, 

and proceeding in this way, wo can calculate sin tt and cos tt. 

(2) We have sin ^tt = 1/2, cos Jtt = V3/2 ; 
hence from formulae (5) and (6), we have 

sin ^TT = J (^6 - V2), cos ^ir = ^ (v^6 + \/2), 
the values obtained for sin 15®, cos 15° in Art. 34; proceeding 
in this way we calculate the sines and cosines of all the angles 

TT 
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(3) We have 

and 

therefore 


hill -}r7r = 2 sm -,‘^7r cos tt 
sin f TT = 2 sin ^tt cos ^tt, 
sin Jtt sin | 7 r = 4 sin ^tt cos ^tt sin cos ^tt ; 


hence since ’ sin ^tt = cos 

we have 4 cos ^tt sin ^tt = 1, 

or sin - sin ^tt = 

that is cos ^TT — sin-^TT = 4, 

also (cos J TT + sin i + i == J ; 

therefore cos ^tt + sin ^ ^5, 

or sin Vo ^ = i (Vo - 1), cos -^tt = -J (V5 + 1), 

and hence cos V^tt = J VlO + 2 V5, sin ^tt = ^ VlO -2^/5; 

these values agree with those given in Art. 34. 

It should be noticed that, if a is any angle of which the sine 
and cosine are known, then the sines and cosines of all angles of 
the form ma/2", where m and n are positive integers, can be found 
in a form which involves only the extraction of radicals; for we 
have shewn how to find the functions of all angles of the form a/2**, 
and when these are known, the formulae of the last Chapter enable 

us to find sin-g— and cos . 


66. We are now in a position to calculate the circular 

functions of all angles dittbring by 3° or tt/GO, commencing at 
3°, and going up to 90® 

We have sin3® =sin(18®-- 15®) 

•= sin 18 ° cos 15° — cos 18® sin 15° 

= (V6 + V2) Wo -l)-i (V3 - 1) V 5+75 

similarly cos 3° = ^ (V3 + l)V5 + V5+Vff (V^ — V2) — !)• 

We have also 

6® = 36® - 30®, 9® = 45® - 36®, 1 2° = 30® - 18°, 

21® = 36® - 15°, 24® = 45® - 21®, 27® = 30® - 3®, 

33® = 45® - 12®, 39® = 45° - 6®, 42® = 45® - 3® ; 

hence we can calculate the sines and cosines of all the angles 
3®, 6®, ... up to 45®. It is then unnecessary to proceed farther, since 
the sine or cosine of an angle greater than 45® is the cosine or sine 
of ibs complement, which is less than 45®. The results of the 
calculation are given in the following table: 
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sine 



,^5 {( Ve + V2) (Vs - 1) - 2 (>/3 - 1 ) Vs + V8} 

e'=*.r 

i(VTO-6V5-V6-l) 


J(ViO+V2-2V6-V‘’>) 

12'=*7r 

J(VlO+2V6-VlB+V3) 

I6’=^n 

i(V6- V2) 


i(V5-l) 

21‘’=|^7r 

tV {2 (V3 + 1) V6~V8 - (Ve- V2) (V5 + 1)} 

24"=,S» 

i (Vl6 + V3 - V’lO - 2 J6) 

27-=^lr7r 

i (2 V6+ V8 - VlO + V2) 

30*= i,r 


33-=ti^ 

* {(V6+ V2) (V6- 1)+2 (V3 - 1) V6+ V5} 

36"= JjT 

fV10-2V6 

39"=ii|^ 

A {(V6+ V2) (V6 + 1) - 2 ( Vs - 1) Vft - V6} 

b 

11 

O 

i(V30+6V8-V6+l) 

45*= Jtt 

iV2 

48*=T^7r 

i ( VlO + 2 V5 + Vl6 - V3) 

6V=iin 

A {2 ( V3 + 1) V6 - V5 +( V6 - V2) ( Vs + 1)} 

54*=^7r 

i(V6 + l) 

67"=iJ^ 

^ {2 ( V3+ 1 ) Vs + V6 - (Ve - V 2 ) (Vs - 1 )} 

60*= Jtt 

i V3 

e3°=*,r 

jK2VS+V6+ViO-V8) 

6e" = Ji,r 

|(V30-6VS + V6 + 1) 

69»=gg^ 

tV {( Ve + V 2 ) ( Vs + 1) +2 ( V3 - 1 ) Vs - VS} 

72"= !«• 

iVlO+2VS 

76'=^,r 

i(V6+V2) 

78»=Jg^ 

J(V30+6V5+V6-1) 

81"=M’r 

it(VlO+V2 + 2V6-V6) 

84"=TJ,,r 

4(Vi6 + V3+VlO-2V6) 

87"=|8,r 

* {2 (V3 + 1 ) Vs + VS +( Ve - V 2 ) (Vs - 1 )} 
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In this table, the sines of the angles 3% 6%...up to 87* are given; the 
cosines will be found by taking the sines of the complementary angles. The 
values of the surds in the above expressions are given to 24 decimal places 
in the MesseTiger of Math. Vol. VL, by Mr P. Gray. In Hutton’s tables the 
values of these ^rds are given to 10 places of decimals. A complete table 
giving the tangents, secants, and cosecants of these angles, with the denomi- 
nators in a rationalized form, will be found in Gelin’s Trigo^wmetry. 


EXAMPLES ON CHAPTER V. 


Prove the relations in Examples 1 — 8, where 

j tan ^ A _ 1 - cos A -hcos jg-h cos C’ 
tan ^ (7 ” 1 — cos C-h cos ^ -I- cos ZJ * 


2. sin (A - B) sin ( A - C) -H sin {B - C) sin (5 - A) + sin (C— A ) sin (JO - B) 

*=2 cos i (B-^C) cos J (C- A) cos J (A - 5)- 2 sin f A sinf jSsin f C. 

3. cos^^A-f-cos* JjB-l-cos^iC7-l-2cos A cos* JRcos® JC 

-J- 2 cos B cos* ^ C cos* ^ A -h 2 cos C cos* ^ A cos* J 5 = 8 cos* \ A cos* ^ B cos* J C. 


4. 2sin*As=3cos^A cos^^cos^(7-f cosf A cosf ^cos^C. 


5. 2 cosec A (1 -f* cot B cot C) 

= cosec A cosec B cosoc C {4 cos ^ (5 - (7) cos i (C7- A) cos J (A - 21) - 1}. 

6. 2 cosec A (1 — cot B cot C) 

= ^ sec \ A sec ^ B sec \ (7+ cosec A cosec B cosec C. 

7. 2 sm 2A sin (5 - C) 

« 16 cos ^ A cos i B cos ^ (7 sin ^ (jB - (7) sin J (C7 - A ) sin i (A - B). 

cos J A — sin s in \ C ^ 1 -t-tan | A 
cos ^ 5 -H sin J C7— sin J A 1 -h tan i Zl 


9. Prove the identity 

sin i (B- Z7) sin ^ ((7- A) ^ ^ 

sin i (21+ Z7) sin i ((7+ A) ^ sin i"(A + B) 

sin ^{ B-C ) sin ^ (( 7- A) sin ^ (A — 
£n*it^+ (7)^in i ((7+ A) sin J (-d + B ) ” 


10. If A + B+ (7= 360*, and if 


then 


. (rf-a)(6-c) „ (fl?-6)(c-a) ^ 

cos A — ) , — . i I cos Be=;-j-r:- 7 -- — f , cos t7= 
(d+a)(b+c)* (rf+d)(c+a)* 

tan^A+tan JB+tan J(7= ±1. 


(^ -c) (g- 6) 
(d+c) (a+6) 


cose c 2j? coseo y — cosec 2y cosec .v 
cosec 2x cosec y+cosec 2y cosec 


11. Prove that 

tanj(^+y)tan 
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12. Shew that if cot ^a+cot cot 0, then 
{1-2 sec 0 cos (o - 0 ) -f sec^ (1 - 2 see 0 cos O — + sec* ^} = taii^ 0 , 


13. \i A +B+ (7+ f)=360% prove that 

cos J-4cos JZ>sin^jBsin^(7-cos JHcos^{7sin sin ^7) 

=sin ^ (A + ^) sin J (A+(7) cos ^ (A +77). 

14. Provo that 

sin* i (5- C)+sin* i (C'-^)+sin* h{A^B) 

+2"cos i(B~C) cos i(C-A) cos J (A - ^)=2. 

16. Prove that 

(.-x)+sm ) tan 

l+cos(y— 2 )+cos(a-d;)+coa (a ?— f 2 v - \ 

16. Investigate what relation must hold between a, jS, y, in order that 
cos a+cos |3 +co 8 ys=l+4 sin Ja sin sin Jy. 


17. If A + 7? +0^+ 7) =360®, prove that 

cos (H+ (7+7)) + cos {f} +7)+ A)+cos (Z)+ A +H)+cos (A +H+(7) 

= —4 cos J (A + jB) cos ^ (A + (7) cos J (A +7)). 

18. If tan ^d=tan*^^, and tan (^=2 tan a, 

shew that d + ^ = 2a. 


Ti* • « sin«ain («-d)sin (a-A)sin(«-+) ,, . 

19. If sm*6>= ' .rr-Ti” 9 g i i - > prove that 

4 cos^ i 0 cos* cos* ^ 

tan* i o) = tan ^ s tan i{s-0) tan i (« — <<>) tan i (« — V^), 

where 2«=d+<;(>+>Jr. 


20. If A +-B+ (7+ 7) = 180®, shew that 

sin A + sin 5+sin (7- sin 7)=4 ctis (A + 7)) cos J (^+7)) cos J ((7+7)), 


21. If a+/3+y=2jr, prove that 

sin i3 (1 + 2 cos y) +sin y (1 + 2 cos a) +sin a (1 + 2 cos /3) 

* =4sini(y— j3)sini(o-y)siniO-a) 

22. If 2«=a+6+c, prove that 

cos J 8 cos i (* - a) cos i (s - 6) cos i («— c) 

+ sin -J* sin ^ (s ~ a) sin - 6) sin ^ — c) = cos cos 6 cos 

23. If a+/3+y®=^ir, then 

(1 - tan ^g) (1 - tan ^/3) (1 - tan ^y) _ sin a + sin/3+si n y - 1 
(1 + tan Ja) (1 + tan J/3) (1 + tan Jy) “ cos a+cos j8+ cos y * 

24. Prove that if a+/9+y=flr, 

cos (§ jS + y - 2a) +COS (I y + a - 2/3) + cos (fa + /S — 2y) 

= 4 cos J (6a — 2^ — y) cos J (5/3 — 2y — a) cos | (6y — 2a — /3) 

26. If cos*d=cosa/cos/3, co8*d'=coso7cos/3, 

and tan d/ tan d' = tan a/tan a', 

shew that tan I a tan fa' » ± tan f 
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26. If cos a == COB ^ cos 0= cos /S' cos and sin a>=2sin ^0 sin^^' ; 

shew that ± tan J a = tan J/S tan J.a'. 

27. If -4 + + C— 180®, and tan | A tan } i5= tan j C ; show that 

tan^il+tan |i5+tan |(7=cot +cot J5+cot jC. 

28. If • tan J(y+a)-|-tanJ( 2 +a?) + tan J(a7+y)=0, 

prove that sin^+siny+sin2+3 sin(a?+y+«)=0. 


29. Prove that 

cos a sin J (4 + o) sin ^ (j3 - y) + cos /3 sin + jS) sin ^ (y - a) 

-I- cos y sin J (d + y ) sin J (a - ^3) 

= 2 sin i O - y) sin i (y - a) sin J (a - ^) sin J (a +i3 + y + 6 ). 

30. Solve the equations 

tan^a+tan 

tanoH-tan/3=|J * 

Ti. sin(<<)4-a)8in(<<>~-a) 8m(<^>+^) sm i 

31. It ttTr 77Th ^ 

8in(-+-^-2o) 

shew that cos® ^ a -|-cos® J /3 — cos® 4=^. 


32. If tan (i7r4-id)=tan6(i7r + J0), prove that 

^l+« 

and find a, p. 


• zi R ^ (l + a®sm®(/))(H-^^8m®(/>) 
sind = 5sind> 

a“®sin® 0)(H-^"®8in^ 0)' 


33. If a+i8+y=ir, shew that 

tan (tan J j3 tan Jy) + tan *“ ^ (tan Jy tan Ja) + tan “ ^ (tan tan Jj3) 

=tan-i /l + ®®'" iiLMi/3siniy1 
I sin®a + sin®i3+sin®yj ' 

34. Prove that the sum of the three quantities 

cos® ^y - COH® I p cos® — COB®^y 

cos® ^p cos® iy + sin® ^p sin® Jy ’ cos® cos® ^y +sin® Jo sin® Jy * 

cos® Jj 3 - cos® Jo 

cos* ^P cos® Jo + sin® ^p sin* Ja 

is equal to their continued product. 

36. Prove that 

cosJ(ff+y) cosj (y+g) ^ cos ^ _ 3 cob J(/3+y) c os J (y+a)cos J(g-i-ffl 

cos JO-y) ^ cos J(y-a) cosJ(a-/3) cos J (j3 - y) cos J (y - a) COS J (o -- jS) 

cos g cos P cos y - cos (g + 3 + y ) 
“cos J(j8-y)C0Sj(y-g)c0S j(g-/3) * 

36. Having given that 

cos o 4- cos g 4- cosy _ sin g 4 sin g4siny ^ 
cos (a4*g4-y) ~ sin (o4-g+y) ' 

prove that each fraction is equal to 

cos (g + y) + cos (y + g) +COS (g 4 g), 
and also to {tang-tan J(gH- y)}/ {tang + tan J(g+y)}. 
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VARIOUS THEOREMS. 

67. In this Chapter, we give various examples of trans- 
formations of expressions containing circular functions. Some 
of the theorems given are of intrinsic interest, others are given on 
account of the methods employed in proving them. Facility in the 
manipulation of expressions involving circular functions can only 
be obtained by much practice, but a careful study of the processes 
we employ in various cases will very materially assist the student 
in acquiring the power of dealing with this kind of symbola 

Identities and tramformatims, 

68. ExAMPLEa 

(1) Prove that 

tin 2a sin (/S-y) 2/8 sin (y - a)'^ein 2y sin (a - j8) 

ss[nn (fi+y)+sin (y+a)+«wi (a+j8)} {tin (y — /8)+«n (a— y)+w» (j3 — a)}. 

The factors on the right>hand side of the equation are the sum and the 
difference respectively of the two quantities sin y cos /S + sin a cos y+ sin /3 cos a 
and cosysin/S+cosasiny+cosjSsina; hence the product of these factors is 
equal to 

(sin y cos ^ + sin a cos y 4- sin /S cos a)* — (cos y sin j8 + cos a sin y + cos j8 sin a)®. 

Now sm®ycos*/3— cos*y8in‘-®/3=sin*y— sin*j8, hence the algebraical sum of 
the square terms is zero; the product terms are equal to 

2 sin a cos a (sin /3 cos y — cos sin y) + 2 sin ^ cos /9 (sin y cos a — cos y sin a) 

+ 2 sin y cos y (sin a cos ^ - cos a sin /3), 

and this is equal to 

sin 2a sin (/3 -y) + sin 2ff sin (y - a)+Bin sin (o - /3) ; 
thus the identity 

2 sin 2a sin 0-y)=2 sin (ff+y) 2 sin (y- j3) 

is proved. 
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(2) In the last example, put i^ir+a, iir+/3, Jw+y, for a, /3, y, respectively, 
we then obtain the identity 

2 cos 2a sin (j9 — y) cos O +y) . 2 sin (y - /3). 

(3) Prove that 

2 sin^aein (/3— y)— —sin (a+j8+y) sin (fi^y)sin (y— a) 8in{a^fi\ 

In this case, as in many others, wo replace the quantities sin’ a, sin’jS, 
sin’ y, on the left-hand side of the equation, by the equivalent expressions in 
sines of multiple angles ; the expression on the left-hand side then becomes 
|2 sin a sin O— y)— J2sin 3a sin (jS— y) 
or — J2 sin 3a sin (iS-y) in virtue of Ex. (3), Art. 45. 

We now replace the products of sines by the difference of cosines, the 
expression then becomes 

J {cos (3a— ^+y) — cos (3a— ^+y)-f cos (3/9-f y — a) — cos (3j8 — y-|-a) 

-|- cos (3y -|- a — /3) — cos (3y — a +i8)}, 
and the algebraic sum of the first and last terms in the bracket is 
2 sin 2 (y — a) sin (a-bjS-by) ; 

taking the second and third terms, and the fourth and fifth together, in the 
same way, the expression becomes 

- J sin (a-l-iS+y) 2 sin 2 (y - a) 

or -sin (o+^+y)sin 0-y)sin(y-a)8in(a-/3) 

in virtue of Ex. (3), Art. 47. 

(4) Prove that 

2 CO*® a 03 — y) =co« (a + jS + y) sin (fi - y ) sin (y - a) sin (a - 

(6) Prove that 

2 ww’ a ein^ (|3 — y) = 3 a sin ^ sin y sin (/3 - y) sin (y — a) sin (a - j8) ; 

this follows from the fact that is a factor of 3j7y2:; put 

ar*»sinaBin(/3-y), y = sin/8sin(y-a), «=sinysm(a-/3), then a7+y-f-x=0. 

(6) Prove that 

sin (a +13) sin (a - jS) sin (y + d) sin (y - B) +«m 0+ y) sin O - y) sin (a + B)sin (a - d) 

+sin (y + a) sin (y- a) sin (13+ 6) sin (jS - 6) =0. 

The expression 

- y2) (s’ _ -m;’) + (y« - 2^) (a^^tV^) + (s’ - ( ;/’ - W^) 

vanishes identically; put x=sina, y=sini3, 5=Biny, w>=sind, 
then remembering that 

bin’ a - sin’ /3 = sin (o + /S) sin (a - jS) 

the theorem follows. 

(7) Prove that 

2 (cos jS cos y - cos o) (cos y cos a — cos jS) (cos acos^^ eos y) -f sfw’ a sin’ j8 sin* y 
- Sin’ a (cos iicosy — cos a)’ — Sin’ 13 (cos yCOSa-- eos j3)* — sin’ y (cos a cos /j — cos y)* 

e= (1 — cos’ a — cos’ jS — cos’ y -h 2 COS a COS j9 COS y )’. 
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This follows from the known theorem that the square of the determinar^ 


a 

h 

0 

is equal to 

1 

1 

fk-hg 

h 

b 

f 


fg—ck ca~~g^ 

gh-af 

9 

f 

c 


fh-hg gh-af 

ah*-h^ 


put flras6=c=l, /=cosa, ,^=cos/3, A=cosy, then 6r— /*=sin*a, 
expanding the determinant, the theorem follows. 

(8) Prove that 

COB 2a cot i (y — a) cot J (a — /3)+cos 2/3 cot J (o-/3) cot \ (/3 — y) 

+C 08 2y cot i (/3 — y) co< ^ (y — o) 

*= C 08 2a + cos 2/3 + COB 2y + 2 COS (/3 + y ) + 2 coB (y + a) + 2 cos (a + /3). 

Replace each cotangent on the left-hand side, by moans of the formula 
cot » then reduce the whole expression to the common denominator 

sin (/3 — y) sin (y - a) sin (a — /3) ; the numerator becomes 

2 cos 2a sin (/3 — y) {1 4* cos (y - a)} {1 + cos (a — /3)}, 
or 2 cos 2a sin (/8 — y) + 2 cos 2a sin (/3 — y) cos (y — a) cos (a - /3) 

+ 2 cos 2a sin (fi - y) {cos (y - a) + COS (a - /8)}, 
or {1+2 cos (/3 -y)} 2 COS 2a sin (/3— y) - J 2 cos 2a sin 2 (/8-y) 

+■ 2 cos 2a sin (/3 — y) cos (y - a) COS (a — /8). 
Now 1 +2 cos (/8-y) = 4 cos ^ 0-y) cos J (y-a) cos ^ (a -/3) 

from Ex. 4, Art. 47, 

and 2 cos 2a sin Qi—y) = 2 cos (/3+y) 2 sin (y -^) 

=4 sin J O-y) sin | (y-o) sin J (a-^) 2 cos (/3+y). 

Also 2 cos 2a sin 2 (/8 — y) =0, 

and 2 cos 2a sin (/3 - y) cos (y - a) cos (a — /3) = J 2 cos 2a (sin 2 O - y) 

- sin 2 (y - a) - sin 2 (a - /8)} 
- J 2 cos 2a sin 2 (/3 - y) - i 2 cos 2tt 2 sm 2 (/3 - y), 
which equals sin (/3 - y) sin (y - a) sin (a - /3) 2 cos 2a, 
hence the numerator of the whole expression is equal to 

sin (/3 - y) sin (y - a) sin (a — ^) (2 2 cos O +y) + 2 cos 2a} ; 
therefore the expression is equal to 22 cos (j2+y)+2 cos 2a. 

( 9 ) If 

«+i8+y='fl'i <ani(/3+y— a)^awi(y+a-/8)tow J(a+/8-y)=l, 

prove that 1 +cos a+cos p+cos y ~0. 

Squaring the given equation, we have 

sin2 (4ir-ia) sin*-^ (iir-i/3) sin^ (iw-^y) 

« cos2 (Jtt - J a) cos* ( Jtt - J/3) cos* (^tt - Jy), 
or (1 - sin a) (1 - sin fi) (1 - sin y)=-(l +sin a) (1 +sin /3) (1 +sin y) , 
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hencv sin a+sin iS+sin y+sin a sin )9 sin y»0, 

or 4 cos cos cos ^y + sin a sin 0 sin ys 0 ; 

hence 1 +2 sin sin sin ^y — 0, 

also cosa+cos^+cosy— l=4sin ^asin^jSsin iy; 

therefore cosa+cos^+cosy+l«»0. 

(10) Prove that if 

•ton i 03+y-a) (y+o-^) ton J (a+^-•y)=l, 

then sin 2a+«tn 2^+8in 2y s=4 cos a cos cos y. 

We have 

sin J (i3+y - a) sin J (y +a -^) sin ^ (a+^ -y) 

= cos i (/3+y - a) cos i (y +o - fi) cos J (a+3- y\ 
or {cos (/3 - a) - cos y} sin i (o + /9 - y) = {cos (jS - a) + cos y} cos J (a + i3 - y), 
which may be written 

cos(j3-a)cosi(a+/3-y + Jff)+co8y8ini(a+/3-y+^ir)=0. 

Now sin 2a +sin 2j3+ sin 2y - 4 cos a cos fi cos y is equal to 

2 sin (a +/3) cos a) -2 cos y (cos - a) + cos (a + j8) - sin y}, 

or 2 cos 0 - a) (sin (a + /3) -• sin - y)} - 2 cos y {cos O + a) - cos ( Jw - y)}, 

which is equal to 

2sin J(a+/3 + y-iir){cos(/3-a)cosi(o+^-y+iir) 

+ C0Sysini(a+^-y+iir)}, 

and this is equal to zero. 

(11) Having given that 

4 cos (y -z) cos (z — x) cos (x -y^=:l, 

prove that 

1 + 12 cos 2 (y- z) cos 2 (z — x) cos 2 (x- y) 

« 4 C05 3 (y - z) 3 (z — x) cos 3 (x - y). 

Let a=g-Zf y=a?-y, then o+/3+y=0, 

hence 1 -cos- o- cos^ j3- cos2y+2 cos a cos /3 cos y=»0, 

therefore cos® a + 008^/3+ cos* y=|. 

Now cos 3a cos 3)3 cos 3y =cos a cos j8 cos y (4 cos®a- 3) (4 cos®^- 3) (4 cos*y-3) 
= J (4 - 27 —482 cos® /3 cos® y+ 36 2 cos® o) 

= J (31 - 482 cos® j8 cos® y) 

and cos 2a cos 2p cos 2y = (2 cos® a — 1) (2 cos® )S — 1) (2 cos* y - 1) 

*= (i ~ 3 “ 4 2 cos® i3 cos® y ) 

= f - 42 cos® /3 cos® y, 

hence 4 cos 3a cos 3^3 cos 3y - 12 cos 2a cos 2/3 cos 2y = 1. 

(12) Having given 

y»+Z» — 2yz cos a _ z® + x®-2zxcc> g ^ _ x®+y® — 2xy cosy 
«m®o ”” »i?i®i3 ”” sin^y ’ 



82 


VARIOUS THEOREMS 


prove that one of the following sets of equations holde^^ 2s denoting a+/3+y ; 

X ^ y ^ 2 

cos (8 -a) 008(8 — fi) 008 (8- y)* 

X _ y __ z 

008 8 008 (8‘-y)~~ C08(8-Py 

X ^ y ^ z 

€08 (S — y) 008 8 COS (s — o) * 

X y _ z 

008 (s — j3) 008 (s — o) 008 8 * 

Let each of the equal fractions be denoted by k^, and put x^kcosOj 
g=kco8<l>j z=:kco8ylr, we have then 

cos^ (j) + cos* yjr— 2 cos <f> cos yfr COS a = 1 — cos* a, 
or (cos a — cos (f) cos ^)* = sin* (f) sin* 

whence cosaa=cos(^±^); similarly we can shew that cosj3=:cos(^±^), 
coay=co8(0±<f)), whence without loss of generality we can put a=^±^, 
i8=^±^, y=B±<l>. In order that these equations may bo consistent, we 
must take all the ambiguous signs to be positive, or else two of them 
negative and one positive. In the former case we find 6=^8 — a, <l>=8—p, 
yj^sss-yi in the other cases we find the three sets of values 


6=t 1 


6^s-ti\ 

^=s-y 

<#>=* >, 

(f)t=ta — S / 



I 


thus one of the four given relations is always satisfied. 

The solution of equations. 

09L Examples. 

(1) Solve the equation 

sin 26 sec 4:6-\-co8 26— cos 66. 

This equation may be written 

sin 26 sec 4d+oos 2^ — cos 6^=0, 
or sin 26 sec 4^+2 sin 46 sin 26—0; 

hence sin 2 ^ 3 = 0 , or sec 4^+2 sin 4^ 

that is sin 86 = 

Hence the solutions are 

(2) Solve the equation^ 

co«®a«ecx+«in*aco«ccx = l, for z. 

We may write the equation 

cos* a sin ^4- sin* a cos ^=sin x cos a?, 

. * This example is taken from Wolstenholme’s problems. 



or 

hence 
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sin^ a cos a ; — cos a sin^ a sm s sin ^ (cos x - cos a)^ 
sin’ a sin (a - sin x {coax— cos a), 

both sides are divisible by sin^(a— j;), rejecting this factor, we have 
2 sin^a cos ^ (a - 4?) IB 2 sin a; sin ^ (a+4;) =cos ^ ( 4 ; - a) - cos ^ ( 34 ?+a), 
therefore • cos ^ (3x+a) = cos ^ ( 4 ? — a) cos 2a, 

or 2cos^(34p+a)— cos^(47+3a)+oos^ (4;-5a), 

which may be written 

cos (34;+a)— cos ^ (4?+3a)>Bcos^ ( 4 ? - 5a) - cos (3x+a), 
therefore sin^(4;— a)sin(47+a)=> —sin ( 4 ; -a) sin ^( 4 ;+ 3a); 

again rejecting the factor sin ^ ( 4 ;— a), we have 

sin (4? + a) = - 2 cos J ( 4 ? - a) sin J ( 4 ?+ 3a) - (sin (4;+a) +sin 2a}, 

whence sin ( 4 ; + a) » — sin a cos a. 

The solutions are therefore 

x^2n7r+a, and 47=»«n- -a+(- 1)“”^^"^ (sinacosa). 


(S) Solve the equations 


We have 


a«tn (x+y)— b«tn(x — y)s=2mco4xl 
a sin (x + y ) + b «in (x - y ) « 2n co« y j * 


^{asin (*+ 3 f)+ 6 sm («-y )}*--3 {amn(ar+y)-6 sin (ar-y)}* 

n wif 

-*4 (cos*y - cos* 47 ) 4 sin {x -f-y) sin ( 47 — y). 
Let then t is given by the quadratic equation 

Using t for either root of this equation, we have ^ 

® ^ Bin(47-y) tan47-tany’ 

tflrll X t l~ 1 * • 

whence — — = ; also dividing one of the given equations by the other. 


m cos 47 


at — h 


we have 

9»cosy 

squations and the relation sec*y-tan*y=:l, we have 


— — g ; and thence eliminating y by means of these two 


^ sec* X- tan* *- 1, 


m* \at-^hj 


v+i; 


from which we find 


X J.f, n*/ot-6\*lifn*/a<-6\* /<-l\*i"i 

*“ - m* VSi+J j I fe* (s+ft) “ Vm) } ’ 

which gives four values of tan 47 , two corresponding to each root of the 
i^uadratic which determines t. Thus 47 is found, and then y is given by 

t-\ 



84 


VABIOUS THEOBEHS 


Eliminatiom, 


m 


EzAUPIiSS. 


, , e<Mfld tin? 6. 

(1) mtrmfuatefrom the equaiumt ^ 


= 10 . 


We have 
whence 
Also 


!sin 6 oos^ B + cos B sin^ B sin B cos B 

sin (a — 2^) sin (a - 2^) ’ 


wi = * 


— - as sin a cot 2^ - cos a. 
2991 

cos* B — sin* B 


cos 2^ 


cos ^ cos (a — 3^) — sin B sin (o — 3^) cos (a - 2^) 

1 


~coBa+sina tan2^’ 


hence 


or 2m* — 1 = m cos a, 

the result of the elimination. 


(2) Shew that the reevlt of eliminatiTig B from the equoHone 
C^Z{B^a) C0g3(^+a~y) CQ8 3a 
co8(B- fi) ~ oo«(d+^-y) ~ coefi 

is ind^endent of 

B^y-B, and zero are independent values of a? which satisfy the equation 
cos 3 (ar - tt) _ cos 3a 
cos(iF-^) ^ cos 3 ’ 

We have 

cos 3^ cos 3a + sin Sx sin 3a a= it (cos a; cos /S + sin ^ sin /9), 
where ita=cos 3a/cosi3 ; substituting for cos Zjp, sin 3:r their values in terms of 
cos^r, sin^ respectively, then dividing throughout by cos* or, we have the 
following cubic in tan/r 

cos 3a {4-3 (1 +<*)} +Bin 3a {Zt (1 + fi) - 4<®}=it (cos ^ sin (1 + <*) 

or (it sin j3 + sin 3a) -f <* (^ cos /3 + 3 cos 3a) + < (it sin /3 - 3 sin 3a) 

+ ^ cos /3 — cos 3a ~0, 

hence tan d, and tan (y ~ ^), are the roots of the quadratic 

f* (^sin j9+sin 3a) (it cos /9+3 cos 3a)+it sin i3 - 3 sin 3a - bO ; 


therefore 

X /I X / /IX itcosfl+3 cosSa 

tan0+tan(Y-0)°> — . . , 

' itsini8+siii3a ’ 

and 

X /IX / /IX it sin ^ - 3 sin 3a 

tan B tan (y- ^)as -= , 

' itsin/3+sin 3a ’ 

hence 

, - (it cos 3 cos 3a) ... 

tany=— ^ -cot 3a 
' 4 sin 3a 

or 

y-3a=»(2r4-l) Jtt, 
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where r is any integer, thus the result of the elimination is independent 
of 

(3) Eliminate B from the equations 

^ ^ = 1, JisinB^j cosB^ (a® sin ^ + b* co^ B '^ • 

9k D 

Square each of the equations, and put tan B^t^ the equations become 

<* (a-* - + 2ta^ -h (6* - y“) = 0^ 

respectively, and we have to eliminate t from them. 

Solving for and ty we have 

t 1 



a* — A**)* 

2a7y (a-^— 

: 





hence 

IS the result of the elimination. 




(4) Eliminate B from the eqtLotione 

j.9in B^rycos B^^nsin 2By z cos B - y sin B co8 2B. 

Solving for x and y, we find 

x=a cos B (2- cos 2B), y = a sin ^ (2 + cos 2B) 
or .T= a cos B (cos* ^ + 3 sin* B), y = a sin B (3 cos* B + sin* B)y 

therefore j;+y=!a(cos ^+sin^)*, 4;-y»a(cos ^-sin B)\ 
hence (ar+y)^=a^(l +sin2^), (A’-y)^=a^ (1 - sin 2B) 

and the result is 

+ (a? - y « 2a'. 


Relationa between roots of equations. 

7L Examples. 

(1) Consider the equation 

aco«^+b«ia^sa 

Let a, /9 be distinct values of B which satisfy it, then 
a cos a 4-5 sin a =c, 
a cos ^ + ft sin /3«0 ; 
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therefore 

hence 


a h c 

sin sin a cos a — cos /3 sin (/3 - o) * 

tani(j3+a) = 6/a, 


and also ^cos^O— a)=jsin JO+a) = ^cosi(j8+a). 

These relations may also be found as follows : put tan then the 

given equation may be written 

or <*(c+a)-26«+c-o=0L 

The roots of this quadratic are tan ^o, tan 

hence tan^atanijS—-^, 


whence we obtain the relation 

cosiO+a) a 


Also 


1 , 26 
tania^tani^= — , 


from which the other relation may be obtained. 


w Consider the equcUion 

&cos26+h8in2$+oco8B+diin6+e^O, 

Let f =tan then the equation may be written as a biquadratic in f, 
<^(a-c+fl)+<3(-46+2£f)+«M-6a+2e) + <(46+2c0+(a+c+c)=O; 
if tan^^i, tan^^2i tan^^s, tani^4 

be the roots of this biquadratic, we have 


Stan Stan^tf,tan^d2==-^^ ®“ 


a—e+e 
4b+2cl 


’a-c4-e' 

, tan ^ tan ^ ^2 tan i ^3 tan ^^ 4 ’ 


o+c+e 


Stan tan ^^ 2 tan ^^ 3 = 3 ^ 1 / 2 ««*** ^ va van ^ 1 / 4 a — c+ « ’ 

and from these relations symmetrical functions of the four tangents may be 
calculated. 

If 2Ct»^X + ^2 + ^3 + ^4 

S tan jBi- 2 tan ^ Bi tan ^ B 2 tan ^ B^ 


tanas 


1-2 tan ^ Bi tan ^ ^2+tan tan^ B2 tan ^ Bs tan ^ ^4 
46-2(f-f(46H-2(f) b 


a-c + e-(2e — 6a)+a+<?+e a* 

We leave it as an exercise for the student to prove the relations 

a b -c — <f e 

cos a sin a ** 2 cos (a- dx) 2 sin (a- dx) " 2 cos J (^1 + ^ 2 “ ^3" ^ 4 ) * 


(*) If 

sin a cot (a^B) tan %i^8in /9 coa 0+ ta/n 2fi^8in y cos (y+B) tan 2y 

■eatn d cos (b+B) tan 26 
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and no two of iht angles a, y, d differ hy a mvltvple of n, shew that 
o4-i8+y+5+^ M a multiple of rr. 

Write each of the equal quantities equal to then a, /3, y, d are roots of 
the equation 


sin X cos {x + &) tan 2^ = ^ 

which may be written 

2 tan® X (cos ^ - sin ^ tan a*) = iJr (1 - tan* x\ 

, 2sind„. 2cosd 

hence 2 tan a= — j — , 2 tan a tan ^ — , 2 tan a tan p tan y=*0, 


and tan a tan /3 tan y tan da — 1 ; 

therefore tan(a+/8+y+8)= ^~ - ||^ - ^ - -tantf. 


hence o+j3+y+8+^ is a multiiilo of v. 


(4) If a, Pty he wiequal angUe each less than 2fr^ prove that the equations 
cos (a+d) see 2a=cos (d+/3)«ec 2fi—co8 (d+y) sec 2y 
ccmnot coexist unless 

cos O 4- y) + cos (y + a ) + cos (a+lS)== 0. 

Writing k for each of the equal quantities we have 
cos a cos d - sin a sin d - cos 2aa0, 
cos ^cos d — sin /3 sin d - cos 2^=0, 
cos y cos 6 - sin y sin cos 2y aO, 

hence eliminating cos 6, sin By we have 

2 cos 2a sin O - y) ®=0 

or 2 cos O + y) 2 sin (y - /3) = 0, by Example (2), Art 68, 

hence 2cos(/3+y)=0 unless 2sin(y-j3)=0, 

that is unless sin J ()3 - y) sin i (y - a) sin i {a -p)=0. 

This example may also be solved in a similar manner to Example (3) 


Maxima and minima. InequaU ^£^, — 

72. Examples. 

(1) The greatest value of 

deCOsB + hsinB is \/a®+b*. 

Put hja a tan a, then h = Va^ + 6* sin o, a = v^a® + 6® cos a, 
thus acosd+6sin d = Va‘‘*+&*co8(d — o), 

now cos(d — a) always lies between ±1, hence acosd+dsind lies between 

± Va®+6®. 

(2) /jf u a <Jo«® d +b® «m® B 4- V a* «^® ^ +b® coa® d, then u lies between 

a4-b and V2(a® + b®). 
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Let cos’-* 6+h^ sin* ^ ^ (a* + + J (a* - &*) cos 2d, 

then 

t«*=a*+6*+2 Vi (a*+5*)*- {i(a*+6*)-^}^ 

hence u is greatest when x=\{a?+h% or the greatest value of u is V2(a^+6*)i 
also u is least when i (a*+ 5*) - ^ is greatest, that is when x is least, which will 
bo when cos2d= — 1, in which case x=h\ and then this therefore is 

the least value of u. 


(3) Shew that if 6 liee between 0 and tr, cot 1 6 — cot d>2. 


We have 

cotid— cotd 


sin jo . _ 3 - 4 sin* id_ H-2 co s ^ d 
sin id sin d~ sind sind * 


hence cot id ~ cot d = cosec d+cosec i d ; 

now cosec d, cosec ^d are each never less than unity, if d lies between 0 and tt, 

hence cot id — cot d>2. 


(4) Jf the ewm of n angles, each positive and less than is given, shew 
that the sum or the product of the sines of the angles is greatest when the angles 
a/re all equal. 

A similar theorem holds for the cosines. 

Let a^, ... On be the angles and s be their sum. Then we have 

sin a,.4*sin a«»2 sin i (or + a|) cos i (a,. - a«), 
now cosi(ar~af) is less than unity unless a,.=a(, hence 
sin a,. + sin ac<2 sin i (or 4- a,) 

unless 0 ^= 0 ,. If any two of the angles ai, 02 ... Of are unequal, we can 
therefore increase 2sma by replacing each of those two angles by their 
arithmetical mean, hence 2 sin a is greatest when all the angles are equal ; 
we have therefore 2sina::^7»sin«/7i. 

Again sin Or sin a, = i {cos (a,. - a,) - cos (cr + a,)}, 

and this is less than i {1 — cos (a,. -Ha,)} or sin* i (o^ + a,) 

unless orBOf. Hence as before, if any two angles in the product sina^, 
sin 02 ... sin a„ are unequal, we can make the product greater by replacing each 
of those two angles by the arithmetic mean of the two; it follows that 
sinai, sin 02 ... sin is greatest when 01 = 02 =. ..= 0 ^, or the greatest value of 
the product is (sin sln)\ 


(6) Under the same condition as in the last example, shew that the sum of 
the cosecants of the angles is least when the angles are all equal. 

We have 
cosec Or + cosec o« 

*Bin i (or+a#) |co3 \{ar- o,) - COS J (o^ +o«) ^ cosi(or- 

hence for a given value of ar+a«, cosec o, + cosec has its least value when 
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008 ^ (or Of) = 1, or when or ~ 'u '^he reasoning is now similar to that in the 

last example. 

(6) Urider the same conditions a« in the last Vwo examples^ shew that the 
Sfum of the tangents or of the cotangents of the angles is least when the angles 
are dll equal. 

(7) Shnv that if a+ja+y=ir, cosa cosficos y 1/8. 


P&rjtSmMic systems of equations, 

73. A system of equations is said to be porismatic^ when the 
equations are inconsistent unless the coefficients satisfy a certain 
relation; when this relation is satisfied the equations have an 
infinite number of solutions. 


The system 

a cos /3 cos y + & sin ^ sin 7 + c + a' (sin /3 + sin y ) + &' (cos jS + cos y ) + o' sin O + y ) n 0, 
acosy cosa + 2» sin y sin a + o + a' (sin y 4-siu a) -f (cosy + cos o) + o' sin (y + a) = 0, 
a cos a cos ^ + & sin a sin /3 + c + a' (sin a + sin ^) + 6' (cos a + cos sin (a + = 0, 


is a system of three porismatic equations. 
Consider the equation 


a cos a cos ^ 6 sin a sin ^ + c + a' (sin d + sin o) + S' (cos ^ + cos a) + c' si n (d + a) = 0, 


this is satisfied by and by 3=y. Write this as an equation in 

tan^^=^, thus: 


<* ( — a cos a + 0+ a' sin a 4 * 6' cos a - 6' - o' sin a) + 2t (6 sin a + a' -f c' cos a) 

+ (a cos a+c + a'sin a-4&'+6'cosa+o'sina)=sO. 
From this equation we find 

tan^/3+tan^y, and tan tan ^y, 


hence 


X i/a, \ 2(68ina+a'+c'coso) 
‘y^“2(acoso+&' + c'sin a)* 


We should find similarly 

tan J (a+y) = 


b Bin p+a'+c^ COB 
a cos /3 + 6' + c' sin /3 * 


we can now deduce the value of tan ^(a— ; we find for the numerator the 
value 


(b sin iS + a' + c' cos /3) (a cos a + 6' + o' sin a) - (6 sin a + a' + o' cos a) 

(a COB p+b'+(f sin 
or 


2 sin i (a - ^) {(C'* - ab) cos J (o - /3) + (aV - bb') cos i (a + /9) 

- {ad - 6 V) sin J (a + j8)} , 


* See Proe, London Math. Soc. Vol. iv. ** On systems of Porismatic equations 

by Wolstenholme. 
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and for the denominator, 

(68in a +a'+o' cos a) (6 sin /3+ cos 0)+(a cos a + & +& sin a) 

(a cos jS + 6' 4- sin /8) 


or 

(a*+c' 2 )cos acos 3 +( 6 *+c^*)fiin a8in/9+(a'*+6'2)_|.(^'5^.5y) (sino+sini3) 

+ (aV +a6') (cob a + cos ^} + (a + 5) o' sin (a +/3) ; 
dividing this fraction by sin ^ (a - S), we have this denominator equal to 
(o'* - ah) {1 +COS (a - /3)} + (aV - bb*) (cos a+ cos fi) — (aa'— 6V) (sin a+sin /9), 
hence 

(a + b) {a cos a cos /3+ 6 sin a sin j3+o+ a' (sin a -|-sin p) + 6' (cos a + cos 

4c' sin (o4/3)} 

is equal to o^ - a'* - 6'*4ca4 c6 - aA 


Hence unless the condition 


o'*— a'*— ft'*4oa4c& — 

is satisfied, the system of equations cannot be satisfied except by equal values 
of a, y. When this condition is satisfied, any one equation can be deduced 
from the other two. 


The stimmation of sertee. 

74. A large number of series involving circular functions can 
be summed by the method of diflferences. The most important 
example of the use of this method is the case of a series of sinea 
or cosines of numbers in Arithmetical Progression. 

Let the series be 

flf = cos a 4 cos (a 4 ^8) 4 cos (a + 2/8) + ... 4 cos {a 4 (n — 1) /8}, 
we have cos a = {sin (a + i /3) - sin (a - J y8)}, 

cos (a + /3) = 2 ^^^ (o + 1 /3) - sin (a + ^ /S)}, 


cos {« + (n — 1) /8} 

whence cosec J /3 jsin (o + - sin (o - i /3)| 

« cos ^ oosecj (1). 
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In a similar maimer wc find 
sin a + sin (a + iS) + sin (a + 2/8) + ... + sin {a + («— 1)/9) 

= sin sm ^ oosec | (2). 

The sum (2) may be deduced from (1) by changing a into «+ Jtt. 

In (1) change /8 into /8 + tt, we have then for the sum of the 
series 

cos a — cos (a + /9) + cos (a + 2/3) — 1)"^' cos {a -f (w — 1) 13], 

/ , n - 1 . f n — 1 . nfi 

cos (“ w cos-~sec~, or sm(a ^ 8m-^Bec|-, 

according as n is odd or even. The sum of the series 
sin a — sin (a + /8) + sin (a + 2/8) ... 
can be found from (2) in a similar manner. 

Examples. 

( 1 ) Prove thaJt 

sin na/sm a = 2 {cos (n - 1) a+eos (n — 3) a+coi (n — 6) a -f .. .} > 
and fmd a similcar expansion for cos na/cos a. 

(2) Sum the scries 

cos^ o+coj^ (o-|-j8)+-»» +C05® {a-f’(n— 1) /3}. 

Wo have 

cos>a>=^^(l+cos2a}, cos*(o+/3)=J {l+cos2 (o+^)},.,, 
hence the sum required is 

cos {2a+(n- 1) sin np cosec j9L 

The sum of any positive integral powers of the terms of the series (1; and 
(2) may be found by a similar method. 

(3) Sum the series cosec 2a+co8ec 2^a+.«.+co«ec 2 * 0 . 

We find oosec 2a = cot a - cot 2a, cosec 2^ a= cot 2a - cot 2^ a, 
cosec 2*a= cot 2*“ ^ a - cot 2* a, 
hence the sum required is cot a - cot 2* a. 

(4) Sum the series 

3gmx-^Vt3x 3OTw 3x-gw3^ x 3«n3*”*i--«Mi3®x 

cosSx 3co«3*x 3*“^coa3'‘x 

Wo have tan 3*~^ - i tan 3*ji 

3sin3*“^a?cos3*a?-cos3*“^d?sin3*^ 2sin3*“^d;cos3*47-ain2.3»*“^* 
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whence 

hence 


2 sin 3* *~“ ^ X (cos 3** a? - cos 3”~^ a?) — 8 sin^ 3” ~ ^ j; cob 3**~ ^ j? 

3 cos 3**”^^ cos 3*4? ** 3 cos 3* “^ 4 ; cos 3* 4? 

3 sin 3”“ ^4? -- sin 3^4 ? 
“ 3 cos 3*4? 


3sin4?- sin 34; 
cos 34 ; 

3 sin 347— sin 3*^ 4? 
3 cos 3^47 


3 sin 3*“^.r- sin 3*47 
3* cos 3*47 


= I Q tan 347— tan 4 ;^ , 

= I (^j tan 3*« - 1 tan ar) , 

= |(ptan3-*-^_jtan3- 



therefore the sum of the series is 


3/1 

2 V3" 


tan 3*47“ tan 47 


)• 


76. The sum of a series of either of the forms 
cos a + cos (a + i9) + cos (a + 2^) + . . . + Wn cos {a + {n — 1) )8}, 
tLyBin a + v^Bm(a + 13) + UiSm (a + 2)8) -h ... + Wnsin {a + (n — l)i8}, 

can be found, if Ur is a rational integral function of r, of any 
positive integral degree s. 

Let iS = WiCosa + WaCos(a + )8)*f ... -I-Wncos {a4'(w- 1))8}, 
then 

2 cos )8 . iS = {cos (a - )8) + cos (a + /8)} + {cos a + cos (a + 2)8)1 
+ . . . + {cos (a + r — 2)8) + cos (a + r)8)} 

+ . . . -f Wn {cos {a + w - 2/3) + cos (a + n/3)], 

whence 

2(1 -cos)8)S=(2wi-t^)cosa + (2t^-'Mi-Ms)cos(a + )8)+ ... 

+ {2Ur - — Ur+i) COS (« + r - 1)8) 

+ . . . + (2lln^i - Uf^i - Un) COS (a + W - 2)8) 

+ (2ttn - Un-i) cos (a + u — 1/3) — Ui cos (a — )8) — Vn cos (a + n/3). 

Now 2Mr — Wr-i — Wr+i is a rational integral function of r, of degree 
« — 1, whence excluding the first and the three last terms, we have 
a series of the same kind, but of which the coefficients are of lower 
degree than in the given series. We again multiply by 1 — cos )8, 
and proceed in this way s times ; the series will then be reduced 
to the form (1). 
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Examples. 

(1) Sum the senes 

C09a+2 cos (a +i8) + 3 cos (a + 2jS) + ... +n co« fa + (n — 1) /3}. 

We have in this case 2w^- 2 mi - M2-=0, whence 
2 (1 - cos jS) ‘s—{n + l) cos {a+(w- 1) 3} - cos (a-/3) - wcos (a+ wjSX 
or <S=i(7i+l)cos{o+(ti- l)/3}/(l-cos3) 

- J cos (a — )3)/(l - cos j3) - 1 w cos (a +nj9)/(l - cos j8)L 

(2) iS'tcm 

CM a + 2* co« (a + /3) + 3* co« (a + 2^) + . . . + n® co« {o + (n - 1 ) ^}. 

This senes will be reduced to the last one by multiplication by 2 (1 - cos p) 

76. The series 

cos a + a? cos (a + /8) + cos (a + 2^) + ... 4- a?"""* cos (a + (n — 1) )8}, 
sin a + a? sin (a + )8) + aj® sin (a + 2/9) + . . . + sin {a + (?i - 1) /9}, 

are recurring series of which the scale of relation is 1— 2a? cos /9 + a?®, 
for we have 

cos (a + r/8) + cos (a + r — 2/9) = 2 cos /9 cos (a + r — 1/9), 
and sin (a + r/9) + sin (a + r — 2/9) = 2 cos /9 sin (a + r — 1 /9). 

The series can therefore be summed by the ordinary rule for 
summing recurring seriea If S denote the sum of the first series 
we find 

S (1 — 2a? cos /9 + a?®) 

= cos a — a? cos (a — /9) — a*^ cos (a + n/3) + a?^"*"^ cos {« + (n — 1) /9}. 

If a? < 1, we find, by making n indefinitely great, the limiting 

sum of the infinite series 

cos a + a? cos (a + /9) 4- a^ cos (a 4- 2/9) 4* ... 

^ , cos a - a? cos (a - /9) ^ ^ , 

to be — i ^ - . Putting a = 0, we fand 

1 — 2a? cos /9 4- a?® 

1 ■— a? cos S 

1 — o = 1 4- a? cos /9 4- a?* COS 2/9 4- ad inf., 

1 — 2a? cos /9 4- a?® ^ 

whence also 

1 + 2«:cos ^ + 2^008 2/3 + ... ad inf. (3). 

77. In some cases the sum of a series may be found by means 
of a figure. We will take as an example the series (1) and (2) of 
Art. 74. Let OAj, AfA^, ... An^^An be equal chords of a 
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circle, and let be the angle between OAy^ produced and udi^ls; 
draw a straight line OX so that AiOX^a, then the inclinations 
of OAu -di-da, ... An-iAnt to OX, are a, a + /8, a+ 2/8, ... a+(w— 1)/8, 
and that of OAn is a + ^(w — 1)/8; also if D be the diameter of 
the circle, we have 

OAi — D sin ^/8, OA^ « D sin ^n/8. 

Now the sum of the projections of OA-^, A^A^, ... on 

OX, is 

Oili cos a + Xi-da cos (a + )8) + ... + ^n-iXn cos {« + (w - 1) /8}, 
or i) sin ^/8 [cos a + cos (a + /8) + . . . + cos f a + (n - 1 ) /8} ], 

and this must equal the projection of OA^^ which is 
OAn cos {a + i (n - 1) /8}, 
or D sin cos {a + ^ (n — 1) /8}, therefore 

cos a + cos (a + /8) + ••• + cos {a + (n — 1) fi] 

= cos {« + i (w — 1) /8} sin cosec |/8. 

If we project on a straight line perpendicular to OX we 
obtain the sum of the series of sines. 

EXAMFLEa 

(1) OA 18 a diameter of a circle^ O, P, Q... are points on the circwmferenjce 
8V4sh that each angle PAG, QAP, RAQ... is a; AP, AQ, AR. . meet the tangent 
at 0 in p, q, r.... Find by means of this figure the sum of the series 

«e(;ma«eo(m+l)a+«ec(m4’l}a«6c(m+2)a+... to n terms. 

(2) Prove geometrically^ that if a, P,y ... k be any number of angles^ 
sec a sec (a+/3) sinfi+sec (a+0) sec (o+/S+y) sin y 

+«ec (o+/9+y) wc (a+jS+y+fi) sin ... 

^seo a sec (a+/3+y +... + «) sin O+y + ... + «). 


EXAMPLES ON CHAPTER VL 

1 Eliminate B from the equations 

008* ^+a coshes 5, Bin*/9+asin 
2. Eliminate B from the equations 

(a+&} tan (^ — 0)= (a — ft) tan (B-\r(h), a cos 20 + ft cos a 
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3. Prove that 

(a sin (f>+b cos 0) (a sin ^+5 cos sin (^-^) 

+(a sin + 6 cos (a sin 5 cos tf) sin (^— ff) 
+ (a sin ^ & cos 0) (a sin (^+ 6 cos sin (0 ~ 0) 

+ (a* + 6*) sin (<^ — sin - d) sin (^ — ^) = 0 ; 

and interpret the equation geometrically. 


4. Reduce to its simplest form, and solve the equation 

cos* B — cos* a =s 2 cos* 6 (cos B - cos a) — 2 sin* B (sin B — sin a). 

5. Prove that the sum of three acute angles A, B, (7, which satisfy the 
relation cos*il+cos*54-cos* (7=1, is less than 180®. 

6. U A+B+ (7= 90®, shew that the least value of tan* -H tan* B + tan* C 
is unity. 


7. Find B, fp from the equations 

sin d+sin 0-|-sin a=cos d+cos <^+cos d\ 
d+<^=2a J 

8 . If A +B+ (7= 180®, shew that 8 sin ^A sin ^B sin J t7 1. 

9 If d+y sin 04-g sin ^ _ 4sin dsin <p sin ^+sin (dH-0+>^) 

X cos d + y cos ^ « cos ^ 4 cos B cos ^ cos i/r - cos (d + ^ + ^) • 

re that 

arcosJ(^+^-d)+ycosi(iir+d-0)+zcosJ(d+0-^) 
4Bin^(0+^~d)sin^(ifr+d-<^)sin ^(d+cf>-‘<fr)4-sin^(d + 0+Vr) 

“ 4 cos J ( <^ + ^ - d ) cos i (ij^* + d - 0) cos i (d + ^ - COB i (d + ^ + l/r) 


10. Prove that 

and generally, if n be any odd number, 

2siuwosin(j8-'y) , .a. 

where f?, 9, r are any odd numbers whose sum is n. 


11. Having given 

a* cos a cos jS+a (sin a+sin /3)+ 1 =0, 
a* cos a cos y +a (sin a+sin y) + 1 =0, 
prove that a* cos ^ cos y + a (sin jS+sin y) + 1 =0; 

y being less than n-. 

12. If di, d2 are the two values of d which satisfy the equation 

cos d cos 0 sin d sin _ 
cos* a sin*a ~ ’ 

show that di and B^ being substituted for d, <p in this equation will sntisfy it 
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13. If 


a cos a COB ^ & sin a sin a cos /9 cos y +6 sin jS sin y 

acosycoBd + bsinysin d=c, a cos d cos €+& sin dsine^c^ 
and a cos € cos a + 6 sin c sin a=c, 




the angles being all unequal and between 0 and Stt. 


14. If 

sin(^+a)=*sin(^+a)=sin)8, and asin('d+0)+6sin(tf — 0)=c, 
prove that either 

a sin (2a ± 2/3) = - c, or a sin 2a ± 6 sin 2^=a 


15. If the equation 

sin*** + * ^/sin*** a + cos*** * d/cos** a * 1 
hold when n=l, shew that it will hold when n is any positive integer. 


16. Eliminate 6 from the equations 
4 (cos a cos 6 + cos 0) (cos a sin ^ + sin 

=4 (cos a cos d+cos (cos asin sin ^)»s (cos ~ cos y/r) (sin 0 ^siu yfr), 
and prove that cos (<^ - V') *= I» or cos 2a. 


17. If 
shew that 


tany _ sm(j7-a ) tan y _ sin^£— 2a) 

tan /3 sin a tan 2J3 "" sin 2a * 

tan ?/ _ sin a? __ cosj? 
sin 2/3 sin 2a cos 2a — cos ’ 


18. Provo that the system of equations 

sin (2a— /3—y ) __ sin_(2^ - y — a) __ sin ( 2y ~ a - /3) 
cos (2a4-/3+y) cos(2/3+^y-|-a) cos(2y + a+/3)* 

if a, /3, y be unequal and each less than 9r, is equivalent to the single equation 
cos 2 (/3-hy) + cos 2 (y+a)+cos 2 (a+^)=0. 

19. If 4P=2cos(/8-y)-|-cos(tfH-a)4-cos(d-a) 

= 2 cos (y - a) + cos (d +/3) + cos {0 - /3) 

* - 2 cos (a - /3) - cos (0 + y) - cos (d ~ y), 

prove that a?esin*^, if the difference between any two of the angles a, A 7 
neither vanishes nor equals a multiple of it. 


20. If + 5+ C7= ISO" and if 

S sin (271+1) A sin (5- C)=0, 

71 being an integer, then shew that 

Ssin (7i-l)il sin (t^+I) (5 — (7)^-0 
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21. If cot J(o+i3) (cosy-cos d)+coti (a+y) (cosd-cosjS) 

+ cot ^ (a + 5) (cos /9 — cos y) aaOi 

and no two of the angles are equal, or differ by a multiple of 2fr, prove that 
cot J (/3 + a) (cos y - cos d) + cot i O +y) (cos d - cos a) 

+ cot J O + d) (cos a — cos y) =0. 

92 Tf (a+^) . sin (/3+d ) ^ co s(a4-d ) coh (/ 34 - d) 

sin(a+(^>; sm(/3 + <^)) cos (a+0) ^ C08(/3 + <^) ’ 

shew that either a and p differ by an odd multiple of or d and ^ differ by 
an even multiple of «r. 

23. If aoos(0+V')+6cos(</>-^)+c«sO, 

a cos (V^ + d) + 6 cos (y/r - d) +c«sO, 
acos(d +0)+6 cos(d — 0)+CaO, 
and if d, ^ are all unequal, shew that a*-&^+25c=0. 

COs(a+/3-pd) ^ cos(y+o+d) 
sin (a+i3) cos^ y sin (y -f- a) cos® jS ’ 

and i9, y are unequal, prove that each member will equal 

cos Q-Py-Pd) 
sin 0+y)cos®o* 

sin (/9 + y) sin (y + a) sin (a + 


24. If 


and 


cot d= 


cos 0+y)cos (y+a)cos(a-f j3)^-8ln®(^I+^+y)* 

25. If il, if, (7 be positive angles whose sum is 180”, prove that 

coSil+cos.ff+coB <7>1 and :t*3/2. 

26. Solve the equation 

64 sin^ d+sin 7d=0. 

27. If 2 «=^+y+ 2 , prove that 
tan (a— 0 ?) +tan (« — y) + tan (a — a) — tan a 

4 sin .r sin y sin a 


1 — cos® ar — cos® y - cos® a - 2 cos .r cosy cos z * 
tan“' (a-a7)+tan"' (a-y) + tan“' (a-a)-tan“'a 




-tan-' 

+ y®^ «® + 4)® - 4 (y®, 

28. 

If 

cos d ^ sin d cos sin 

cos a ^ sill a "" cos a sin a * 

prove that 

cos d cos 0 1 sin d sin 0 1 ^ ^ 

cos® a sin® a 

29. 

If 

2 sin a cos (d + <^) « 2 cos (d - 0) +cos® a, 

and 


2 sin a cos (d = 2 cos (^ - d) + cos® a, 

then 


2sin acos(<^ + i/r) = 2 cos (<^-^)+cos® a. 


H. T. 


7 
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30. If cos (5^ - «) +COS (a - 4 ?) + cos ( 47 - y) = — 3/2, 

shew that 

cos^ (4?+^)4-cos*(y+tf)+cos3(«+^)-3 cos ( 4 ?+^) cos(y+d) cos (4+^)=0, 
for all values of 6, 


sin rg sin (r4-l)g 8in(r-|-2)a 

I m n 


prove that 


cos ra co.s(r+ l)g C 0 H(r+ 2 )a 

(^H- w)-- ’ 


32. Prove that the equations 


(x+l)sina=f + J+cos*a, 
(y+i) 8 ina=i+|+C 08 *a, 

(z+ sina=-+^ 4 *cos2 o, 
\ zj y X ^ 

are not independent, and that they are equivalent to 


X y z 


—sing. 


33. Prove that 

2 cos O - y) cos +i8) cos (^ + y) + 2 cos (y - a) cos {0 + y) cos (d 4-a) 

+ 2 cos (g - cos {0 + a) cos +/3) - cos 2 (^ + g) - cos 2 (^ + /3) - cos 2 (^ + y) - 1 
is independent of 0^ and exhibit its value as the product of cosines. 


34. Prove that if a, y, S be four solutions of the equation 
tan (d+Jtr)=3tan 3^, 
no two of which have equal tangents, then 

tan a + tan /^+ tan y + tan 3=0^ 
tan 2g + tan 2)3 + tan 2y + tan 23 = 4/3. 


36. If 6 tan (r +47)=3 tan (r+y)=2 tan {r+z\ 

shew that 3 sin’* ( 4 ? -y) + 6 sin* (y - «) - 2 sin* (« — 47) *=0. 


36. Solve the equations 

sin“^4r--sin“^y=|irl 
cos *" * 47 - cos “ *y = J ir j * 

37. Prove that the nth convergent to the continued fraction 

1 1 1 . (tan g -h sec g)* - (tan a — sec a )* 

2tang + 2taug + 2 taiia+ (tang+seoa)**^^ — (tan g-secgj**+** 

38. Eliminate 0 from the equations 

3a COB 0+a cos 3^»447) 

3a sin 3 - a sin 30 = 4yj 
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39 If tan {$ — a) ^ tan — a) _ tan (yjr - a) 

p “ g r ' 

prove that 

p{q- r)* cot (<#> - H-g' (r - cot - ^) (;? - y)* cot - ^) =0. 

1 


40. Develop 
in a series of tlie form 


1 -f-a GOH 0 + h Hin d 


Aq-\-Ai cos — a) 4 * 2 ^ ii) + . , , • 

41. Solve the equation 

tan 3^ -tan 2d -tan d=0. 

42. If 

cos^ay+coa^ysscos 3a, sin^dj+sin^yssssin 3a, and .r+y-»23, 


prove that 

8 sin^ 3 (a 4- /3) = 27 sm 2^ sin* 4j8 cos (3a 4- fi). 

43. If 

a cos 0 cos 04-6 sm 0 sm 0 kc, 


a cos 0 cos d 4-6 sin 0 sin d = 0 , 


a cos d cos 04-6 sin d sin 0ac, 

prove that 

6c4-ca4-a6=:0, unless a»6=B& 


44. Solve the equation 

cos ^ 1 + J) 4- cos - * a?+ cos - 1 (^ - ^) « 5 IT . 

46. Eliminate from the equations 

sin ^ 4- b^a; cos 04- a^> (a® sin* 04-6) cos* 0*=O, 
oo? sec <ti-hy cosec 

46. Solve the equation 

cos 6d-h5 cos 3d 4- 10 cos d»^. 

47. Eliminate d from the equations 

a cos d cos 2d~2 (a cos d— 
a sin d sin 2d== 2 (a sin d - y). 

48. Prove that the number of solutions in positive integers (including 

zero), of the equation (n integral), is 




49. Solve the equation 

6 cos 3d - 3 sin 3d - 10 cos 2d 4- 6 sin 2d+22 cos d- B sin d = 10. 

60. Find the greatest value of 

cosec* d - tan* d 
oot*d4-tan*d — i ’ 


7—2 



100 


EXAMPLES. CHAPTER VI 


6]. Prove that 

sec^a sec^tt sec^a sec* a 
— 4 “ - 1 - 

to r quotients is equal to 

ainra 

2 sin (r4-l)acosa* 

52. Eliminate from the equations 

a sin (^ - fl) + 6 sin +a) sin (<^ + fi) +.y sin - 3), 

a cos cos +a) cos (<^ + i8) -y cos - jS), 

fl±^=y. 

63 Provo that 
S cos a (cos 3)3 — cos 3y) 

a=4 (cos /3 - cos y) (cos y- cos a) (cos a - cos (cos a+C0Bi9+ COB y). 

64. If a cos a + 6cosj9+ecosy=0, 

a sin a+^sin /3+csin y==0,> 
aseca+5sec^+csec y=>0^ 
prove that, in general, ± a ± 6 ± c*0. 

66. Eliminate B from the equations 

sin 3 (J IT + ^) +3 sin (J7r+^)=2a, 
sin 3 (i IT - ^) + 3 sin ( J ir - ^) = 26. 

66. If $ 1 , Bit values of B satisfying the equation tan (^+a)=6tan 2^, 
and such that no two of them differ by a multiple of ir, prove that 

is a multiple of ir. 

67. Provo that 

cos 4 A 

2„ „. J ^ -,- 4 — -R X,{ - /i — ^>=8Bin(il+5+C)+coseoilco8eo5co8ecC. 
sm A sin (A — JJ) sin (A — C ) 

68. Prove that 

2 {siu* {B - a) cos 2 (a - ^) sin (/3- y) +sm* (B - /3) cos 2 03- sin (y - a) 

+sin® (B - y) cos 2 (y - <#») sin (a - 13)} 
«= {sin 2a + sin 2j9 4- sin 2y - 3 sin 2^} sin (/3 - y) sin (y — a) sin (a - fi), 
where c^=J(a+/3+y-3^). 

69. If A -j-B+C+D^ 160% prove that 

(fif- sin A) (S - sin {S - sin (7) (jS - sin D) 

= J(sin Asin 5+siii Csin D) (sin 5sin (7+ sin A sin D) (sin (7sin A +sin JJsin Z>), 
where 2*3 = sin ^ + sin B + sin C+ sin D. 
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60. Prove that the sum of the products of n terms of the series 

cos o + cos (a+j9}+oos (a + 2j8)+ 

taken two and two together is 

i cosec* Jj8BecJ^BinJn.)3[Bmiw)acosJi8+sinJ(n-l)j8coB{2a + (w-l)^}]- j[n. 

If oosd+sind ^ 4 (cos B - sin 6) (cos 23 — s in 2d) 

2+C08 2d + sin 2d 4 (cos 2d - sin 2d)* - (cos d - sin d)* * 

shew that there will be three values of d, such that 
tan di+tan d 2 +tan d 3 =* 0 . 

62. If tan 2d-tan d=tan 2<^-tan </>=tan 2>f^ — tan 

shew that d+<|^+^ is an odd multiple of Jtt, provided tand, tan0, tan^ 
are all unequal. 

63. If 008 0 +^ sin a+ 2 +coB 2a=0, 

s cos /3+yBin^+a+ cos 2/3 = 0, 
a;cos7+ysmy+2+cos 2y=0, 
prove that jc cos ^ sin 0 +r + cos 2^ 

*=8 sin J (a+/3+y+^) sin sin i (0 -/3) sin J (^ - y). 

64. Eliminate d, </> from the equations 

tand+tanc^-ai 
secd+sec0»&, 
cosec d+cosec 

and shew that, if 6 and c are of the same sign, 6c > 2ck 

65. Prove that the result of eliminating d from the equations 

cos (d- 3a) cos (d~ 3)3) _ cos (d-3y) 

cos* a ^ COS*^ COH*y 

is sin 03 - y) sin (y - o) sin (a - fi) {cos (o +^+y) - 4 cos a cos /3 cos y)} ■■0. 

t 

66. If (1 ->07+ a;*) be expanded in i>owers of a;, shew that the coefficient 

of is sin j (n + 1) tr/sin ^ir. 

67. Prove that 2 cos 4asin O+y) sin ()3 - y) 

« -8 sin ()9 - y) sin (y -a) sin (a - )8) sin 0+y) sin (y +a) sin (a+^). 

68. Prove that 

2 cos 2 09 + y - «) sin O - y) cos a =s 8 sin O - y) sin (y - o) sin (a - )3) cos a cas)3 cos y. 

69. If asind+6cosd=a cosec d+6secd| 

shew that each expression is equal to 

7a Find the greatest value of 

sin 08- y)+sin (y - a) +sin {a-fi}. 
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71. Solve the equation 

cos (or - a) cos {x - b) cos - c) « sin a sin 6 sin c sin x + cos a cos h cos c cos x 

72. Solve the equation 

cos 2a;+coB 2 (a? - a) + cos 2 (a? - 6) +cos 2 (a; - c) * 4 cos a cos b cos a 

73. Solve the equation 

sin^ 3a + sin^ 2a sin^ o (sin 3a + sm 2a)* 

74. Eliminate B from the equations 

a cos 2^+5 sin 2 ^= 0 , 
a' cos 3^+6' sin SBssO, 

75. If A+^+C=180*, shew that 

sin® sin® J C+ sin® J C sin® J -4 + sin* J A sm* 

is not less than ^ (sin* A +sin® i5+sin® C). 

76. Eliminate B from the equations 

4a;=5a cos 6 ~ a cos bB 
Ay^ba sin 4 - a sin bB 

77. If cos 2a sin (/3- y) sec (jS+y) 

■BCOs 2i3 sin (y - a) sec (y + a) = cos 2y sin (o - sec (o + j8), 

prove that cos 2a+cos 2)3+cos 2y=0, 

and sin 2 (i9+y)+sin 2 (y+a)+Bin 2 (a+i3)*=0. 

78. Prove that 

S cos (nia+|9)=cos (^ifa+^) sin ^ (if+l) a cosec 
mo 

m=Mn-Nv-P 

and 2 2 2 cos(tna+n0+j?y+ ) 

maO nao p=:0 

= cos J (i/a + i\r/3 + Py + . . . ) sin i (if + 1 ) o sin i ( AT + 1 ) /3 . . . cosec J a cosec ^ /3 . . . . 
Sum to n terms the following series in Exs, 79 — 93, 

79 sin* a+sin* 2a +sin* 3a+ + sin* no. 

80. sin® a sin 2a+ sin® 2a sin 3a+ +sin® na sin (n+ 1) o. 

81. coBecacosec(a+)3) 

+cosec (a+iS) cosec (a+2i3)+ +cosec {o+(« - 1) fi] cosec (a+MiS). 

82. sin a? sin 2a7 sin 3a? 

+sin 2a? sin 3a? sin 4a?+ +Bin 7ix sin (»+ i) ^ sm (9^+2) a?. 

83. sin* a+| sin*3a+^ sin* 3* a+...... sin* 3**“^ a. 

84. tan4taD36+tan24tan46+ +tan tan (n+2) 6. 
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86. tan48ec28+tan288eo8*tf+...... +tan see 2*<. 

86. tan*+^ten| + Jtan|+ +^tan|;^. 

87. tan x sec*a7+| tan f sec* f 

o 2 2 

,1. X ,4?. .1. ^ 

+gi tan p sec* +— , tan ^ Beo»^, . 

88. 1 +c cos 6 cos +c* cos 2^ cos 2<^ + 4*<s"" * cos {n-l)B cos (n— 1) <f). 

cos 2^ 2 cos 4^ 4 cos 8^ 2*‘~icos2*d 

sin* 2^ ^ sin* AO ^ sin* 8d ^ sin* 2* ^ 


sin d sin 20 sin nO 

cos (S + cos 1 * ^ "^ cos 2d + cos 2* ^ cos «d + cos n* d * 

cot 2a cot 3tt cot (7t+l)a 

1 - cos* 2a 8ec*a 1 — cos* 3a sec* a ^ '’*l-cos*(7i+l)a.8ec*a 

92. 1.38in-+3.6Bin— + + (2n-l)(2»-H)sin ^^”~^^?~ . 

93. 3. 48ina+4.5sin2a+ + (n + 2) (n+ 3) sin no. 


94. If d|, df be two solutions of the equation 

sin (d+o)+sin (d-^^)+8m (a+/8)*0, 
where d], da, o, and 0 are each less than 29r, 
shew that sin (dj +d 2 )+sin (i3+di)+8in O+d 2 )"> 0 L 


95. Prove that 




and 


^tan 


.,-y2 + l ,, .,2i'2 + l , 


96. If a, 7 , 3 are four unequal values of d, each leas than 2ir, which 
satisfy the equation 

cos 2 (X - d ) + cos 0* - d) + cos 1 ^ « 0, 
prove that a+i3+y+3-4X=2?nr, 

and that sin ^ (/8+y+d-a-2/*)+sin j^( 7 +d+o-P- 2 /*) 

•f sin J (3-f-a4-/9— y +sin J (o+/3+y — 3 - 2^)«5 0. 
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Series in descending powers of tlie sine or cosine. 

78. If in the formula (40), of Art. 51, we write for sin"’ A its 
value (1 — cos^A)’’, and arrange the series in powers of cos A, we 
shall obtain an expression for cos nA in powers of cos A only. 
Writing 0 for A, we have 

cos cos” 0 — — co8”~° ^ (1 - cos" ^) + ... 

The coefficient of (— 1)’’ cos"""’ 0 in this series is 

»(«-!)... (ra-2r + l) w(w-l)...(w-2r-l ) 

(2r)l ^ (2r + 2)I 

» (m — 1) . . . (» — 2r — 3) (r + 1) (r + 2) 

(2r + 4)! 2! 

this is equal to the coefficient of a?' in the product of (1 +®)" and 
(1 - x being supposed to be greater than unity; the 

coefficient is therefore equal to the coefficient of af~^ in the 
expansion of (1 (l-l/a;)-<’’+«. This latter coefficient is 
equal to 
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and this is equal to 

(«-r-l)_(w-2r + l) ^ j ^ ^ ^ I)*-*-.}, 

or to 2 «^\ 

r! 

The coefficient of cos**^ is seen to be J {(1 + 1)” + (1 — l)**j, 
or the coefficient of — cos*‘“*tf is the term independent of 

Of in the expansion of (1 +«?)““"* (1 — and this is easily seen 

to be (1 + 1)"-* + (w - 2) (1 + or n . 2«-*. 

Hence we have 

cos nff = 2" cos" ^ — A cos"”"® d + — ^ 2^*^® cos""^ 0. . .(1), 

1 ! A I 

of which the general term is 

(_ ^ »(n-r-l)...(»-2r + l) ^ 

T 1 


In a similar manner we obtain from the formula (39) of 
Art. 51 the series 

M aM 2 

sin n^/sin $ - 2"-* cos“-» 6 j— 2“-* cos"-* 6 


+ 2»-» cos"-* 0- (2), 


of which the general term is 


iy(nrJ!:r;)v’(”T^^) 2— > cos—. 0 . 
^ ' r ! 


79. If in the formulae (1) and (2) we change 0 into iTr — 
we obtain the formulae 


(- 1)* cos n0 = 2"-‘ sin" ^ - J 2"-* sin*-* 0 

+ 2"-» sin"-* 0- (3), 

(—1)* * sin n0/coB 0 = 2"“* sin"-* 0 — - j ® 2*“* sin"-* 0 



where n is even, and 

(_ sin * 2"-* sin" 0-^2^^ sin "-* 0 
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(— COS n^/cos 0 = 2"”* 0 — sin**'’* 0 


where n is odd. 


+ ^ ^ 2«-» sin’*-* e - (6), 


Series in mcending powers of ike sine or cosine. 

80. In order to find expansions of cosntf, win0 in ascending 
powers of cos^ or sind, we may write each of the six series we 
have obtained in the reverse order. It will, however, be better 
to obtain the required series directly. 

First suppose n even, we have then 

cm «* - (1 - «in* «>** - 

+ ; 


expanding each power of 1 — sin* 0 by the Binomial Theorem, we 
have 



the coefficient of (— lysin**!? being 

in(in — — « + l) «(« — 1 ) (J» — — «+ 1 ) 
■«! 2 !" 
n(n-l)(n-2)(n-3)(i?i-2)...(Jw-«+l) 

41 («-2)l 

which may be written in the form 


1 «(n— 2)(»— 4)...(n— 2«+2) f/2#— I'v /2*— 1. _\ /2«— 1 

fi ^rr3T5...(2«-i) Iv 2 A 2 r”V 2 


+« 


’2« — 1\ /2s — 1 

. 2 A 2 




21 


/2s— 1^/25-! -\ /2s — 1 „ 
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Now, taking Vandermonde’s theorem^ 

5 Ta 1) 

(P+ g)» =i>f + ^»-igi+ - 2, p«-2ga+..., 

where p, denotes p(/) — « + l); since this holds for all 

values of p and q, let p = — 2 — . 9 = “f” ’ 

theorem to the series in the brackets, we see that the coefBcient 
of (-l)*8in”d is 

B? (n* - 2*) (n* - 4») . . . - 2« - 2 j*) 

” (2«)! 

We have therefore, when n is even, 

cos = 1 — sin® 0 H — sin* 0 ... 

(,). 

this series is the series (3), written in the reverse order. 

81. We have also 
sin n0 = cos 0 (1 — sin® 0)^^ “ ^sin ^ 

supposing n even, we expand each term of the series in powers of 
sin* 0 ; we find the coefficient of (— I)*'*’’ cos 0 sin**~* d to be 
1 n{»t— 2)...(n— 2s+2) f/2«— 1\ , ,/2s — 1\ 

(«-T)i i;876::r(2^:::ir 1V~2 2 )^\ 2 A 




(« — 1 ) (s — 2) ^2g — 1 j — 1^ 


which is equal to 


1.8.5...(2«-1) 

« (n* - 2*) (n* - 4») . . . (n - 2«^'21*) 
(2«-l)! 

^ See Smith's liJ^ebra, page 288. 


or to 
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Wo have therefore when n is even 

Sin MP/cos ^ j sin p — -j — ^ sin* p + ... 

82. When n is odd, we have 

cos hOsscos 0 1(1 —sin* 0)^ __D (i — sin*^)^ sin*^+ . . 

and sin n^ = w(l — sin*0)^^”“^^sind 

- "(’‘ . riH— ^ )(i . rin- «)«"-•' «„•«+... i 

expanding in powers of sin as in the last article, we find in a 
similar manner 

cos nO/cos 0 = 1 - ; — sin* 0 + ' , sin^ 0 — ...... 

2! 41 

{Z8) I 

a w . ^ 1*) • . yi , w(n*- P)(n* — 3*) . 

sm 710 =- 8m0 ^ sm* 0 + — ^ ^ sin® ^ — 

1 o I 5 ! 

+ (- 1)*-' ^ ■*' 


83. If in the formulae (7), (8), (9), (10) we change 0 into 
^TT - 0, we obtain the following formulae 

(— 1)^” cos wd = 1 — cos * 0 + ^ ~ ^ 

- ■.■(■.■-y- 4 -) ^^^ (ii)_ 

(— ^ sin n^/sin = - cos ^ t ^ 

when n is even, and 

(- 1)*‘* ■ Bh ««/8ill * - 1 - » 
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1 ) jjQg cos 0 — ^ 

+ ^k-}’)i^'-^cos’ff-...(U), 

5 ! 

when n is odd. These formulae are all the same as those of 
Arts. 78 and 79. 


The circular functions of suh-multiple angles, 

84. If in the formulae (1) to (6), or in the equivalent formulae 
(7) to (14), we write Ojn for d, we obtain equations which give 
6 0 

cos - or sin- when costf and sin^ are iriven. We will consider 
n n ® 

the various cases. 


(1) Suppose cos 6 given, then the equation obtained from (1) 

0 

will give us n values of cos-. If cos is given, we should 

expect to find the cosines of all the angles — , since ^Jctt ± 0 

represents all the angles which have the same cosine as 0, where k is 
Bmy integer. Now whatever value k has, we can put + = s + k'n, 
where s always has one of the values 0, 1, 2 ... w — 1, and k' is a 
positive or negative integer. We have then 


cos 


2A7r + 0 


/0 2sw Q T A 


cos- 


0 + 2s7r 


n 


thus we should expect to obtain the n values 

^ + 2 (n — 1) TT 


0 0 + 2ir 0 -f 47r 

cos - , cos , cos , 

n n n 


. cos 


and these will be the roots of the equation we obtain from (1). 
These roots are in general all different, since neither the sum nor 
the difference of two of the angles is a multiple of 27r. 

(2) Suppose cos 0 is given, then the equations obtained from 

0 

(3) or (6) will give the values of sin -. Before we use (6), we must 

n 


0 0 

square both sides and write 1 — sin’ - for cos’ - ; thus we obtain an 
^ n n 

0 

equation of degree 2n, for sin-, when n is odd, and the equation 
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(3) gives us an equation of degree n when n is even. We expect , 

to obtain all the values of sin ~ ^ when cos 0 is given ; as in 

n 

the last case, we can shew that all these values are included in the 

expression sin » where s has the values 0, 1, 2 ... w — 1. When 

n is odd, all these values are different, and therefore we obtain 2n 

values which are the 2n roots of the equation obtained from (6). 

, . (n — 2«) TT — ^ . 2s'ir + 0 . 

When n is even, we have sin^ ' =sin .hence 

n n 

in this case there are only n values, these being given by the 
equation obtained from (3). 

(8) When sin 6 is given, we use the equation obtained from 

0 0 
(2) to find cos - , this gives 2n values of cos - , for we must 

0 0 

square both sides and replace sin*- by 1 — ®^s®- , before using the 
equation* We shew as before that the expression cos 


has 2n values, so that we expect to find cos - given in terms of 
sin 0j by an equation of degree 2n. 

0 

(4) If sin 0 is given, sin - will be given by (4) or (5), accord- 
ing as n is even or odd. When n is even, the equation from (4) 

0 

gives 2u values of sin-; these will be the 2n values of 

sin ^^^^ D— When n is odd, the equation formed from (6) 
0 

gives n values of sin - , these will be the n different values of 

sm — 

n 


Symmeh'ical fmctiom of the roots of equations. 

86 . The formula (1) may be regarded as an equation of the rzth 
degree in cos 0^ when cos n0 is given. Now each of the n angles 

^ + + — ^ + is such that the cosine of n 

n n w , 
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times the angle is equal to cos nQ, hence since cos 0, cos {o + ^ j , 

cos cos • are all different, they are the 

n roots of the equation (1) in cos 0\ we can now use the ordinary 
theorems for calculating symmetrical functions of the roots of 
equations to calculate symmetrical functions of the n cosines 

cos ^ ^ having the values 0, 1, 2 ... n — 1. We may of 

course, when it is convenient, use the forms (11) and (14) which 
are equivalent to (1). Again the equation (2) may be used to 
calculate symmetrical functions of the cosines of the n — 1 angles 
for which sin tid/sin 0 has a given value. 

The equation (3) may be used in the same way to calculate 
symmetrical functions of the 27ii sines 


sintf, sin^^ + ~^, sin^d + ^^. sin^^H- 


2m7r — 7r\ 


where n = 2w. 

In the same way the theorem (5) may be used to calculat 
symmetrical functions of the 2w + 1 sines 

+ ""(''■^ 2 ^) + 

where w = 2m 4- 1. 

The equation 

tim {l to- to- 0 } 

-„to»- "<"~^^>,<"~^> to-g4. 

may be regarded as an equation in tan 0^ of which the roots are 


tan* 0 4* . 


tantf, tan^d4-^^, tan^tf + ^^ tan ■ ^4- ^^ * 


and may therefore be used for calculating symmetrical functions 
of these expressions. 
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Examples. 


( 1 ) Prwe that the mm of the products of the cosecants of 



taken two at a time^ is - jii^ cose<^liiB^ n being an even integer. 

Using the equation (7), the required sum is the sum of the products of the 
sines of the angles taken n - 2 at a time divided by the product of all of them ; 
this is equal to the coefficient of sin^d, divided by the term not involving 

sin d, or - ^ which is equal to cosec* }nd. 


(2) Prove that 

»r+co«* j^ir = 19/16 • 

and Jtt+wc* H"" + «ec*Jtr+ sec* ^7r = 1120. 

If sin 9d/sin d be expressed in terms of cos $, and be then equated to zero, 
the values of cos d obtained by solving the equation of the eighth degree so 
obtained will be 

cos IT, cos fir. cos fir. 

We notice that 

cos I ir= —cos fir, cosf ir= — cosf 

thus ± cos J IT, ± cos fir, ^cos f ir, icos f ir 

are the roots of the equation. We may either use the series (2), or proceed 
thus : — if sin 9ds=0 we have 


sin 5d cos 4d+G0S 5d sin 4d»0 
or (sin 3d cos 2d+ cos 3d sin 2d) (2 cos* 2d - 1) 

+ (cos3dcoB2d— sin 3d sin 2d) 2 sin 2d cos 2d «0 ; 

substitute the values for sin 3d, cos 2d ... and reject the factor sin d, then let 
^escos* d, wo obtain the following biquadratic in s 

{(4«a- 1) (2xr- 1) +2 (4»»-3a?)) {2 (2a?- 1)*- 1}+ {4 (2a? - 1) (4aj* - 8a?) 

-8 (4a?- 1) (1-0?) a?} (2o?- 1)=0 

or (16a?»-12a?+l)(8a?*-8a?+l)+(64a?*-80o?*+20o?)(2o?-l)*0 
or, arranging according to powers of a?, 

266o;* - 448o?3+240a?» - 40a?+ 1 -a 

The sum of the roots of this equation is 448/256, and the sum of the products 
of the roots taken two together is 240/256, hence the sum of the squares of the 
^ . 448* -2. 240. 256 19 , 

roots IS (256)* ** 16 ’ squares of the reciprocals 

of the roots is 40* - 2 . 240, or 1 1 20. 

(3) Prove that sin a -j-sin 2a + am 4as f 
where a = ^7r. 

We find (sin a+sin 2a+sin 4a)* =- sin* a + sin* 2a + sin* 4a. 
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Now the roots of the equation sin 7^/sin in sin 0 are 
± sin a, ±8in 2a, ±sin 4a ; 
put ^assin^ 0, then the equation in x is found to be 

_ 1 1 2^ 56^ _ 7 0, 

hence sin^a+sin^ 2a + sin^ 4a d 12/64=7/4 ; 

therefore sin a +sin 2a 4a= ) V7. 

(4) EvalvMe sin ~ . 

Writing a=2ffr/17, we find by the formula for the sum of the cosines of 
angles in arithmetical progression 

(00Ba+C0s9a+COSl3a + C0s 15a)+(C0S 3a+COS 5a + C08 7a + C08 lla)= - 

Also (cos a + cos 9a + cos 13a + cos 15a) (cos 3a + cos 6a + cos 7a + cos 11a) is found, 
on multiplying out and replacing each product by half the sum of two cosines, 
to be equal to - 1. The two quantities in brackets are therefore the roots of 
the quadratic - 1 =0, of which the roots are ( - 1 ±-s/17). It is easily 

seen that cos a+cosfia+cos 13a+cos 15a is positive, and 
cos 3a+C0S 5a+cos 7a+COS 11a 
is negative, we have therefore 

Gosa+cos 9a+cos 13a+C08 15a= J (Vl7 — 1), 
cos 3a + cos 6a 4*008 70+ COB lla= — i(\/l7+l). 

We can now shew that (cos a + cos 13a) (cos 9a + cos 15a) = hence 

COB a + cos 13a, cos 9a + cos 15a are the roots of the quadratic 
A'--i(v'l7-l)jf-i=0, 

hence cosa+cos 18a=J( — 1+V17+V34--2 ^17) ; 

similarly we find cos 3a + cos 5a==J( — l-Vl'7+V34+2 ^17). 

Now cos a cos 13a = ^ (cos 12a + cos 14a) = ^ (cos 3a + cos5a) ; and since we have 
thus found the sum and the product of cos a, cos 13a, we can find each of 
them. Noticing that cos a > cos 13a, we have 

COSa = iV {Vi7 - 1 +^34 - 2 Vi7 + 2 Vi7 +3 V'lV - </no+Wijv7). 

We have then 
sin *p/17 = Vi (1 - cos o) 

-J'/34-2V'l7-2Va4-2 VT 7 - 4 V 17 + 3 VI 7 -VI 7 O+ 38 VI 7 . 

(6) Shew^ thoAy if f(x, y) he a homogeneous function of z, y of n— 1 
dimmoUyns^ 

f {sin X, cos x) 

s^ (i - aO sin (x - a 2 ) . . . sin (x - a,*) 

^ f {sin Uy, cos Oy) 

fitsi sin (x — a,.) sin (a,. — ai) sin (a, — 02 ) . . . sin (o,. -• an) 

^ This theorem was given by Hermite in a memoir **Sur ITnt^gration des 
Fouctions ciroulaires” in the Proe, Lend. Math Soc. for 1872. 


H. T. 


8 



114 EXPANSION OF FUNCTIONS OF MULTIPLE ANGLES 

The expression on the left-hand side of the equation may be written 

^ i-j ; V . 1 where <=tan47, a. — taijiM*. 

(t- ai)(t-a2) cosa?cosaicoso2...cosa»’ ’ 

Now since /(t, 1} is of degree n-l^ lower than n, we have by the ordinary 
method of resolving into partial fractions 

f(t, 1 ) .. . f(ar, 1 ) 

{t - ai) (< - aa) . . . {t - a») (< - «r) (^r - «l) (ar - «2) — ("r - 

^2 /(sin Oy, cos Or) . cos X cos ai cos 02 cos Oh 
sin (a? “ Or) sill (of-ai) sin (or — a») * 

thus the result follows. 


Factorization. 

86 . Since cosnd can be expressed as a rational integral function 
of the nth degree in cos 6^ we can express cos nd as the product 
of n factors linear in cos d\ the values of cos 6 for which cos nd 
vanishes are 

TT Stt (2r? — 1) IT 

J 

these cosines are all different ; therefore 

cos nd^ A ^cos d — cos ^cos d - cos 

/ ^ (2n — 1) 7r\ 

where il is a numerical factor. Since the highest power of cos d 
in the expression for cos nd is 2"~^ cos" d^ we see that A = 2"”^ ; 
therefore 

cos nd = 2"“^ ^cos d — cos ^cos d — cos 

(cosg-cos^-g^ r^^)”' ). 

Now therefore this expression maybe 

written 

cos nd = 2"“^ ^cos® d — cos* ^ ^cos* d — cos* 

^cos* d - cos* cos d. 


when n is odd, and 
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COS 






2fi/' 


when n is even ; these expressions may also be written 
cos ndjcofi d = 2”-^ ^sin* ^ - sin® 6^ ^sin® ~ sin® 0^ 

when n is odd, and 

coBfiO^ 2**^' ^sin® ^ - sin® 0^ ^sin® ^ — sin* 


when n is even. 


(■ 


. _(n — l)7r . , /i\ 
sin®'-- --.sin*^j, 


In each of these equations put 0 = 0, we then obtain the 
theorems 


2i<’->>siu£sin|^^ 


when n is odd, and 


i(n-i) . TT . Sir . (n — l)7r - 

2^' ' sm sm - - sin ' ~~ — = 1, 

2n 2n 2n 


.•.(15), 


when n is even. 


The positive sign is taken in extracting the square root, since 
the angles are all acute. 

If we divide the expressions for cos7i0/cos0 or cosn0 by the 
corresponding one of the products in (15) squared, we obtain the 
expressions 


cos n0 

"TT ■ 

COSO 


/i — \..(i6x 


when n is odd, and 
sin® 0 


A — Y-an. 


when n is even. 


8 ^2 
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We may write the theorems (16) and (17) thus : — 


cos nO/cos 0 = 


rill . ,(2 r-l)w I 


(2r~l)7r 


where n is odd, and 


cos nd^ 


where n is even. 


87. As in the last article, since sin n^/sin 0 is an algebraical 
function of degree w — 1 in cos we may find a corresponding 
expression for it in factors linear in cos 0 ; in this case 

TT 27r (w — l)7r 

C 08 ~, cos — ...cos^ — 

n n n 

are the values of cosd for which sinn^/sind is equal to zero. 

These values may be thus grouped ± cos - . ± cos — ; hence 

as before 

sin n^/sin 0 = 2"*"^ cos 0 ^cos* 0 — cos* ^cos* 0 — cos® ... 

(cos* - cos* . 

when n is even, and 

sin n$/ain 6 = 2”~* (cos’ 0 — cos* ^ j (cos* 0 — cos* . . . 

(cos’^-cos*^?^:^). 

when n is odd. 

We can write these equations in the forms 
sinw^/sintf =:2"“^cos0||sin®^ — sin®^^ ^sin* ^ — sin® ... 

when n is even, and 

sin ??^/sin 0 = 2”“* ^sin® ^ — sin* 0^ ^sin® ^ — sin* 0^ ... 


when n is even, and 


. ,(m— l)7r 

Bivix > _ ' oir 


when n is odd. 
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We shall shew in the next Chapter that sin nO /sin 0 has the 
limit n when 0 is indefinitely diminished ; hence 

Vw = 2 2 sin^ sin — (18), 

n n ^ ^ 

the last factor being sin ^ ^ sin ^ ~2n^ * according as n 
is even or odd. Hence 

r^hin-2) / si‘n»/9 \ 

sin n0ln sin = cos 0 II / 1 — ■ ■ ■■ i (19), 

when n is even, and 

{«-!)/ BiV5 \ 

sin n6/n eia0» II / 1 j (20), 

when n is odd. 


88. The expression cosnd — cosn<^ may be regarded as an 
algebraical function of cos 0 of degree n, and can therefore be 
factorised; the values of coq0 for which the expression vanishes 

are cos^, cos^^ + ^^, cos hence 

cos — cos s= 2*"* 11 jeos 0 — cos ^<f} + j | • • *(21). 

89 . ^ We shall now factorise the expression cos n0 + 1. 

We have 

— 2 cos 4- 4- (« — 2 cos 4- aT’*) 

4- 2 cos - 2 cos(n - 1) ^ 

- (a!»»^ - 2 cos (w - 2) 0 + 

If we denote a?" — 2 cos 4- a?*" by we may write this identity 

Un =s (x^^ 4- ar^+0 ^ + 2ifn-i cos 0 ; 

this equation shews that Un is divisible by Ui, provided Un^i and 
Un^ are divisible by Ui. 

Now Ma = (a? — 2 cos 0 4- ar^) (a? + 2 cos 0 4- arO, 

hence Ug is divisible by Ui, and therefore and so on. 


^ This method was given by Ferrers in Vol. v. of the Messenger of Mathematics, 
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Hence is divisible by iij, and therefore /r* - 2^5 cos 0 4* 1 is a 
factor of ~ cos wd + 1 ; since 9 can be changed into 6 + ~-~ 
without altering cosw0 we see that, when r is any integer, 


flj* — cos 




+ 1 


is a factor of the given expression ; if we let r = 0, 1 , 2 ... w — 1 we 
obtain n different factors of the given expression, and these are all 
the factors, hence 


this may also be written 


r*n~l 

n • 

j®^ — 2* 008 + + l[ 

r*0 

1 V » / j 

r=n-l ( 

^ /- 2/*7r\ ) 

I n ] 

r^O ( 

a^—2xy cos f ^ j -f y® 


90. In the equation (22) put 9 = 0, we have then 

(a:”— !)■= n — 2 j?cos— + ij, 

and since cos = cos the factors on the right-hand 

n n ® 

side of this equation are equal in pairs, except that when n is even 

there is the single factor x^ + 2x + l, and whether n is even or odd, 

there is the single factor a? — 2a? + 1, hence 


r=i(«~a) / 2r7r \ 

- 1 = (a;* - 1) 11 fa® - 2a; cos + Ij (24), 

when n is even, and ^ 

a** — l=(a? — 1) II (a;® — ! 

r-i \ 


■ 2a; cos h 1 

n 


)■ 

when n is odd. 

Again, putting 9 = nju in the formula (22), we have 


.(25), 


now 


(2r + 1) w 2 (n — r) — 1 

cos — = cos - ^ TT, 

n n 


hence the factors are equal in pairs, except that when n is odd we 
have the single factor a?® + 2a; + 1 ; hence 

t^ + l {«• - 2« COB + + il (26), 

when n is even, and 
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fl!»+l=(a; + l) II 
r«0 

when n is odd. 


[a,^ — 2x cos 


(2r-H)7r 


+ lJ...(27X 


91. In the equation (22) put a? = 1, we have then 
1 — cos nO = 2““^ II |l — cos 4- “~)| 5 
changing 0 into 20 this becomes 
sin® 710 = 2®"“® sin® 0 sin® ^0 + ^ sin® . . . sin* (o + ^ 

or sinn^= + 2““^sintf sin^0 + ^^ sin + ...sin + 

where the ambiguous sign is as yet undetermined. It has been 
shewn, in Art. 51, that the form of the expansion of sinnd in 
terms of sin 0 and cos 0 is definite ; the sign of the product on the 
right-hand side is therefore always the same; put then ^ = 7r/2w, 
the sign to be taken is clcjxrly positive as each factor is positive. 
We have therefore 

sin n0= 2"“^ sm 0 sin sin ... sin ^ . . .(28). 

In (28) change^ 0 into 0 -h 7r/2a, we thus obtain 

cos nO = 2«-» sin (e + sin (« + • • • sin (ff + • -(29). 

The theorem (18) can be deduced from (28) by putting ^*0, and taking 
the square root. In a similar manner, the theorem (15) may be deduced 
from (29). 


Examples. 


(1) Prove that ifnhea/a odd integer^ xiTind+cosnd is diumble by 
sin 3 + cos S, or else by smO-cosB. 

Let Vii»sin nd -f cos nB, 

then 4=2 cos 2d . 2 (cos® d - sin® d) Ww-f- 

Hence, if Mn-4 Is divisible by cos d+sin d or by cos d- sin d, is divisible 
by the same quantity. Now t 4 i=sin d+cosd, hence Ust Ug, 2^13... are all 
divisible by sind+cosd; also 14. 1 = cos d- Bind, hence t^s, U7, Uu... are all 
divisible by cos d - sin d. 


(8) Factorise tom nd — tan no. 

We have tan nB — tan na 


sin n (d - g) 
cosndcosna* 
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In the formula (28) write a-fi for fl, we then have 

11 sw(s~-a ) 

r=0 \ w / 

= (- n cos |tan ^-tan 

*( - 1)**” * cos" 6 sin n ^ ^ ’ 


Again, wc have from (16) and (17) 


cosnd—cosd 


r-i(»-i) / silled \ /_ sin®d \ 


according as n is odd or even. Now 1 - 
expression for cos n6 may be written 


sin* S 
sin*)8" 


>C08* 3 


tan* 

V tan^y* 


hence the 


^ 2n ' \ 2n f 

sinw^a+^^ II |tand-tan 

cos7ia /, tailed \ ’ 

“tan*(2!:-'H 

' ^ 5 m ' 


cos"^ 


We have therefore 


tan nd- tan na«(- 1)" 


the product in the denominator being taken up to or ^(n - 1), according 
as n is even or odd. 


EXAMPLES ON CHAPTER VIL 


1. Prove that, if n be an odd positive integer, and a^irjn, 

tan 710 =s ( - 1)4 tan 0 tan (^ + a) tan (0 + 1 aX 

and 91 tan tan (^ + tan (^+a) + +tan -h n-l a). 

2. Prove that 

sin6d--cosM^, .. , l-2sin 2d-4sin* 2d 
sin 6d+cos 6d ' * 1+2 sin 2d - 4 sin* 2d * 


3. Prove that 

n cot na voot a+cot 
n being an integer. 



+oot ( o+ 


n ) 


f 
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4 If ^•B7r/13, shew that 

OOB ^+008 3^ -pcoB 9(^ (1 +N/r3), 

and cos5^+coB70+coBll<^=sj^(l - 4 / 13 }. 

6. Prove that 

IT 2»r Sff 4w bn 6ir 7ir 
cos ~ cos — cos OOB *7^ COB — COS — COS * 
In 15 15 15 15 15 15 


S’ 


6. Prove that 


2n , 4ir Str 1 
COS-y + COS-^+COSY* -§• 


Form the cubic of which the roots are 


27r 4fr 8*r 

COB-=-| COS-=-, COS-;^. 
7 * 7 7 


7. Prove that the roots of the equation 

^ — 3 VSa;® — 3a? + Vs *0 
are tan 20", tan 80", tan 140". 

8. Prove that 

sin*o+sin* Sa+sin* 7a+sin^9a+»in^ lla+sin* 13a+sin^ 17a+Bm* 19a -*3|^, 
where a=ir/20. 

9. Prove that 

2*” * sin <l> sin sin wii + — rA? ^ 

«fr / j . •fX 

-C0S--C08»(^^ + 2j. 

10. Prove that 

(£+“)+*“ (£■“)+ — 

to 2n terms is equal to 2n cosec 2na. 


11. Prove that 

. 27r . 49r 
sin — sin — . 
271 2n 


. TO — 47r . nr2n , wn / n 
. sm — s — sm — sm s- = .. / — 

2to 2to 2to V ^ 


where to is an even positive integer. 
12. Prove that 

. Q TO 

sin* ~ 

TO 2to 


1 


sin*. 


t-1 

where to is any positive integer, 
13. Prove that 


2 to 
2ir 


sin» 


Bin* 


2 to 


• . „(n-l)7r* 

8m2i ~ 

2 to - 1 


sinTO^sinTO ^ 
sin ^ sin ^ 

■■2**"^ |cos - d) -cos^<^ + d+ |cos {<l > - d) -cos (♦+'*$)} 
the number of factors on the right-hand side being to - 1. 


•» 
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14. Prove that m mu nO - n siu md is divisible by siu^ 6^ if m and n are 
odd integers. 

16. Shew that if m is a positive integer, see®”* + cosec*"* <4 can bo 
expressed in a series of powers of cosec 2il. 


16. Prove that n= 
where a^nj^n. 


17. Prove that 


sin 2a sin 4a sin (2n -2)0 

Bin a sin 3a sin(2?^-l}a * 


' ' sin {x - a) sin {x - h) sin {x - c) sin {x - a) sin (a - h) sin (a — c) * 

.g. sin ^ cos (4?— a) sin a 

^ ' sin (4?-a)sin {x- 6)sin sin (ii?-a)sin (a - h) sin (a -c) ‘ 

18. Prove that the product of 

1 4- cos a, 1 + cos ^a + ^^ 1 +C0 h 

is 22”** {(-l)^”-cos Jwa}® or 2' ***(!+ cos wa)^ 

according as n is even or odd. 

19. Provo that 

'+(versm|^) ‘ + (versing) *+ 

n terms being taken on the right-hand side. 

20. Prove that 

(tan Ti" + tan 37^^ + tan 67^") (tan 22^" + tan 52J“ + tan 82J*) * 17 +8 ^3 

21. Shew that, if m is odd, 
tan»i0=tan</.cot (<#'+2^,)'»“(*+^) •••••• 

...... cot (^+ ?^) tan (^+ ^) 

22. If 28a>=ir, shew that 

^14 = 2^® sin a sin 2a sin ISo^ 

and cos 2a+ cos 6a cos I8a — ^ ^7. 

23. Prove that tan ^ tan tan ^ 1, 

2n 2n 2n ’ 

H being any positive integer. 


24. Prove that 


cosec j;+ cosec 


(«?)• 




.»{cosec»i«+co8ec(na)+ir)+ +co8ec(n«+n-lfr)}. 
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25. Prove that, according as n is even or odd, 

2(l+co8%d) or (l+cosn(9)/(l+coBd) 
is the square of a rational integral function of 2 cos Shew that 

l+cos 9d=(l +C 08 &) (16 cos^ d - 8 cos® 12 cos® ^+4 cos d+ 1)*. 


26. Prove that 2*“ ^ cos^d - cos is divisible by 1 + 2cos2d, when n is of 
the form 6m- 1, and by (1 +2 cos 2^)®, when n is of tho form 6m+ 1, m being 
a positive integer. 

Prove that 

2“ cos^i d - cos 11^=11 cos (1 + 2 cos 2^) {(1 + 2 cos 2^)® + (1 + 2 cos 2^) + 1} . 


27. Prove that, if » be an odd positive integer, and 
tan (i«-+i^)*tan»(iir+J^), 


then 


Bin<^~9isin^ n 
r— 1 


1 +8in®dcot®--’*^^ 


1 +sin® B tan® ~ I 


28. Shew that any function of the form /(sind, cos d)/0 (sin cos^), 
where / and 0 denote rational integral functions of degree n, containing cos* 
can be expressed in the form Au sin i (^ - a)/n sin ^ {B - a \ where A and the 
quantities a, a* are independent of and there are Zn factors in the numerator 
and 2n in the denominator. 


If the function 


a cos 2B+b cos ^ -h c sin ^ 
a' cos 2B + b' cos B-^ c' sin B+d' 


be expressed in this form, 


prove that 2a and 2a' are even multiples of ir. 


29. Prove that 

tan ~ + 4 sin = \/iT. 

30. Prove that 


2” sin’’ ^+sin7^ 
2®cos’^-cos7d 


tan B tan® 

-f 





CHAPTER VIIL 


RELATIONS BETWEEN THE CIRCULAR FUNCTIONS AND 
THE CIRCULAR MEASURE OF AN ANGLE. 

92. We shall now investigate theorems which assign certain 
limits between which the sine, cosine and tangent of an angle 
whose circular ^measure 0 is less than must lie. The first 
theorem which we shall prove is that if 0 he the circular measure 
of an angle less than iJim sin d < d < tan 0, unless ^ = 0. 



Let AOB = AOB' — 0] and let TB, TB' be the tangents at 
B and B\ and let 8 A S' be the tangent at A. In Art. 11, it 
was shewn that the length of the arc AB does not exceed 
and thus the arc BAB' does not exceed B8 + B'8' + S8\ and 
therefore arc BAB' < BT + TB ' ; or arc BA < BT. Also 
arc BA > BA > BO. 

Consequently we have 

BG/OB < arc BA/OB < BT/OB. 

Now 0=^B,TC BA/OB, Bin 0 ^ BC/OB, and tan 0^ BT/OB ; 
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therefore sin 0< d < tan A If 0 had been greater than Jir, T might 
have been on the other side of 0, and the inequalities which we 
have employed would not necessarily hold. 

Since sin 0 < tan 0, we have 1 < ^/sin 0 < sec ^ ; now sup- 
pose ^ to be indefinitely diminished, then the limit when d = 0 of 
sec ^ is 1 ; hence also the limit of d/sin 0^ when 0 is indefinitely 
diminished, is unity. Since 


= {0 cosec and — = sec ^ . {0 cosec 0)^*, 

we have the theorems that the limits of and when 

0 is indefinitely diminished, are each unity. 


The theorem may also be proved thus : — The triangle OAB, the sector 
OAB, and the triangle OBT are in ascending order of magnitude; and 
SkOAB^\OA , BC^\OA‘^amB, also sector OAD=^\OA'^,$, and 
AO^T=iOH. BT=-\OB ^ . tan 
therefore sind<d<tand. 


93. The reason, to which we referred in Art. 5, why the 
circular measure is more convenient in Analytical Trigonometry 
than any other measure of an angle, is that in this measure the 
sine and tangent of an angle are each ultimately equal to the 
angle itself, as the angle is diminished indefinitely ; whereas if we 
use any other measure, as for instance seconds, this is not the case. 
We have in the case of seconds 

sin 0 w 

~e~ ^ 180 X 60 X 60’ 

tan 0 ^ TT 

~T' ^ 180 X 60 x“60’ 


sin^ 

n 

tan n" 


where 0 is the circular measure of n seconds, hence the limits of 
— ta^j^ when n is indefinitely diminished are each equal to 

If then we used seconds instead of circular 

TT 


180 X 60 X 60 ' 

measure, we should constantly have the number ^ 

loU X oU X oU 

occurring, instead of unity, in the large class of formulae which 
involve the limits of and lor 0 — 0, 
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The limits of m sin , m tan ^ are each a, when m is indefinitely increased, 

for wisin — , iiitan— where d=- , and when m is in- 

m \ B J* m \ B wi* 

definitely increased, B becomes indefinitely small. The limiting values of 
> when B is indefinitely diminished, are each equal to pfq. 


94. Since, ii 6 < Jtt, tan ^6>^d, we have sin cos 

hence cob\6 > 0 cos* 

or sin 0 0 (1 — sin* \0), 

Now sin* ^B<(^ By, 

hence sin d 5 (1 — J^*), or sin^>5 — Jfl*. 

Also cos ^ = 1 — 2 sin* ^0, and this is greater than 1 — 2 (^By ; 
or cosd>l — Jtf*. Also, since sini0> we have 

co8e<i-2(\e--i^e»y<i-h0*+^o*-2^, 

hence cos d < 1 — ^0* + We may state the results we have 

obtained thus : — 

If B he the circular meamre of an angle less than ^tt, then biuB 
lies between 0 and e-\d\ and cos 0 lies between 

1-4^* and 


96. We shall now shew that if 0 < ^tt, 

sin 0 — ^B\ cos ^ < 1 — }j0'^ + 0\ 

This makes the limits for sin^ and cosd closer than in the 
theorems of the last article. 

We have 3 sin — sin 0 = 4 sin* J B, 

Q • ^ ^ ^ A. J 

3 sin ^ - sin ;^ = 4 sin® 


. 0 , 0 
^siiig^i-sin — 


4 sin* 


3«- 


Multiply these equations by 1, 3, 3*...... 3"”^ respectively, and 

then add them, we have 
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hence - em < 4 + p + ... +g 5 ^j 

4/11 1 \ 

^ S’ V 3* ^ 3“-’/ ■ 


Now let n be increased indefinitely, then the limit of 




11 19 

is unity, and of the series 1 + ^ + + . . . is j- = ^ ; therefore 

^~3> 

— sin < Jtf* or sin 0 > ^ - J 0*. 

Also cos 0 = 1 — 2 sin^ J Q ; 

therefore cos ^ < 1 — 2 (^6 — -^d^y < 1 — + ^0\ 

Hence sin 0 lies between 0 and 0 ^\0^, and cosd lies between 
1 — ^0* and 1 — + angle 0 being less ihan Jtt. 

We have also tan ^aesin tf/oos 6 ^ hence 
or tan^>^+ therefore tan^>^+i^. 


Euler's product 

96. We have sin d =: 2 sin cos 

0 0 0 

sin2 = 2sin^co8 2j, 

. 0 .. ff 0 

sin^ =28in2,co8^. 


0 0 0 
8in9l?^ = 2sin^cos^, 


% 0 0 0 0 

sin 0 = 2« cos 2 cos ^ ... coSg-sin^. 


hence 
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0 

Now when n is indefinitely increased, the limit of 2^ sin ^ is 0: 

hence the limits when n is indefinitely increcbsedy of the product 
0 0 0 0 . Qm0 

COSgCOS^COS^.-.COS^, %8 

In this product put we then obtain Vieta’s expression for rr, viz 

2 “I" H" \/2 

■ 2 2 


Examples. 


awi 


(1) Prove that ae 6 increases from jO to ^tt, continually diminishes^ 
tan 6 


e 


oontintMlly increases. 


Wo shall show that ; that is 


(d+A)sind>d(sindco8A+cosd8inA), or > ^ ~( /1 ^cob h) fi ' 

sin A . _ , 

, sinoe 1 - COB A 


_ 1 i.1. X tan 6 . sm A , sin h _ 

Now we know that —3- > 1 > — . — , and -- > 7—7^ jva 

6 A h A+(l-cos//)^ 


is positive, hence the inequality is established ; thus ^ ^ diminishes from 

e 

1 to 2/9r, as 3 increases from 0 to 
We shall next shew that 

or dsin(d+A)coBd>(d-bA)sindcos(d+A); 

this is equivalent to 

^sin A>Asindcos(d+A), or ^^^>^^cos (d+A)j 


now we may suppose h<$, hence by the first theorem 

and therefore -g— >— ^ cos (d+A). 

Thus as d increases from 0 to ^ir, increases from 1 to oo . The theorems 

may be seen to be true by referring to the graphs of sin d, cos d given in 
Art. 32 ; it will be seen that in the first oase the ratio of the ordinate to 
the abscissa diminishes, and in the second case increases, as d increases from 
0 to iv, 

(2) Prove that the equation tanj,^\x has an infinite number of real rootSf 
and find the approximate values of the large roots. 

In Art. 32 we have drawn the graph of the function tan^; draw in the 
same figure the graph of \Xy this is a straight line through the point O. The 
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itraight Hne will obviously intersect each branch of the graph of tan a?, and 
>*he values of x corresponding to these points of intersection are the solutions 
3f the equation. There is therefore a root of the equation between 

1)2 and (2i+l)|, 


(Inhere k is any integer. If k\ be large, then (2^+ 1) is obviously an approxi- 

A 

mate solution ; to find a nearer approximation let ^=(2^+1) ^ +y, where y is 

small, then - cot ,7 = Xy + (2it + 1) , putting cos y = 1, sin y and neglecting 

y*, we have 

- 1 = (2*+l) or y- - ; ^ ^ 


_ , therefore .r = (2lr + 1) -5 — - 


2 


(2X;-i-l)X7r’ ““ V— (2lr+l)Xir 

is the approximate solution. To find a still nearer approximation, negleot 
2 

putting ^ in the terms which involve y\ we have 

Jy* _ 1 = jxy + (2i + 1 ) y = Xy® +y (2*+ 1) ^ , 

hence y (2i+l)-^= 


2 8 
“( 2 i+ l)Xff ( 2 ;fc+l)»X»ir* 


forex=(2A+l) 


2 (2ifc+l)X«- 


+(i-x) 


; the approximate value of x is there- 
8 


( 2 ilr-M) 3 X»»r«’ 


1 6 0 6 
( 3 ) Prove that ^^cot 6 +^tan^-\-^tan-^-{-\tan-^-\‘ ... ad inf. 

It can easily be shewn that 


hence also 


6 6 

A cot ^ — cot 6=1 tan ^ , 

icot^-Joot|=Jtan^, 


1 d 1 did 

^ 2^n ~ 2^1 2^sr^ L ~ 2-»‘ 


hence by addition we have 
d . 1 . d 


* tan - + ^ tan 2, + ... -I- tan cot cot 6 . 


1 d 1 

Now when n is indefinitely increased, the limiting value of ^g- cot 22» ^ » 

hence the limiting sum of the series is ~~cotd. 

If we put 6 ssj^ir, we obtain the theorem 


--^tan j+|tan| + i<, tan + . 


R. T. 
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The limits of certain expressions. 


97. When n is indefinitely increased, the limits of each of 


e 


the expressions cos - , — ^ is unity ; hence the limiting values 


of ^cos , I I are also unity provided r is any number which 

\ n / 

is independent ofn \ but if r is a function f{n) of n, which becomes 

/ . 

/ I I 

infinite when n does so, the expressions (cos - j , I ■ - y I are 

undetermined forms of the class 1*, and the values of their limits 
depend upon the form of /(n). 

m . . . / 

To determine the limiting values of ^cos-j , we have, 
denoting the expression by u, 

log, u - i/(n) log, - sin* ^ . 

It will be assumed as a known theorem that the limit, when x 
becomes indefinitely small, of ^ is — 1. Then, since 



log, « = i/(n) sin* - . g 


the limit of log,u is equal to that of ^/(n)8in*- , with its sign 

changed, provided this latter limit exists. We can find the hmit 
of log, u, and therefore of u, in the following cases : — 

0 0 0 

(1) If f(n)=^n ; then f(n) sin* - = n sin - . sin - , and the 

0 0 

limit of nsin- is 0, and that of sin- is zero: therefore the 
n n 

limit of loge u is zero, or that of u is 1. 
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0 { 0 \^ 

(2) If /(w) = n*; then /(n) sin* -=* f wain- j , of which the 
limit is 0^. Hence the limit of log« u is — or that of u is eri^. 

(3) f(n) = vP, where p > 2, then f(n) sin® ^ sin ^ , 

and this increases indefinitely as n does so. Therefore the limit 
of loge u is — 00 , hence the limit of u is zero. 


. 0 \^ . 0 
sin - \ sill - 

98. To find the limiting value of I — ^ J ; since — ^ is less 


n 


. 0 
sin- 




sin- 


n 0 ( — I 

than 1 and greater than ^ or cos-, the limit of I — ^ - j lies 

tan - V / 

n \ n / 

between 1" or 1, and ^cos^^ ; thus from case (1) in the last 
Article, the limit of the expression is unity. We see also that 


. 0\ 


. 0 \^^ 
sin - \ 

the limiting values of I | and of I — ^ | (p > 2) lie 


sin - 
n 


n 


between 1 and , and between 1 and 0, respectively. 


SeHes for the sine and cosine of an angle in powers of its 
circular measure, 

99. In the formulae (39), (40) of Chapter iv. write ^ for -4, 
and let x = n0, we have then 

sm a? = w cos"“* ^ sin 0 T cos"^* 0 sin® ^ 

cos CO = cos" d — cos""* 6 sin* ^ + ... 

+ (_!). lilLul) .^(n-2s + l) ^ ^ . 


9—2 
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We may wite these series in the forms 

xix-e)(,x-'i0) 


? = X c()s”“* 6 




j. 1 y x (a!-6)...(ie-2re) 
^ “ (2r-+l)! 


+ ... , 


COS X — cos’* 6 ■ 


x{x —6) 

■ 2r 






m 


The number of terms in each of these series depends upon the 
value of w, and increases indefinitely as n is indefinitely increased. 
In order to obtain the limits of the expressions when n is in- 
definitely increased, it is necessary to replace each of these series 
by a series in which the number of terms is fixed, and does not 
increase indefinitely with n. 

The ratio of one term of the senes for sin x to the immediately 
preceding term is 

(a? — 2r -h 1^) (/r — 2/- -h 20) /tan OV ^ 

(2r ^2)(2r + ^ \0^) ’ 

this number is negatives and is numerically less than 

1 /xy X- 1 ) /tan 0\* 

t(2r + 2)(2r + 3)''' W n V~^ ) ' 

If X have any fixed value, diminishes as n is increased ; 

values ni, ri of 71 and r may be so chosen that the above expression 
has values which are less than unity for n ^ n^, r ^ r^. For the 
fixed value of x, and for all values of n which are «7ii, the series 
for sin x is such that, from and after a fixed term, the position of 
which is independent of n, each term is numerically less than the 
one that precedes it. Since the sum of a series of terms with 
alternate signs, when each term is numerically less than the 
preceding one, is less than the first term, we have 

i^/sin0\ x(X’-0)(x — 20) ^ 

sin a; =sarco8"-i ^ 1 / ^ ( 0' ) 

where 0- .r/w, provided n r is independent of 7 ?, and e is a 



THE CIRCULAR MEASURE 


138 


.number between 0 and 1. The integer r may have any value' not 
less than i\. 

In a similar manner, we can prove that 


, . . cos" 9 - * 

x(x-e)((e-20) (x - 3g) 


+ (-!)• 6 


fXix-- 26 * — Itf) 


fr)*- ■■ 


provided n ^ /?/; s is independent of n, and t is a number between 
0 and 1. 

Now let n be indefinitely increased; the limits of the ex- 
pressions for sin^, cos/r must represent these functions. Since 
the number of terms in each of the series is fixed, being inde- 
pendent of n, we have only to add the limits of the several terms 

in order to obtain the limit of the sum. The limit of > 

where k is independent of w, is unity. Also the limit of cos"~* 6 
is that of cos" divided by that of cos* 0 ; and it has been shewn 
in Art. 97 that L cos" 0 = 1; that L cos* 0 = 1 follows from 
L cos 0=1; hence L cos"”* 0 = 1. The numbers 6, e depend 
upon w, but they are for each value of n between 0 and 1, and 
therefore their limits i, i' cannot exceed unity. We thus have 


sina: = ®-3, + g-,- 




(2r+l)!* 


/B® 

cos a; = 1 - + ; , - . 1 )* 6' ^ • 

where €, e' are positive numbers which cannot exceed unity. 

These results hold, for each value of x, for all values of r and s 
which are greater than or equal to fixed integers r, and Sj. It 
follows that for each value of x, sin x is represented by the con*- 
vergent series 

* T! ■'T! (2ot + 1) ! 

and cos x is represented by the convergent series 

^ 4 "! “ 

For the sum of a fixed number of terms of the first series differs 
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a?^+' 


from ain x by not more than — zvi ■ which for each value of x is* 

(2r + l)! 

arbitrarily small if r be chosen sufficiently large. That this is the 
case is seen by observing that the ratio 


y.3r+i 


2r (2r + 1) (2r -f 1) ! 


(2r ~ fVi Tnade arbitrarily small, for any fixed value of x, 

by taking r great enough. Similar reasoning applies to the 
expression for cos^*. 


Examples. 


(1) Expand in powers of x 

We have — i (cos 3^7+3 cos j?); expanding cos3.r, cos.v in powers of 

_i_ 

x^ we find for the general term in the expansion of cos^ j*?, ( ~ 1)" J 7 *»' 

It will be seen that any integral power of cosx or sinar, or the product of two 
such powers, may be expanded in powers of x by putting the expression into 
the sum of cosines or sines of multiples of x. 


(2) Expand tan x in powers of x as far as the term in x^. 

We have tan |l - 1 leaving out 

terms of higher order than x^. Expanding the second factor, we have 

multiplying out and collecting the coefficients of the terms up to wo find 
tan x^x-\-\ix^’¥ 


.-.V rt 1 T- . sinUanx)-‘tan{sinx) . . 

(3) Find the limit of ^ --- , when x»0. 

The numerator of the expression is equal to 
tan J 7 - J tan* 4 ?+ ten* x - tan^ ar - sin a? - J sin* a? - sin* x - sin^ ar, 

using the expansion obtained in the last example. This is equal to 

rejecting all terms of higher order than x ^ ; this expression reduces to - .^x^. 
The limit of the given expression is therefore - 1/30. 
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A relation between trigonometrical and algebraical identities. 

100. From any trigonometrical identity in which the angles 
are homogeneous functions of the letters, a series of algebraical 
identities may be deduced, by expanding the circular functions 
in powers of the circular measure of the angles, and equating 
the terms of each order. Thus for example, in the formula 
sin a sin 5 = ^ {cos (a — 6) — cos (a + 5)}, expand each of the sines 
and cosines and equate the terms of the second order, we have 
then a6 = i {(a -f 6)* — (a — by]. In Articles 44 and 47 of 
Chapter iv., we have given a number of examples of analogous 
trigonometrical and algebraical identities; in each case the 
algebraical identity is obtained, as we have above explained, 
from the trigonometrical one. For example, in example (11), 
Art. 47, which may be wiitten 

2 sin® a sin (i + c — a) — 2 sin a sin b sin c 

= sin (6 + c — a) sin (c + a — J) sin (a 4- 5 — c), 

if we equate the terms of the third order, when the sines are 
expanded, we obtain the analogous algebraical identity 

2a® (6 + 0 - a) - 2a6c = (6 + c — a) (c + a - 6) (a + 6 — c). 


EXAMPLES ON CHAPTER VIII. 

1. Prove geometrically that 

tan ^>2 tan where 

2. Trace the changes in the value of tan 36 cot® as <9 increases from 
0 to 

Shew that 174-12^/2 is a minimum and 17 — 12«^/2 a maximum value of 
the expression. 

3. Prove that tan 36 cot 6 cannot lie between 3 and 1/3. 

4. Prove that where 6<^w. 

2+cosd * 

6. Prove that 3 tan 56>5 tan 36, if 6 lies between 0 and ir/IO. 

6. Shew that the limiting value of J when 6=0, is J. 
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7. Prove that sin (cos ^)<cos (sin B) for all values of B. 

8 . Prove that the limiting value of the infinite product 

(l-tan*g (l-tan*|,) (l is 

9. If = !+», and be very small, prove that 

sin <j^=(l — in)sm ^B, approximately. 

10. Find the limiting value of — , when d=^ir. 

® cos (B sin B) 

* tan 2d -2 tan ^ 

11. Find the limiting value, when d=0, of 


12. Prove that the limiting value of 
cot B Xtan* 


( cot B Y 
\V2-2 sm bJ 


W2-2 sm bJ 
13. Prove that 


when B=jf7r, is 


( sina;V . . ..a? .>J7 „ar . 

^ j **1— 8in^~ — cos^- 8in^~-coH^^ cos^-sm^-- 


14. If in the equation tande 


4 8 

J 


», the angles 


cot 0 | + cot 02 cot 02 d“ cot ( 1 } ^ 
ai, oa, Os, 04 be all nearly equal ; shew that B is very nearly equal to 

i (oi d- Oj -h Clg + 04 ). 

15. Sum the series 

B B B B B B 

008 1+2 cos 2 cos — 2 + 2^008 2 cos ^ cos ^ 3 + to 7t tcrma 


16. Prove that the sum to infinity of the series 

tan| sec or-l-tan sec |+tan sec is tan 4 ?. 

17. Shew that 

B 6 B B B 

d- Bind COB da2 sin dsin^^+ 22sin -sin2^+23 8in ~sin*| + adinf 


18. Prove that tand= 


J J 

COtg— cot^- cot- — 


19. If d<ir, shew that 


2 


[•^1 


$. 6 .6 

2+“"2i+ 


^][cOs| + COs|+ +008 J] 

<|:[8in08in| 8“^]" 
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20. If a and 6 be positive qitantities, and if ai=^(tt+6), 6i=(ai6)i, 

I , (h^ — (7®)i 

®2=i(®i + V> ^2=(fl2^i)®i Bhew that a«, = o« = i . 

cos“^r 

0 

Shew that the value of v may be calculated by means of this formula 

21. Find the limiting value of the infinite product 

(sin B cos i B)^ (sin -^B cos (sin ^B cos 

22. If tan B=4B, the value of B between 0 and Jtt will be 

^ M ) 

2 V2tr^247r3^4807r<^^ 

B 


23. Prove that 

24. Prove that 
2 cos 2*^+1 


sm^ 

l+2cos^' 


sin 


2 * 


2eo8--l 


2 cos ^ + 1 
26. Sum to n terms the series 


=(2 cos 1)(2 cos 2^ — 1) (2 cos 2***'d— 1). 


^ log tan 2d + ~ log tan 2*d -f ^ log tan 2^ d + . 


d»‘sin»d 


26. Having given that the limiting value, when d=U, of is 

neither zero nor infinite, find n. 

27. Find the limit, when 07=0, of 

1 - cos 2o? + cos 407 - cos 6o' + c os 807— cos 10o7— cos 14or+co8 16.t? 

3-4 cos 2 o 7-|- cos 4 o 7 


28. Prove that the sum of the infinite series whose rth term is 

(2^! 

29. If « be very small, and <^>=d-2gBin d+ Je*sin 2d, shew that 

d = 0 + 20 sin <^ + J e* sin 2(/>, nearly. 

30. If ys=z-^Jh8in(z + /ta)f expand z in powers of the small quantity 
as far as the term in Jb*. 


31. From the trigonometrical identity 
sin (d - b) sin (a - c) + sin (6 - c) sin (a - c{) +sin (c^d) sin (a - ft) =0, 
deduce the algebraical identity 

(d - ft) (a - c) {(d - ft)» + (a - c)*} + (ft - c) (a - (f) {(ft - c)* + (a - ef)*} 

+(c- d) (a - ft) {(c - c02+(a - ft)9}«0. 
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32. Provo that ^ differs from 2 (2 +cob^(;») nearly, </> being a 

small angle. (Snellius’ formula.) 

*33. Find the circular measure, to five places of decimals, of the smallest 
angle which satisfies the equation sin (^+ = 10 sin x. 

34. Solve the equation (sin d)«co8ess6, approximately, where a is positive 
and not large, and 0 is known to be nearly equal to a, which is itself not very 
small. 

36. Shew that there is only one positive value of 0 such that d= 2 sin 0, 
and find its value to two places of decimals by means of a table of logarithms. 

36. In the relation a sin“i^=6 sin"^y, where a and b are integera prime 
to each other, prove that there are 25 values of ^ for each value of unless 
a and 5 are both odd numbers when there are 5 values. 

37. Assuming that if a bo the acute angle whose sine is ^ , sin 7a must 

be , prove that cos a - cos — exceeds by less than ’OOOOOOfi. 

256 7 ^ 
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TRIGONOMETRICAL TABLES. 

101. In order that the formulae of Trigonometry may be of 
practical use in the solution of triangles and in other numerical 
calculations, it is necessary that we should possess numerical 
tables giving the circular functions of angles, so that from these 
tables we can find to a sufficient degree of accuracy the functions 
corresponding to a given angle, and conversely the angle corre- 
sponding to a given function. Such tables are of two kinds, 
(1) tables of natural^ sines, cosines, tangents, &c., in which the 
numerical values of the sines, cosines, tangents, &c., of angles are 
given to a certain number of places of decimals, and (2) tables of 
logarithmic sines, cosines, tangents, &c., in which the logarithms 
to the base 10, of these functions, are given to a certain number 
of places of decimals. The latter kind of tables are those which 
are now used for most practical purposes; in nearly all such 
tables the logarithms are all increased by 10, so that the use of 
negative logarithms is avoided; the logarithms so increased are 
called tabular logarithms and written thus, L sin 30° ; so that 
L sin 30° — 10 + log sin 30°. 

Calculation of tables of natural circular functions. 

102. We shall first shew how to calculate tables of the 
natural circular functions, which will give the values of these 
functions accurately to a certain specified number of places of 
decimals, for all angles from 0*" to 90°, at certain intervals such 
as 1' or 10". We shall first calculate the sine and cosine of 1' 
and of 10". 

^ LogarithmB were formerly called **arlifioial*' numbers, thus ordinary numbera 
were called "natural” numbers. 
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(1) To find sin 1', cos 1'. 


Let ^ = 


180 X 60 


denote the circular measure of I', then 




3141692653689793... 

10800 


000290888208666 


to 15 places of decimals, hence 

*0** = ^ (OOOB)* = 000000000004 
to 1 2 places of decimals. 

Now from the theorem in Art. 95, sin T lies between 0 and 
6 — ^6^, and these numbers only differ in the twelfth decimal 
place, therefore to eleven places of decimals 

•00029088820 is the correct value of sin V. 

We find also 1 - = *999999957692025029 

to 18 decimal places, 

and :^(00029...)*=*00000000000000029 

to 17 decimal places. 

Now cos 1' lies between 1 — 1 0* and 1 — ; and since 

these two numbers differ only in the 16th decimal place, wo have 
cos 1' = *999999957692025 correct to 15 decimal places. 

(2) To find sin 10", cos 10". 

TT 

If 6 = dXiSKh » lihe circular measure of lO'^ 

D^oUU 

we find 0 = •000048481368110, to 15 decimal places, 
-000000000000021, to 16 decimal places, 
hence the two numbers 0 and 0 — ^0^ agree to 12 decimal places, 
therefore sin 10"= *000048481368, to 12 decimal places. 

Also -^^0* is zero to 17 decimal places, thus cos 10" = 1 
or COB 10" = *9999999988248, to 13 decimal places. 


103. The formulae 

sin nA = 2 cos A sin (n — 1) A — sin (n — 2) A, 
cosnA = 2cos Aco8(n — 1) A — cos(n— 2)A, 
enable us to calculate the sines and cosines of multiples of 1', or of 
10". Let A = 10", 2 cos 10" = 2 - * where k = *0000000023504, 
then the formulae may be written 

sin nA — sin(w — 1) A = {sin (n — 1) A — sin (w — 2) A} — i sin(n— 1) A, 
cos wA — cos(n — 1) A = (cos fn — 1) A — cos (n — 2) A } — &cos(n - 1) A ; 
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if in these formnlae we put n = 2, we can calculate sin 20" 
and cos 20". We can now by letting w = 3, 4, 5,... calculate 
the differences sin nA — sin (n — 1) A, cos nA — cos (n — 1) Ay 
when the preceding differences sin (n — 1) -4 — sin (n — 2) -d , 
cos(n — l)il— cos(ii — 2)^, and also sin (n — 1)4, cos (w — 1)4, 
have been found; hence these differences can be found by a 
continued use of the formulae; we can then find sinn4, cos7i4, 
and thus we can form a table of sines and cosines of angles at 
intervals of 10". We have k = '000000002354, thus in calculating 
* sin (b — 1) 4, i cos (w — 1) 4 we need only use the first few figures 
of the value of sin (n - 1) 4, cos (n — 1) 4. 

104 . When sin nA, cosnA are thus calculated by successive applications 
of the formulae, the errors arising from the use of approximate values of 
sin A, cos A will accumulate during the process ; it is therefore necessary to 
consider how many places of decimals must be used during the process, in 
order that with assumed values of sin A, cos A, correct to a certain number 
of places of decimals, we may obtain values of sin nA, cos nA which will ho 
correct to a prescribed number of places of decimals. 

Suppose m the number of places of decimals to which sin A, cos A have 
been calculated, and suppose that r is the number of places of decimals that is 
retained in the calculation of the sines and cosines of successive multiples ; 
let Un be the value of sin nA or cosnA, obtamed by this x>i'ocess, and 
the corresponding correct value, we have then 

also nn.2) where is the approximate value of k tor places 

of decimals ; lot (k - =yn» we have then 

hence 

or where «,=y,+i»w_i ; 

this may be written (a?* - <^*^11 - 1) = (^n- 1 » 

whence (^»-i “ «n-i» 


therefore — +«fn) ; 

the number kxn^i is very small compared with hence differs 

insensibly from hence each of the numbers 82, Zs,,.z^ is less than 1/10^, 
therefore their arithmetic mean is less than 1/10**, thus 

- 1 ”■ ^*-8 = *^1 ~ 2 ) 


“ ^1 “ ^8 > 

na?i - (djH- 2^3+ , . . +?rn ( 9 ,,) ; 


or 
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now $ 2 , ^3 numerically less than I/IO**, hence 


is less than ^w(»- 1)/10^, or 


“ (^24*2^3 + •••) 

^ n , 

" IQ™^ 2 lO** * 


a fortiori 


10»»» 2 . lO"'* 


(a). 


If in this formula m=12, ?i- 10800, 

108 . 5832 

^*•<1010“*" ioV-4 

<•0000000108 4- *00 5832, 

where there are r-8 zeros in the last decimal, hence if r=15, ’00000007, 

or IS correct to seven places of decimals ; now 10800x10" =30“, hence the 
sine or cosine of 30*" will be found correct to seven places of decimiils if when 
calculating the sines or cosines of the multiples of 10" up to 30** we retain 
15 places of decimals throughout the calculation. The formula (a) may be 
applied in all such cases to determine the number r, so that may be zero 
to a certain number of decimal places^. 


Example 

Prove that in order to calculate the sines and cosines of multiples of 10" 
up to 46®, correct to 8 places of decimals, the values of sin 10", cos 10" being 
known to 12 decimal places, it is necessary to retain 17 decimal places in the 
calculation. 

106. When a table of sines and cosines of angles at intervals 
of 10", or of 1', is required, it is only necessary to calculate the 
values for angles up to 30°, we can then obtain the values of the 
sines and cosines of angles from 30° to 60°, by means of the formulae 

sin (30° + .4) 4- sin (30° -A) = cos A, 
cos (30° — 4.) - cos (30° 4- 4) = sin 4, 

by giving 4 all values up to 30°. When the sines and cosines of 
the angles up to 45° have been obtained, those of angles between 
45° and 90° are obtained from the fact that the sine of an angle is 
equal to the cosine of its complement, so that it is unnecessary to 
proceed in the calculation further than 45°. 

The method of calculating Tables of circular functions, which we have 
explained, is substantially that of Rheticus (1514 — 1676) ; his tables of sines, 
tangents, and secants were published in 1.596, after his death The earliest 

^ This article has been taken substantially from Serret’s Trigimometry. 
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table is tho Table of chords in Ptolemy’s Almagest^ for angles at intervals 
of half a degree. Historical information on tho subject of Tables will be 
found in Hutton’s History of Mathematical Tables \ see also De Moi-gaii’s 
Article on Tables in the English Encyclopaedia. 


The verification of numerical values. 

106. It is necessary to have methods of verifying the correct- 
ness of the values of the sines and cosines of angles calculated by 
the preceding method ; this may be done by the following means : 

(1) We have formed in Art. 06 a table of the surd values of 
the sines and cosines of the angles 3^ 6°, 9” ... diflering by 3® ; we 
can therefore calculate the sines and cosines of these angles to 
any required number of places of decimals, then the values of the 
functions obtained by the method of calculation above explained 
may be compared with the values thus obtained. If necessary, 
the values of the sines and cosines of angles differing by 1° 30' 
may be obtained by means of the dimidiary formulae, and we 
have thus a still closer check upon the calculations. 

(2) There are certain well-known formulae called formulae 
of verification, these are 

cos (36® -1- A) •+• cos (36® - A) = cos A -h sin (18® + A) + sin (18® - A), 
sin A = sin (36® + A) - sin (36^ - A) -f sin (72® - A) - sin (72®+ A) 

(Euler’s formulae), 

cos A = sin (54® + A) + sin (54® — A) — sin (18® + A) — sin (18® — A) 

(Legendre’s formula). 

The verification consists in the substitution of the values obtained 
of the functions in these identities. 

Tables of tangents and secants. 

107. To form a table of tangents, we find the tangents of 
angles up to 45® from the tables of sines and cosines by means of 
the formula tan A = sin A/cos A; the tangents of angles from 45® 
to 90® may then be obtained by means of Cagnoli’s formula 

tan (45® + A) = 2 tan 2A + tan (45® — A). 

A table of cosecants can be formed by means of the formula 
cosec A = tan ^ A + cot A, and a table of secants by means of the 
formula sec A = tan A + tan (45® — J A). 
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Calculation by series. 


108. A more modern method of calculating the sines and 
cosines of angles is to use the series in Art. 99; if we put 

m TT , 

» = — • « we have 
n 2 




We thus obtain the formulae 


sin (m/n 90“) = 1*67079 

63267 

94896 

61923 

13 

mjn 

-0*64696 

40975 

06246 

25365 

68 


+0*07969 

26262 

46167 

04512 

06 


-0*00468 

17541 

36318 

68810 

07 

myr^ 

+0*00016 

04411 

84787 

35982 

19 


-0-00000 

36988 

43236 

21208 

53 


+0*00000 

00669 

21729 

21967 

93 


-0*00000 

00006 

68803 

61098 

11 


+0*00000 

00000 

06066 

93673 

11 


-0*00000 

00000 

00043 

77066 

47 

mw/aw 

+0*00000 

00000 

00000 

26714 

23 


-0*00000 

00000 

00000 

00126 

39 

fnPln» 

+0*00000 

00000 

00000 

00000 

62 


oos(m/n90‘’) = l*00000 

00000 

00000 

00000 

00 


-1*23370 

05501 

36169 

82735 

43 


+ 0*26366 

96079 

01048 

01363 

66 

myn^ 

-0*02086 

34807 

63352 

96087 

31 

myn^ 

+0*00091 

92602 

74839 

42668 

02 

m^ln^ 

-0*00002 

62020 

42373 

06060 

56, 

m^yn^ 

+0*00000 

04710 

87477 

88181 

72 


-0*00000 

00063 

86603 

08379 

19 


+0*00000 

00000 

65659 

63114 

98 


-0*00000 

00000 

00529 

44002 

01 


+0*00000 

00000 

00003 

43773 

92 

m»>/n2o 

-0*00000 

00000 

00000 

01836 

99 


+0*00000 

00000 

00000 

00008 

21 

rn^ln^ 

-0*00000 

00000 

00000 

00000 

03 
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Since we need only calculate the sines and cosines of angles up 
uo 46^ the fraction mjn is always taken less than so that very 
few terms of the series suffice for the calculation to a small number 
of decimal places. I'hese series are taken from Eulers Analysis 
of the Infmitey where they are given to six more decimal places. 


Logarithmic tables, 

109. When tables of natural sines and cosines have been 
constructed, tables of logarithmic sines and cosines may be made 
by means of tables of ordinary logarithms which will give the 
logarithm of the calculated numerical value of the sine or cosine 
of any angle ; adding 10 to the logarithm so found, we have the 
corresponding tabular logarithm. The logarithmic tangents may be 
found by means of the relation L tan -4 = 10 + Zsinil — icosil, 
and thus a table of logarithmic tangents may be constructed. We 
shall in a later Chapter'' give a direct method by which tables of 
logarithmic sines, cosines, and tangents may be constructed. 


Desemption and use of trigonometrical tables, 

110. Trigonometricfil tables, cither natural or logarithmic, 
are constructed as follows: — 

(1) They give directly the functions for angles between 0® 
and 90® only; the values of the functions for angles of magnitudes 
beyond these limits may be at once deduced. 

(2) The table.s give the values of the functions of angles from 
0® to 45®, and from 45° to 90°, ’by means of a double reading of 
the same figures ; the names of the functions, sine, cosine, tangent, 
and also the degrees (< 45°), are printed at the top of the page, 
and the corresponding minutes and seconds are printed in the 
left-hand column, the angles increasing as we go down the page; 
again the names cosine, sine, cotangent, &c., and the degrees 
(>46®), are printed at the bottom of the page, in the same 
columns in which sine, cosine, tangent, respectively are printed 
at the top; in the right-hand column are printed the minutes 
and seconds for the angles which are complementary to the 
former ones, these latter angles of course increasing as we go 

\0 


n. T. 
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up the page. We give as a specimen a portion of a page of 
Callet*s seven-figure logarithmic tables for angles at intervals 


of 10". 


17 deg. 



// 

sine 

a 

0 

9*4860749 


10 

9*4861404 


20 

9*4862058 


30 

9*4862712 


40 

9*4863366 


60 

9*4864020 

51 

0 

9«4864674 


10 

9*4865328 


20 

9*4865982 


30 

9*4866635 


40 

9*4867289 


50 

9*4867942 

52 

u 

9*4868595 

* 

0 

cosine 


cotangent 

// 


0*4925398 



0*4924676 

Irtil 


0*4923954 

ifil 


0*4923232 



0*4922510 






0-4921067 


9 

0*4920345 



0*4919624 



0*4918902 

30 


0*4918181 

20 


0*4917460 



0*4916739 

0 


tangent 

iZjfc 

// 

I 


dif. 


655 

654 

654 

664 

654 

654 

654 

654 

653 

654 

653 

653 


dif. 

JiL 


9 9786148 


9*9786080 

9*9786012 

9*9785944 


9*9785877 

9*9785809 

9*9786741 


9*9785673 

9*9785605 

9*9785538 


9*9785470 

9*9785402 

9*9785334 


dif. 


dif. 


tangent 


9*5074602 


9*5075324 
9-.5076040 
9 5076768 


9*5077490 

9*5078212 

9*5078933 


9*5079655 

9*5080376 

9*5081098 


9 5081819 
9*5082510 
9*5083261 


cotangent 


dif. 


722 

722 

722 

722 

722 

721 

722 

721 

722 

721 

721 

721 


dif. 

iLl 


72 deg. 


For example, in the third line of the column headed cosine, 
we find that 9*9786012 is the tabular logarithmic cosine of the 
angle 17° 50' 20", and reading the minutes and seconds in the 
right-hand column we see that the same number is the loga- 
rithmic sine of the complementaiy angle 72° 9' 40". It should 
be observed that the logarithmic sines and tangents increase 
with the angle, whereas the logarithmic cosines and cotangents 
diminish with the angle. 

111. In order to find the functions corresponding to an angle 
whose magnitude lies between two of the jingles for which the 
functions are tabulated, we use the principle which we shall 
presently investigate that, eaucefpt for angles which are either 
very small or very nearly equal to a right angle, small changes 
in the natural or in the logarithmic function of an angle are 
proportional to the change in the angle itself.* 

For example, if the difference between two consecutive tabu- 
lated values corre.sponding to a difference of 10" in the angle is a. 
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the difference between the values of the function for the smaller 
tabular angle and an angle greater than this angle by is ^ a ; 

the increase of the function for an increase 10" of the angle is a, 
and that for an increase y' (< 10") is that fraction of o which 
y" is of 10". In the specimen of Oallet s tables which we have 
given, the differences between consecutive logarithms are given 
without the decimal points in the colniiiiis headed dif. 

For example, suppose we wish to find Xsin 17“ 51' 13", we find from the 
table 

Asm 17“ 61' 10"*9-4865328, 

Asm IT 51' 20" =9-4866982, 
dt/. = 654 ; 

wo have 664 =196*2, hence we must add *0000106 to the first logarithm 

and wo obtain A sin 17“ 51' 13" =9*4866522 

Again suppose we require the angle whose tabular logarithmic tangent 
IS 9 5082032. Wo find from the table that the given logarithm lies Itetween 
the two 

A tan 17“ 61' 40" = 9 5081819, , 

A tan 17“ 51' 50" =9*5082640, 

; 

the difference between the given logarithmic tangent and the first obtained 
from .the table is 213, hence the angle to be added to 17“ 51' 40" is 
^Jfxl0" = 2"*9 approximately, hence the required angle is 17“ 51' 43" 
approximately. 


The principle of proportional parts, 

112. We shall now investigate how far, and with what excep- 
tions, the principle of proportional increase, which we have assumed 
in the last Article, is true. 

Suppose X to denote any angle, and f{x) to denote a natural 
or logarithmic function of x, we shall shew in the various cases 
that if h be any small angle measured in circular measure, added 
to 

f(x + h) —/(a?) = hf {x) H- 

where /' {x) is another function of x, and i2 is a function which 
remains finite when ^ = 0. From this we see that, provided h be 
sufficiently small, /(® + A)— /(a?) is for a given value of x pro- 
portional to A, and it will appear thfit in general A®jB will be so 

10—2 
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small that it will not affect the values of the functions to the 
number of decimal places to which they are tabulated; hence 

— f^) jg constant to the requisite number of decimal 


places for a given value of x. However, two exceptional cases will 
arise. 


(1) If X be such that /'(fl?) is very small, then the difference 
f{x + A) — f{x) may vanish, to the order in the tables ; the difference 
f{x + A) — f{x) is then said to be ivsensibhy and in that case two 
or more consecutive tabulated values of f{x) may be the same. 

(2) If X is such that R is large compared with the 

term h^R may not be small compared with in this case 

the difference f (x 4* h) — f(x) is not proportional to h, and is said 
to be irregular. 

In either of these cases (1) and (2) the method of proportions 
fails, but we shall shew how by special devices the difficulties are 
obviated. 


The student who is acquainted with Taylor’s theorem will see that the 
formula given above is really the s])ccial case of Taylor’s theorem 

where 6 is between 0 and 1, thus and the error made in 

assuming f{X'\-h)-f(x) — hf{x) lies between the greatest and least values 
which assumes between the limits and z—x-\-h. 


113. First lot / {x) -- sin x, 
then sin (a? + A) = sin x cos A + cos a; sin A, 

or sin (a? + A) — sin a; = cos x{h — f A* sin x ( J A® — 

= A cos X — ^ A® sin a? + higher powers of A ; 
in this case /'(a?) = cos a?, and the approximate value of iJ is — sin x ; 

thus sin {x + A) — sin a? = A cos a? — i A'^ sin a? (1) 

is the approximate difference equation. 

Similarly it may be shewn that, approximately, 

cos {x + A) — cos aj = — A sin a? - i A® cos x (2). 

. . ^ , 1 X . sin A 

Again tan (a; -f A) ~ tan x = t 

” cos a; cos (a? + A) 

A 


cos® X — A sin x cos a? * 

or, approximately, 

tan (a? 4 A) — tan a? = A sec* a: 4 A* sec* x tan x 
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Also 


or 

Similarly 


r . I V r , sin (a? + A) 

L sin (a; + A) — A siii x = Joff ^ 

^ ® sin X 

= log (1 — + h cot 

L sin {x 4* A) — sin a? = A cot a; — ^ A=* coscc“ x . . 
A cos (a7+ A) — A cos a? = — A tana? - ^ A® sec* a?.. 


A tan (a? 4- A) — A tan a? = — 


sm X cos X sin’ ix 


.(*) 

•(5), 

•( 6 ). 


In each case we have found only the approximate value of R, 
that is to say, we have left out the terms involving cubes and 
higher powers of A. It appears from these six equations that 
if A is small enough, the differences are, for values of a? which 
are neither small nor nearly equal to a right angle, proportional 
to A. The following exceptional cases arise. 

(1) The difference sin (a? 4- A) - sin x is insensible when x 
is nearly a right angle, for in that case A cos a? is very small ; it 
is then also irregular, for ^ A* sin a? may become comparable with 
A cos a?. 

(2) The difference cos(a? + A)— cosa? is insensible when a? is 
small; it is then also irregular. 

(3) The difference tan (a? 4- A) — tan a? is irregular when a? 
is nearly a right angle, for A* sec- a? tan a; may then become 
comparable with A sec* a;. 

(4) The diftbrence Asin(a?4- A)- Asina? is irregular when 
a? is small, and both insensible and irregular when a? is nearly 
a right angle. 

(5) The difference A cos (a? 4- A) ~ A cos a? is insensible and 
irregular when w is small, and irregular when w is nearly a 
right angle. 

(6) The difference A tan (a? 4- A) — A tan a? is irregular when 
a? is either small or nearly a right angle. 

It should be noticed that a difference which is insensible is 
also irregular, but that the converse does not hold. 


In order to investigate the degree of approximation to which the principle 
of proportional parts is in any case true, it is the simplest way to consider ^e 
true value of AS; in the case of sin (a? 4 A) — sin a? the true value of the second 
term is - jfA*8in(a;4dA), where 6 is between 0 and 1; if the table is fox 

intervals of 10", the greatest value of JA* is i (gOxeOxTso)^ ^(*00006)*; 
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this gives no error in the first eight places of decimals; m the case of 
tan (^+A)- tan a? the error is (•00005)‘-*sec2(.r+^A) tan(:r+^A); hence when 
tan a? + tan® a; =40, the error will begin to appear in the seventh place of 
decimals. Tii the case of Zsino; there is no error in the seventh idace of 
decimals if j7>6® 

114. When the differences for a function are insensible to the 
number of decimal places of the tables, the tables will give the 
function when the angle is known, but we cannot employ the 
tables to find any intermediate angle by means of this function ; 
thus we cannot determine x from the value of L cos x, for small 
angles, or from the value of isina;, for angles nearly equal to 
a right angle. When the differences for a function are irregular 
without being insensible, the approximate method of proportional 
parts is not sufficient for the determination of the angle by means 
of the function, nor the function by means of the angle , thus the 
approximation is inadmissible for isina;, when x is small, for 
Lcobx when x is nearly a right angle, and for Ltanx in either 
case. 

In these cases of irregulaiity without insenbibility, the following 
means may be used to effect the purpose of finding the angle 
corresponding to a given value of the function, or of the function 
corresponding to a given angle 

(1) We may use tables of L sin x, L tan x for the fiist few 
degrees calculated for angles at intervals of one second, and for 
LiioBx, itana? for the few degrees near 90°, calculated for each 
second ; Gallet gives such a table in his trigonometrical tables ; we 
can then use the principle of proportional parts for all angles which 
are not extremely near zero or a right angle. 

(2) Delambre*s method. 

This method consists of splitting L sin x or L tan x into the 
sum of two terms, the differences for one of which are insensible 
for values of x near those at which the irregularity takes place, 
and the differences for the other one are regular ; the difference 
for the first of these terms is irregular, but this is of no con- 
sequence, owing to its being also insensible. Thus if x be the 
circular measure of vt' a small angle, 


L sin n' = H Lc^ + log w, 
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L tan n" = ^log — ^ ® + La^ + log n, 
whoro a is fche circular measure of V\ 

Now 


log (m + h) - log n = log 4- ^ 


_h ^ 

~n 

hence the differences for log n are regular, if h be small compared 
with ?i. Also the dillercnces for log , log ^^ are insensible, 
for 

, sin(a? + A)^, sir]«__, sin(a ?+fe) , .r 4-fe 

® x + h ^ X ° sina? ® X 

I A A 

« /i cot a? cosec- a? h 

2 X 2a^ 


= ;*(cot^-l) + '^g-cosec»^) 


, , tan (x 4- h) , tan x 


— / 1 i \ cos 2a? 2.\ . 

Vain X cos x xj 2 \ sin* 2a7 a?V ’ 


each of these differe nces is insensible since the coefficient of h is 
small when x is small. 

If tables of the values of log-^^^ + Za, log— are 

X X 

constructed for the first few degrees of the quadrant, we may use 
these tables in conjunction with the tables of natural logarithms 
of numbers to find n accurately when L sin ri" or L tan w" is given, 
and conversely. 

If Zsinn" or Ztann" is given, find the approximate value 

SlIX OS 

of n ; then from the table we get the value of log h Za or 


X 


tana; 


log—— + Za, either of which changes very slowly; then logn is 


given by the value 


or 


Z sin n'' — ^log + Za^ , 
Xtan»"-(log^+X«), 
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and we find v accurately from the table of natural logarithms. If 

n is given, the table gives the value of log + Loiy and sjii n" is 

on 

then found by the formula. 

(3) Maskelym's method. 

The principle of this method is the same as that of Delambre’s. 
If ^ is a small angle, we have 

=1— = cos^ X, approximately ; 

hence log sin x = log x + l log cos x ; 

when a; is a small angle the differences of log cos x are insensible , 
hence it is sufficient to use an approximate value of cos^. If 
log sin X is given we find an approximate value of Xy and use that 
for finding log cos a; ; a? is then obtained from the above equation. 
If X is given we can find log a; accurately from the table of natural 
logarithms, and also an approximate value of log cos x ; the formula 
then gives log sin a?. We can shew, in a similar manner, that 
log tan X is given by the formula log tan x = log a? — f log cos x. 

Example. 

Shew that the following formula is more nearly true than Maskolyne’s : — 
log sin 6 = log B — ^ log cos ^ log cos 


Adaptation of formulae to logarithmic calculation, 

116. In order to reduce an expression to a form in which the 
numerical values can be calculated from tables of logarithms, we 
must make such substitutions as will reduce the given expression 
to the product of simple expressions; this may be frequently 
done by means of one or more subsidiary angles, as the following 
examples will shew. 

(1 ) -ya* -f 5® = secS where tan 0 = 6®/a® ; hence 
log ^a® -h 6® = 2 log a + 1 (i sec 0 — 10), 
where L tan <^ = 10 4- 3 (log b — log a) ; 

thus v^a®T5® can be calculated by means of logarithmic tables, 
^ having firat been found from the tables. 
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(2) a cos a -t- 5 sin a = a cos (a — (fy) sec where tan (fy = bfa ; 
hence 

log (a cos a + 6 sin a) = Jog a + L cos (a — — L cos tfy, 

where ^ is found from 

L tan ^ = 10 + log h — log a. 

116. To calculate numerically the roots of a quadratic 
equation supposing the roots to be real. 

Let aa7® + 6aj + <J = 0 be the equation, and first suppose a and c 
to be both positive. We have tan®^ — 2 cosec 20 tan 0 +1 = 0; 
now let ic = yVc/a, the equation becomes y* 4- 6y/Vac + 1 = 0; 
hence if sin 20 = 2 Vac/5, the quadratic in y will be the same as 
that in — tan 0, the roots of which are — tan 0, — cot 0 ; thus the 
roots of the given quadratic are —Vc/a tan 0, —Vc/a cot 0, where 
sin 20 = 2 Vac/5, and hence the roots may be calculated by means 
of logarithmic tables. 

If a and c are of opposite signs, we may take the quadratic 
to be cw?+ 5 a? — c = 0 ; in this case put a = 3 / Vc/a and it reduces 
to 4 - 6 y/Vac — 1 = 0 ; comparing this with the equation 
tan* 0 4 2 cot 20 tan 0—1 = 0 

we see that if tan 20 = 2 Vac/5, the roots of the quadratic in x 
are Vc/a tan 0 and — Vc/a cot 0 . 

117. To calculate the roots of the cubic 4 ya? 4 r = 0 
supposing them all to be real. We shall suppose q to be negative. 

Consider the equation 

sin® 0 — I sin 0 4 i sin 30 = 0 ; 
let ® = y V— 49 ^/ 3 , then the equation in x becomes 
»*- ty + »’(-3/4g)* = 0 ; 
this will be the same as the cubic in sin 0, if 

sin 30 = 4r (- 3/4ig)^ = (- 27r>/V)*; 
hence the values of x arc 

V— 4 g /3 sin 0 , V— 4^/3 sin (0 4 § w), V- 4g/3 sin (0 4* f tt), 

the condition that sin 30 1 is the condition that the roots of the 

cubic are all real. 
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We shall shew in a later Chapter how to calculate the roots of 
a cubic when two of them are imaginary. 

The processes by which we have solved the quadratic and 
cubic equations shevr that the two algebraical problems are really 
equivalent to the geometrical problems of bisecting and trisecting 
an angle respectively. It follows that a quadratic equation can 
be solved graphically by means of the ruler and compasses only, 
whereas the cubic can not in general be solved graphically by 
these means, since they are inadequate for solving generally the 
geometrical problem of trisecting an angle. 



CHAPTER X 


RELATIONS BETWEEN THE SIDES AND ANGLES 
OF A TRIANGLE. 

118. If ABC be any triangle, we shall denote the magnitudes 
of the angles BAG, ABC, AGB by A, jB, (7 respectively, and the 
lengths of the sides BC, CAy AB by a, fc, c respectively. We 
shall, in this Chapter, investigate various important formulae 
connecting the sides a, 6, c of a triangle with the circular functions 
of the angles. These formulae will afford the basis of the methods 
by which we shall solve a triangle in the various cases in which 
three parts of the triangle are given. 

119. From the fundamental theorem in projections we see 
that the sum of the projections of BA, AC, on BC, is equal to BC, 
and that the sum of their projections on a perpendicular to BC is 
zero. Expressing these facts we have, since the positive direction 
of AC makes an angle — C with the positive direction of BC, 



B L C B * C L 


BA cosB-f ACcosC=a, 

OP ccosB + 6cosC = a, 

and BA sinB- ACsinCssO, or csinB- 6sinC — 0, 
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which may be written 6/sin B = c/sin G. These relations and the 
corresponding ones obtained by projecting on and perpendicular to 
each of the other sides, in turn, may be written 


a - 6 cos C + c cos B ' 

5 = c cos ^ -fa cos (7 . .. 
c = a cos JS + 5 cos A 
a/sin A = h/sin B = c/sin G. 


( 1 ), 

,( 2 ). 


The equations (2) express the fact that, in any ti^angle, the 
sides are proportimat to the sines of the opposite angles. 


120. The relations (2) may also be proved thus : — Draw the 
circle circumscribing the triangle ABG, and let R be the length 
of its radius, then the side BG is equal to twice the radius multi- 
plied by the sine of half the angle BG subtends at the centre 
of the circle, that is 

BG—2RsimA or 2jB sin(180° 
hence a « 2ii sin A ; similarly 

6»2i2sinJ}, and c = 2jBsinO, 
hence a/sin A == 6/sin B = c/sin G = 2JB. 

These relations (2) may also be deduced from (1) ; writing the lirst two 
equations (1) in the form 

a - 6 cos C- c cos ^ «0, 

— acos (7+6~ccoBil=0, 
we can determine the ratios of a, c ; we obtain 

a ^ h _ 0 

cos (7 cos A H-cos B “ cos B cos C7+cos 1- cos® O * 

hence . — p . or al^mA^bl^mB^clsmC. 

sindsm^? sinBsmC sm^(7’ ‘ ' ' 

To deduce (1) from (2) we have 

a= sin ^ (sin^cos(7-Hco8i?sin C)i 

sin A sin A 

b c 

hence «=»--. — 5 sin BcoaO+ -r— cos B sm b cos 0+ c cos B, 

sin B sin O ’ 

which is the first of the relations (1). 

If we eliminate a, 6, c from the three equations in (1), we obtain the 
rdation cos® .4 + cos® 5+ cos® (7+ 2 cos il cos 5 cos C=l, which holds between 
the cosines of the angles of a triangle. 
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121. If we multiply the equations in (1) by — a, 6, c respec- 
tively, and then add, we have 

ft® + c® — a® = 26c cos A, 

which gives an expression for the cosine of an angle, in terms of 
the sides ; we may write this relation and the two similar ones for 
cos JS, 'COS (7 thus 

a* = ft* + c* — 2ftc cos A' 

ft2 = c* + a* — 2ca cos 2^ (3). 

c® *= a® + ft® — 2aft cos 

122. We may obtain these relations (3) directly by means of 
Euclid, Bk. H. Props. 12 and 13. If AZ be perpendicular to BO, 
we have, when 0 is an acute angle, 

jB® = ^ (7® + - 2BC . CL, 

and when G is obtuse 

^/?® = AG^ + BG^ + 2BG. CL\ 
m the first case GL=^ AG cos C7, and in the second case 
GL = ^(7 cos (180" ^ 0) = - AGaos G ; 
therefore in cither case 

d® = a® -f ft® ~ 2a6 cos (7. 


To deduce the relations ( 2 ) from ( 3 ) we have 


cos A — 


ft‘-+c® — c* 


therefore 


2 46^6*^ ~ (6® + c® — ^®)® _ (2ftc+ft®-f c® — a®)(2&c+a®— — 


, _(a+ 6 +c)( 5 +c-a)(c+o- 6 )(o+ 6 -o) 
or bill A * . 

Sill® A . 

thus ‘ is equal to the symmetrical quantity 

(g +ft+c) (ft+c~ g)(c+g~ft) (g-hft-c) , 

. Bin®.d sin®/? sin® 67 

hence — o — » — , 9 — — « — § 

g® 6® c® ® 

from which ( 2 ) follows. 

To deduce ( 1 ) from ( 3 ), divide the first two equations of ( 3 ) h\ r, and tlien 
add them ; we get 

g24-ft® g®-4-6® 

= 2 c H 2 (h cos A -fa cos B\ or c= h cos A -f-a cos /> 

a c 
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123. We have 

^ jA ^ ^ 1 ““ cos cos -f cos 


hence 


sm^ 


1 >• 1 6 * + c*-a*\ ,1 ^ . 6» + c*-a*N^ 

26c- j’ -2^-J. 

or 

■,,_V 1 . _ (a + b-c)(a-b + c) .. _ (a + b + c)(b i-n-a) 

, aw iA- ^ ,coaiA- 

Now let 25 = a + 6 4- c, then 2 (s — a) = 5 + c — cr, and we have 

. (s — 6)(.s* — c) . 5(.s* — a) 

— g coa^A= ^ 

therefore 



these formnlao are more convenient than (8) as a means of 
determining functions of the angles when the sides are given, 
because they are more easily capable of being adapted to 
logarithmic calculation. 

lOii a- sin^ smO , 

124 . Since — t — = , we have 

0 c 

si n ± sin (7 __ 6 ± c 2 sin ^(B ±C) cos + __ 5 + c 

sinil "" a ’ 2sini(£H-(/)cos^(-6 + (7)” a * 

, 6 + c cosi(5 — C) 1 — c sin A (5 — C) 

hence = -T Vp : and = .nC » 

a cob^{B + C) a + C) 


or 


_ (5 + c) sin (b — c) cos A A 


■(5), 


we obtain by division the formula 

tan i(B-C) = ~ cot (6'). 

To prove these formulae geometrically, with centre A and radius AB 
de8cril>e a circle cutting AC in D and draw 1)F parallel to BE, then 
CE^h^-c, DC^c^h, DEB^\A, DBF^C^‘^A-Q0 ’^ We have 


CD _s\n DBF 
CB^BinCDB' 


ft - «• ^ sin A {B^ 
a cos A * 
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E 



also 

hence 


fe+c CE EB BDcot^A cot^il 

" CD "" DF ” ’BliiAn^iC^ B) “ (& - J?) ' 

tan i - C) cot ^A, 


The area of a triangle. 

126. The area of a triangle is half that of a parallelogram on 
the same base and with the same altitude; if the side a is the 
base, the altitude is 6 sin G or csin£, we have thus the expressions 
^ ab 8m C and ^ac sin £ 

for the area of the triangle; the area of a triangle is therefore 
half the product of any two sides multiplied by the siw of the 
included angle. 

Using the expression for sin A, found in Art. l22, 

^ V(a + 6 -Tc) (6 + c - a) (c + a - 6) (a + 6 - c), 

we have for the area of a triangle the expression 

J V(ei + 5 + c) (6 + c — a)(c 4- a — 6) (a + 6 - c), 

or — a)(5 — 6)(5— c) (6), 

this formula was obtained by Hero of Alexandria^ (about 125 b.c.) 
The formula (6) may also be written 

J V26*c* 4- 2cW + 2a*6* - a* - 6* - c*. 

^ See Ball’s History of Mathemattrs, p. 82, where the original geometrical proof 
of the formula is given. 
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Variatiom in the sides and angles of a triangle. 

• 

126. We shall now investigate the relations which hold 
between small positive or negative increments in the values of 
the sides and angles of a triangle. Suppose three of the parts of 
a triangle to have been measured, of which one at least is a side, 
the other three parts will be determined by means of the formulae 
of this Chapter ; the relations between the increments of the parts 
will enable us to find the efiect in producing errors in the values 
of the latter three parts of small inaccuracies in the measurement 
of the former parts. We shall suppose that the increments are so 
small that their squares and products may be neglected. 

Suppose A, By C, a, 6, c to be the values of the angles and 
sides of a triangle, as ascertained by the measurement of one side 
and two angles, two sides and one angle, or the three sides, the 
other three values being connected with the three measured ones 
by means of the formulae given above. If the three parts have 
been measured inaccurately, there will bo consequent inaccuracies 
in the values of the other three parts as found by the formulae ; 
let B + SB, (7+S(7, a + Sa, 6 + 86, c + Sc be the accurate 

values of the angles and sides ; we shall obtain relations between 
the six errors 8^1, SB, SC, Sa, Si, Sc, It will be convenient to 
suppose the increments of the angles to be measured in circular 
measure; they can however of course be at once reduced to 
seconds. 

We have c sin J5 — 6 sin (7 =* 0, 

(c + 8c) sin ( B + 85) - (6 + 86) sin (G + 80)^0; 
since, when the squares of SB, SC are neglected, 
sin (B + 85) = sin 5 + 85 cos 5, sin ( 6’ + SC) = sin C + SC cos C, 
we have, (c + 8c) (sin 5+85 cos 5) — (6 + 86) (sin (7 + 8(7 cos (7 ) = 0 
hence if we neglect the products 8c, SB, Sb, SC, we have 

c cos 5 . 85 + sin 5 , 8c — 6 cos (7 . 8(7 — sin (7. 86 = 0. 

This, with the two corresponding equations, may be written 
sin (7 . 86 — sin 5 . 8c = c cos /:? . 85 — 6 cos C , SC 
sin .4 . 8c — sin 6* . 8a = a cos C , SC — c cos A ,SA ... .(7). 
sin 5 , 8a — sin 4. . 86 = 6 cos . 84. — a cos 5 . 86 
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Also SA. -f SJB -h BG = 0 (8), 

in virtue of the relations 

A + B + C^tt, il + Sil+5 + SS + a+S0 = 7r. 

The equations (7) are not independent, as may be seen by 
writing them in the form 

^ ^ = cotB. SB- cot 0. SO, 

0 c 

§?_!? = cot 0. so- cot A . S4, 

c a 

~ ^ = cot A . SA — cot B . SB, 

a b 

which shews that any one of the equations may be deduced from 
the other two. 

The system consisting of two of the equations (7) and the 
equation (8) is sufficient to determine any three of the six errors 
when the other three are given, except that one at least of the 
three given errors must belong to a side. 

By eliminating SB, SG, between (7) and (8), we obtain an 
equation giving Sa in terms of Sb, Sc, and SA ; this may however be 
found directly from the formula c*— 26c cos A ; we obtain 

aSa = (6 — c cos A) 86 + (c — 6 cos A) Sc 4- 6c sin ASA, 
which, with the two corresponding formulae, becomes, in virtue 
of (1), 

aSa = a cos C ,Sb + a cos B . Sc + 6c sin A . S^] 

686 = 6 cos A . Sc + 6 cos (7 . Sa + ca sin B . SB> (9). 

cSc = c cos B . Sa 4* c cos A . 86 + a6 sin G .SG) 


Relations between the sides and angles of polygons. 

127 . Let tti, tta, a^...an denote the lengths of the sides, taken 
in order, of any plane closed polygon, and let oti, denote the 

angles, measured positively all in the same direction, which these 
sides make with any fixed straight line in the plane of the 
polygon; then from the fundamental theorem in projections in 
Art. 17, we have, projecting on the fixed straight line and 
perpendicular to it, the two relations 

a, cos tti 4- Oa cos Wj 4- 4 an cos an = 0, 

sin «! 4- Ua sin efg 4* + a.n sin «« = 0 


H. T 


11 



162 KELATIONS BETWEEN THE SIDES AND ANGLES OF A TRIANGLE 


Now let the line on which the projection is made be the side an ; 
if we denote by jSi the external angle between and a^, by the 
external angle between Oi and &c., then 

®i = A + — A + ^2 + ^3> On “ 2 w, 

we have then 

Gi COS^x + GaCOS (^81 + /33)4- G, COS + ^ 2 + iSj) + ... + Gn =0^ 

Gi sin i 8 i + Ga sin (A + /Sj) + sin (A + A + iSs) + ... [ (1 0), 

+ Gn-i sin (ySi + + . . . + = oi 

the two fundamental relations between the sides and angles of a 
polygon. If there are only three sides, these relations reduce to 
( 1 ) and ( 2 ) respectively, remembering that / 8 i = tt — .dj, / 8 a = tt — A^. 

128. In the first equation in ( 10 ), take Gn over to the other 
side of the equation, then square both sides of each equation and 
add ; in the result the coefficient of 2 GyG, is 

cos (A + /82 + . . . + I3r) cos (/ 8 i + / 8 , 4- . . . + / 8 ,) 

+ sin (/ 8 x + / 8 a + . . . + ^r) sin (/3,^ ... + / 8 ,), 

or cos (jSr^i + fir-H + . . . + ^») ; 

this is the cosine of the angle 0„ between the positive directions 
of the sides a, and a , ; we thus obtain the formula 

o„* = tti* + o,* + . . . + On-i + 2 aiaj cos + . . . + 2 a,a, cos . . . ( 11 ), 

which is analogous to the formulae (3), to which it reduces when 
n s= 3. In the formula (11), r and a are each less than n and are 
unequal. 


The area of a polygon. 

129. The area of a polygon is given by the expression 

i (fliO, sin ^„ + . . . + Ora, ain (12), 

or iSorOfSin ^„> the summation being taken for all different values 
of r and s; if we suppose a is always the greater of the two 
quantities r and a, the angle is, as in the last Article, the 
sum of the external angles )9r+i + i8r+> + • . . + /9,. To prove this 
formula, we shall first shew that in the case of a triangle it 
reduces to the expression io,a,sinA„ and shall then shew that 
if it holds for a polygon of n — 1 sides, it also holds for one of 
n sides 
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We have in the case of the triangle A 1 A 2 A 3 , in which 

AiA.j = Orij 

^ia = '7r— ila, 02S = 'W-— il„ 0i8 = 27r— iia — -As, 

hence in this case -^Sara, sin 6 ^ is equal to 

|^(aiaasin-42 + a2as8m4j — aiaasin-A,) or J^^ajSinilj, 
thus the formula holds when n = 3. 

Now suppose the formula true for a polygon of sides 

^2, ttn— ij 

so that the area of the polygon is 

sin d^a + ^aViSa, sin 0 n-\,rf 

where r and s are each less than n — 1. Now replace the side a n-i 
by two sides an-j, tin, thus making a polygon of n sides; we have 
to add ia„_ian sin ^n-i.n; the area of the polygon of n sides is 
then 

^^Oraa^mOra^- i^'n-iSar sin 0'n-i.r + ian-i^n 81^ 

Now we have, by projecting the side a'n-i on a,., 

a sin 0V.n-i = sin 0 r,n~i + Cbn sin 0 r,n> 
hence the above expression becomes 

sin Ora + i2ay(a»-.i sin 0r,n-i sin ^r,n)+ J Cbn^idn sin^„„,,„, 
or ^Zia^ttgsin 

where r and s have all different values from 1 up to n, such that 
r<s. 

The formula (12) has been shewn to be true when 7i = 3, and 
is therefore true for a = 4, &c., and therefore h(dds generally. 

It should be observed that in the formula (12) the coefficient 
of cii vanishes, in virtue of the second equation in (10); the 
formula therefore becomes sin where r and s have all 

values from 2 up to a, a being always greater than r. 


11—2 
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EXAMPLES ON CHAPTER X. 

Prove the following relations in Examples 1 — 11, for a triangle ABC. 

1. a sin (^ - (7) + 6 sin (C- A ) +CBin {A - i?) =0. 

2. a® cos A + 6® cos j5+c® cos abc (1+4 cos A cos B cos C), 

3. o® cos (7+ c* cos A = {6® + (c - a)®}. 

4. a cos A cos 2A + & cos B cos 2B+c cos C7cos 20 

+ 4 cos A cos cos C (a cos A +b cos 5 + c cos C) «0. 

6. a® cos 2 (^ — (7) = 6® cos 2Z? + c® cos 20+ 2bc cos {B — (7). 

6. a® cos (5 — C) + 6® cos (C7- A) +c® cos (A - -fi) ** 3a6c. 

7. c®=a® cos 35+ 3a® 6 cos (25 - A)+3a6® cos (5 - 2A) + 6® cos 3A. 

8. (cot JA-tan J5-tan J6')^ + (cot 15 — tan J (7- tan ^A)^ 

+ (cot J (7 - tan i A - tan ^5)^ = (cot ^ A + cot J 5+ cot ^ (7)i, 

9. fc®+c® — 26c cos (A +60“)=c®+a®— 2ca cos (5+60*) 

= a® + 6® - 2a6 cos ( (7+ 60®) ; 
interpret this result geometrically. 

10 cos J 5 sin (i 5 +67) : cos ^ (7 sin (167+5) :: a+c : a+6. 

11. (a+6)sin 5 =26 sin (5+^67) 003^67. 

12. Prove that, if the sides of a triangle be in a.p., the cotangents of its 
semi-angles are in a.f. 

13. If the squares of the sides of a triangle are in A.P., shew that the 
tangents of its angles are in h i\ 

14. If 1 - cos A, 1 - cos 5, 1 — cos O are in H. p,, shew that sin A, sin 5, 
sin 67 are in n.p. 

15. If 6-a=wM?, prove that A=cos”^ (mcosi67)— J67, 

j ^ /n A\ l+mco85 

and coti(5-A)«--^^ 

' mmnB 

16. Prove that, in a triangle, cos A+cos5+cos 67>1 and 

17. Prove that, in a triangle, tan® J5tan® J 67+tan®i67tan® JA+tan® JA 
tan®^5<l, and that if one angle approaches indefinitely near to two right 
angles, the least value of the expression is 

18 Prove that a triangle is equilateral if cot A + cot 5 + cot 67= ^73 
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19. If in a triangle, 

cosec A cosec H cosec 0+ 4 cot X cot B cot 0 

=sec ^ sec sec ^ C7+ 4 tan ^ A tan tan ^(7, 


prove that one angle is 60*. 

20. If in a triangle, cos A = cos B cos C, prove that cot B cot C7= J. 

ob“h 

21. If 0 bo an angle determined fiom cos<? = -— , prove that 

1/ A D\ («+&)«in^ j i/j . Dv csin^ 

= and co^HA + B)-^^. 


22. If 0 is a point inside an equilateral triangle, prove that 

B0^+Cq^-A02 
2B0.C0' ' 


cos (J? 0 C- 60 °)= 


23. If (?=5+^a, and BC is divided m 0 so that BO : 067 :: I : 3, prove 
that LAC0=2LA0a 

24. If CDy GE make equal angles a with the base of a triangle ABC, 
shew that area ABC : area CED :: c : 25 sin A cot a. 


26. If ABhQ divided in 67, Z>, so that AC—CB^LB^ and if P be any 
other point, prove that 8inili^Z)sin5P67«=!4sini4P67sini9P/>. 

26. If the sides of a parallelogram be 6, and the angle between them 
be 0 , prove that the product of the diagonals is {(a* +5*)* -4a® 5* cos® 

27. If D is the middle point of the side BC of a triangle, and L BAD^B^ 
lCAD=>(I)^ shew that cot^-cot0=cotP-cot 67. 

28. A straight line divides the angle 67 of a triangle into segments a, 
and the side c into segments or, y, and is inclined to this side at an angle 0 , 
prove that a!cota-f/cotfi=ycot A- jccot B=0c+y) cot 0. 

29. If the sides of a triangle are in a. r., and if the greatest angle exceeds 
the least by 90®, prove that the sides are as V7+1 : \77 : 

30. Prove geometrically, that in any triangle 

acoB0^bcoB(C-0)+cco&(B+0), 0 being any angle. 

If a, 6, 0 denote the sides AB, BCy CD of any plane quadrilateral, shew that 

g sin A -5 sin {A -P) + csin (d— P— 67) _, ^ . 

ocos A-5cos(ii -P)+ccos(A-P-67)"* ^ 

31. If a triangle iiP67 be such that it is possible to draw a straight line 
AD me.eting BC in i>, so that L BAD is one-third of L BAC, and also BD is 
one- third of BC, prove that a*6®*=(6®-c*)(6®-l-8c®). 

32. BC is a side of a square; on the perpendicular bisector of BC, two 
points P, Q are taken, equidistant from the centre of the square ; BP, CQ axe 
joined and cut in A ; prove that in the triangle ABC, 

tan A (tan P- tan 67)*+8«0. 
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33. If y 2 4 . 2:2 _ 2 y 2 ; cos a = 

«*+iC®-2ziFCos/9=6^> and a+i9+y=2ir, 

^ y * — 2 A’y cos y = J 

prove that 

{yz Bin a+z.v sin y)*=J(262c®+2c*a*+2a26‘'*- a*- 5^ — <?•). 


34. If At B, C SkTe angles of a triangle) and x, z are real quantities 
satisfying the equation 

yam C- 2 sin 5 gainii ~j?sinC^ 
jp — y cob 6 * — COM /f y — ;e cos .4 ~ a? cos C* * 


then will 


X ^ y z 
sill A sin B sin (7* 


36. Prove that the area of the greatest rectangle that can be inscribed in 
a sector of a circle of radius R is where 2a is the angle of the 

sector. 

36. Shew how to construct the right-angled triangle of minimum area 
which has its vertices on three given parallel straight lines ; and if a, h are the 
distances of the middle line from the other two, shew that the hypothenuso 

makes with the parallel lines an angle cot'i^^^, 

37. If the angles of a triangle computed from slightly erroneous 
measurements of the lengths of the bides be A , /i, (7, prove that if a, /a, y bo 
the approximate errors of lengths, the consequent errors of the cotangents of 
the angles are proportional to 

cosec A (/3 cos C’\-y cos B - a), cosoc B (y cos A + a cos G - /3), 
cosec G (a cos Z? + ^ cos A - y). 

38. Prove that, if in measuring the three sides of a tvi.ingle, small errors 
A’, y be made in two of them a, 6, the error in the angle C is 

— cot Z? +*| cot A ^ , 

and find the errors in the other angles. 

39. The area of a triangle is determined by mcasunng the lengths of the 
sides, and the limit of error possible cither in excess or defect in measuring 
any length is n times the length, where w is a small quantity. Prove that in 
the case of a triangle of sides 110, 81, 69, the limit of error possible in its 
area is about 3*1433 n times the area. 


40. Prove that the cosines Ci, C2, Cs, C4 of the four angles of a quadri- 
lateral satisfy the relation 

(Cl* + <%*+(%* + C4*) — 2 (Ci®C2*+C2*Cs*-f-C8*Ci*-|-C4®Ci®-|-C4*C2^ + C4*C8*) 

•f 4 CiC2C3C4(2-Ci*-04*-C8*-C4®)*0. 
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THE SOLUTION OF TRIANGLES. 

ISO. We shall now proceed to apply the formulae obtained 
in the preceding Chapter to the solution of triangles, that is, 
when the magnitudes of three of the six parts are given, to find 
the magnitude of the remaining three parts ; one at least of the 
three given parts must be a side. We shall generally select such 
formulae as can be used for numerical computation by means of 
logarithms, as these formulae only are of use in practice. 

The solution of triangles is made to depend upon a knowledge 
of the numerical values of circular functions of the angles, hence 
since such circular functions are the ratios of the sides of right- 
angled triangles, it is seen that the solution of all triangles is 
really performed by dividing up the triangles into right-angled 
ones. 


The solution of right-angled triangles. 

131. Suppose the angle (7 of a triangle to be 90®, then this 
is one of the given parts, and we can solve the triangle in the 
various cases in which there are two other parts given, one at 
least being a side. 

(1) Suppose the two sides a, b to be given ; then the angle 
A can be determined from the formula tan A = a/6, and B is then 
found as the complement of A ; also c = a cosec A, which deter- 
mines c, when A has been found; the logarithmic formulae for 
solving the triangle are then 

L tan -d = 10 -h log tt — log 6, 

5=90®-A, 

log c *= log a — Z sin A -f 10. 
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(2) Suppose the hypothenuse c and one side a to be given , 
then the angle A is determined by means of the formula 
sin A = a/c, B is found as the complement of A, and b is found 
from the formula 6 = ccos-4, or from b^==c^--a\ 

The logarithmic formulae are 

X sin = 10 + log a - log c, 

JB = 90° - A, 

and log b = log c + £ cos -4 — 1 0 

or log 6 = i log (c + a) + i log (c - a). 

(3) Suppose the hypothenuse c and one angle A are given, 
then B is found at once as the complement of -d ; a is found 
from a = c sin A, and & as in the last case. 

The formulae are 

log a = log c + Z/ sin — 10, 

£ = 90° -.1, 

log b = log c + X cos ^ — 10 
or log 6 = ^ log (c + a) + i log (c - a). 

(4) Suppose one side a and one angle A to be given, then B 
is 90° — ^, c is a cosec and b is found as in the last two cases; 
the formulae are 

log c = log a ~ Z sin -d + 10, 

£ = 90°-^, 

log b = log c + Z cos dl — 10 
or log 5 = i log (c + a) + ^ log (c — a). 

132 . In certain cases, the formulae of the last Article are 
inconvenient, for example in case (2) if the angle A is nearly 90°, 
it cannot be conveniently determined from the equation sin A = ajc, 
since the differences for consecutive sines are in this case in- 
sensible, we therefore use another formula ; from the theorem (4) 
of Chap. X. we obtain 6tani£ = c — a, bcot^B = c + a, hence 

tan* ^£ = , thus we have tan(45° — ^.4)= , and this 

formula, being free from the objection, may be used to determine A. 

Again, in cases (3) and (4), the formula 6 = ccosA is in- 
convenient if A is very small; we may then use the formula 
6 = c — c sin A tan ^A, 
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133. Various approximato formulae may be found for the solution of 
right-angled triangles. Let us denote by a, /3 the circular measures of the 
angles A, B respectively. 


(1) An approximate form of the formula as»ccos B is 

which is obtained by taking the hi’st three terms of the expansion of cos B in 
powers of the circular measure of B; this formula may then bo used for 
approximate calculation of a, when c and B are given, provided fi is not 
too large. 


(2) Since siiiA=a/tf, we have o- + approximately; to 

obtain a in terms of a/c, wc have as a fii*st a}>proximaiion a^a/o, and as a 

second approximation a=^ + ^ ; the third approximation is 


or 


c “^6lc *^6 Vc/ / 120 W 

■^ + 6Vcj +40W ’ 


which may be used to calculate a. 


/^\i 


(8) From the equation tan we can obtain the approximate 


/c-a\a 




\ 3 \c+aj 

^5\c+a// 


(4) Using Snellius* formula 0= 


3 sin 20 ^ , i. 

> for ™ circular measure of 
2 (2 -H cos 20)' 

an angle (see Ex. 32, p. 138), in which the approximate error is /^0^ put 
20»j3, we then obtain the formula error is approximately 

thus B is given in degrees by the approximate equation 
36 




2c+a 


X 57”*2967. 


The solution of oblique-angled triangles. 

134 . To solve a triangle when the three sides are given; 
any one of the formulae 

with the corresponding formulae for the other angles, may be 
used; these formulae are adapted for logarithmic calculation. 
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Example. 

The sides o f a triangle are proportional to 4, 7, 9 ; find the angles^ haring 
given 

%2«-301030, 

Z«(wl2*36'*9-349329, dig. for l'= 000893, 

Ltan2^^ 5'=9-660281, dig. for r«-000339. 

We find «3 b 10, tf-a=6, 6=3, «-c=l, and hence tani-d* Vl/20, 

tani2?=\/^0, thus Ztan Jil = 10 -J(l + ‘301030) = 9 349486 
and X tan J N = 10 + J (301030 - 1) = 9-650615. 

To find we have 9*349485 - 9*349329 = *000156, and JJ5.60" = 15"8 
approximately, hence Ji4 = 12® 36' 15"*8, or -d=25® 12' 31"*6. 

To find By we have 9*650516 -9*660281 =*000234 and . 60"=41"*4 
approximately, hence JZ=24® 5' 4r'*4, or Z=48“ 11' 22"*8; also 

C= 180“ - 4 - Z= 106“ 36' 6"*6 ; 
thus we have found the approximate values of the angles. 

135. To solve a triangle when two sides and the included 
angle are given. 

Suppose b, c, and A are the given parts, then B and G may 
be determined from the formula 

tan — cot i A, 

together with 5 + 0=180® — il ; the logarithmic formula is 
Z tan i (5 - 0 ) = log (5 - c) - log (6 + c) + Z cot ^ il . 

Having found B and 0, the side a may be found from any one 
of the three formulae 

log a = log c + Z sin il — Z sin 0, 
log a + Z cos i (5 — 0) = log (6 + c) + Z sin i il, 
log G + Z sin ^ (fl — O) = log (6 — c) + Z cos iA. 

We may also determine a thus: — Since a* = 6* + c- — 26ccosil 
we have 

a® = (6 + c)* — 46c cos® ^A, 
hence a = (6 + c)cos0, where ^ is given by 
. . 2 cos ^A . 
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.thus we may first find <f> by the logarithmic formulae 

£ sin ^ = log 2 + J log 6 + ^ log o + L cos Jil — log (6 + o\ 
and then determine a by the formula 

log a =3 log (6 + c) + £ cos ^ 10. 


Examplb. 

If a=123, 0=321, B— 29* 16', find A, 0, b, having given 
log 99=1-9966362, Z««29‘’16'= 9-6891978, 
log 123=2-0899061, Z«al6°42'= 9-4323286, diff. for l''=74-87, 
log 2220=3-3463630, Z cot 14° 38'= 10-6831901, 

% 2221 =3-3465486, Z<a» 69° 39' =10-2324652, dtff. for l"=48-27. 
We have ZtanJ(C-A)=Zcotl4°38'+log99-log222 

= 10-6831901 + 1 -9956362 - 2-3463530 
= 10-2324723. 

171 

Now 10-2324723 -10-2324662 =-0000171, and approximately, 

hence i(<7-A)=69°39'3"-6, also i ((7+ A) =76° 22', therefore A = 16° 42' 66"-6i 
C=135° 1' 3"-6. 

Again log6=9-6891978+ 2-0899051 -Zsiu 16° 42' 66"-6, 
and 66-6 x 74-87= 4230-155, hence Zein 15° 42' 66"-6=9-4327515, 
therefore log 6 =2-3463614, so that 6=222 -y^=221-992. 

136. To solve a triangle when two sides and the angle opposite 
one of them are given. 

This is usually known as the ambiguous case. 

Suppose a, c, and A are the given parts, then sin C is deter- 

mined from the equation sin (7=~sinil; when sin C is thus found, 

there are in general, if csin^ a, two values of G less than 180®, 
the one acute and the other obtuse, whose sine has the value 
determined; we must consider three different cases; — 

( 1 ) if C8mA> a, we have sin (7 > 1 , which is impossible, and 
indicates that there is no triangle with the given parts ; 

(2) if c sin -4 a* a, then sin 0=1, and the only value of 0 is 90®. 
If .4 < 90®, there is one triangle with the given parts, and that one 
a right-angled triangle. If A >90®, the value 0=90® is inad- 
missible, and there exists no triangle with the given parts. 
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(3) it c&inA< a, then sin G<1, and there are two values ot C, 
one acute, the other obtuse 

(a) if c < a, we must have G< Ay hence G must be acute, 
thus there is only one triangle with the given parts; 

()8) if c> a, the angle G is not restricted to being acute, and 
both values are admissible, provided A < 90°; but if J. > 90° 
neither value is admissible since G> A. There arc two triangles 
or none with the given parts according as < 90° or > 90°; 

(7) if c = a, then G— A or 180° — A; for the latter value of C 
two sides of the triangle are coincident, the first then gives the 
only value of G for which there is a triangle of finite ai’ea, but 
this is only admissible when A < 90°. 

We may state the above results thus: 
c sin il > a, no solution 


c sin ^ = a, 
c sin = a, 
csin < a. 


A < 90°, one solution 
A > 90°, no solution 
'c<a, one solution 
c = a, A < 90°, one solution 
c = o, A > 90°, no solution 
c> a, A< 90°, two solutions 
c>a, A >90°, no solution 


When C is nearly 90®, it cannot be conveniently determined by means of 
Its sine ; in that case we may use one of the formulae 
csiui 




g+ csin A 
cfiinA' 


137. It is instructive to investigate geometrically the different 
cases considered in the last Article. 

From B draw BD perpendicular to the side b, then 
BD = c sin A ; with centre B and radius a, describe a circle ; 
then if a is less than csin A, this circle will not cut the side AG 
and no triangle with the given parts can be drawn, but if 
a>osinA, the circle will cut AG in two points, Oj and G^, In 
the case a < c and A < 90°, both Gj and (7, are, as in Fig. (1), on 
the same side of A, and the two triangles ABGi and ABG 2 have 
each the given parts, the angles AG^B, AG^B being supplementary. 
When a< c, and A >90°, A will be beyond G^, and no triangle 
with the given parts exists. If a>c, then Gi and G^ are on 
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opposite sides of -4, and only the triangle A BOi has the given 
parts. The triangle ABC^, in this latter case, has the angle at 
A not equal to A, but to 180® — 4, and therefore does not satisfy 
the given conditions. 

If a = c sin A, the circle touches AC at D, and the right-angled 
triangle ADB is the one triangle with the given parts, provided 
A < 90®. 

We remark that since, in Fig. (1), 

AD — ccoqA, and OiD = C^D = Va® — c* sin* 4, 
the two values of b are 

ccos4 + Va®- c*sin*4 and ccos4 — Va® — c®sin®4, 

these values being both positive when there are two solutions; 
we may also obtain these values of 6 as the roots of the quadratic 
equation in 6, 

a* = 62 + c*— 26c cos4. 
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138. To solve a triangle when one side and two angles are given^ 
Suppose a the given side, and A, C the given angles, then B 
is determined from the equation JB= 180° — — (7, and the sides 

t, c will be determined by means of the formulae 
log h = log a + /> sin J5 — i sin 
log c = log a + i sin C — L sin A. 

Example. 

7/* a =5 10, A=51®30'40", 3^70"^, Jbid b, having given 
log 12396 = 4*0932816, L sin 76“ = 9*9869041, 
log 12397 = 4*0933166, L sin 51 “ 30' = 9*8935444, 

Xsm 51“ 31' =9*8936448. 

We have log 5 = 9*9869041 + 1-X sin 51“ 30' 40" 

and X sin 61“ 30' 40" = 9*8935444 + x *0001004 

-9*8936113, 

hence log 5= 1*0932928, therefore 5— 12 396+ii^x *001, 

or 6—12*3963 approximately. 

139. The expression coosA ± for b may bo adapted to 

logarithmic calculation; let sin 0—- sin A, then 6= ^^^^ ^ 

a sill A 

having been determined from the equation Xsin </)=Xsin J + logo— log a, we 
can determine b from log h = log a + X sin (0 ± A ) — X sin .4 . 

Denoting by o, j3, y the circular measures of the angles A , /i, C\ respectively, 
and by o', )3', y the complements of a, y, we obtain the following approxi- 
mate formulae for the solution of triangles. 

(1) Suppose A, C7, a are given, C not being large; then from the formula 

c=^^^, wo get the approximate formula 

c=acoseCii + 

Also if A and C are both not large, we have 

Jo’+liifa*-... ' 

hence c is given approximately by 

which may be used for calculating c. 

(2) Suppose, as in the last case, that A, t7, a are given ; also suppose C is 

nearly 90“, then , therefore (1 may be used 

to determine c approximately. 
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If both A and C are nearly 90"*, we have 


c*= 


therefore 

gives 0 approximately. 


a cos y 
cos a 


or 




140. We shall give a few examples of the solution of triangles, 
when instead of sides and angles there are other data. 

(1) Suppose the three perpendiculars from the angles on the opposite 
sides given ; denote them by pifP 2 iPa 9 we have then apx^hp ^- area 
of triangle. Now since 

hpm-^PaPi +P\P a ) ( -p a Pa +PaPi +P\P% ) 

' V ^pi^PtPz ’ 


we have 


cos^As 

which determines A ; alsop 2 =^slu A, hence c is determined when A is known. 
(2) Suppose the perimeter and the angles of the triangle given. We have 
(sin A+sin jB-f sin C\ 

hence R is determined, and the sides are then 

2/2 sin A, 2/2 sin ii, 2/2 sin (7, or a= TVt 

* * * sin A + 810 /?+ sin U* 

with similar values for h and c\ this value of a reduces to — 

* cosJ/^cosJC 

which is adapted to logarithmic calculation. 


(3) Suppose the base, height, and difference of the angles at the base 
given. Let a be the base, p the height and B — C—2a the given difference : 
then since ^+(7=180®— A, we have ^=90® + a — JA, (7=90® -a— JA, also 

a=p (cot B + cot C) (tan ( J A - a) + tan (i A + a)}, 

therefore -= — i hence cos A is given by the quadratic 
p C0SA+C0s2a’ o 'i 

a* (cos A +COS 2a)*=4p2 (1 - cos* A) 

or cos* A (a*+ 4^*) + 2a* cos 2a . cos A = 4p^ — a* cos* 2a, 

the solution of which is 

. a* cos 2a . 2p (4n* + a* sin* 2a)i 

these are two values of cos A corresponding to two solutions of the problem. 
Solve the triangle with the following data: 

(4) C, c, a+b. 

(6) B, a, b+a 

(6) The area cmd the erngUa, 

(7) 0, c+a, c+b. 

(8) The angles cmd the height 
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The solution of polygons, 

141. The relations between the sides and angles of polygons, 
and the methods of solving a polygon when a certain number of 
sides and angles are given, have been considered by Carnot S 
L'Huilier-, Lexell*, and others. The two fundamental equations 
in this so-called Polygonometry have been given in Art. 127. 

In order that a polygon of n sides may be determinate, 2w — 3 
of its 2n parts must be given, and of these at least w — 2 must 
be sides. To prove this, suppose the polygon divided, by means of 
a diagonal, into a triangle and a polygon of n — 1 sides ; if the sides 
and angles of the latter polygon were determined, we should only 
require to know two parts of the triangle in order to determine 
the figure completely, since one side of the triangle is already 
determined as a side of the polygon, hence to determine a polygon 
of n sides we require to know two more parts than for a polygon 
of n “ 1 sides ; since therefore for a triangle three parts must be 
given, one of which is a side, for a polygon of n sides we must 
have 3 + 2 (n — 3), that is 2n — 3 parts given. If of these 2n — 3 
parts, only w — 3 were sides, we should have n angles given ; but if 
w — 1 angles are given, the nth is also given, so that only 2n — 4 
independent parts would be given, thus at least n — 2 of the given 
parts must be sides. 

In some cases, a polygon can be conveniently solved by dividing 
it by means of diagonals into triangles, taking the diagonals for 
parts to be determined ; this method is however not always con- 
venient, as may be seen, for example, by considering the case of a 
quadrilateral when two opposite sides and three angles are given. 

142. To solve a polygon of n sides, when n — 1 sides and n — 2 
angles are given, 

(1) Suppose the angles to be found are adjacent to the side 
to be found. We shall, as in Art. 127, use the external angles 
/8i, between the sides, instead of the internal angles; 

1 Carnot, Geometne der SteUung, 
a L’Huilier, Polyg(mom€tne, Geneva, 1789. 

• Lexell, Nov, Comm, Petrop,, Vole. xix. xx. 
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suppose an the side to be found, then from the second equation (10) 
of Art. 127, we have 

sin )9i {Oi + Oa cos A + cos 4- A) + . . . + On-i cos (iSa + . . . + 

= - cos /8i {Ua sin /S* + sin ( A + A) + — + On-i sin ( A + • • • + /8n-i)}, 
hence 

Q ^ Oasin A + aasin(A4- A) + '*> + <^isin(A+«»»4-A~i) 
“"ai+aaCosA+a8COs(A+A)+-*-+»n-iCos(A+...+^fi-i)* 
this determines A in terms of the given angles A> A*** )9n~i s*nd 
the given sides Ua, aa...an~i; it should be noticed that this 
equation is found by projecting the sides on a perpendicular to 
the unknown side; the remaining angle A is then determined 
from the relation A + A + ••• + A = ^tt. 

Having found A snd A> can determine On from the 
equation obtained by projecting the sides on On, 

On = - {Oi cos A + OaCOS (A + A) + •••} , 

or by means of the equation (11) of Art. 128, which gives in 
terms of the squares and products of the other sides and of the 
cosines of the angles between the sides. 

(2) Suppose the angles to be found are adjacent to one 
another but not to the side which is to be found. We shall take 
On as the side to be found, and A» A+i the angles to be found, 

then A + A+i — 27r — (A + A + ••• + A -1 + A+t + ••• + A), 
thus A + A+i is known ; also from the second equation (10) 

Or sin(A + A+ ••• + A) = - a, sin A - a8sin(A + A) - — 

— Gtwi sin (A 4" A 4* ••• 4" ■" ^r+i sin (A 4" • • • 4- A+i) • 

-On-isin (A 4-... + AX 

hence A 4- A 4- ... 4- A can be determined, and therefore A- 

The side is then determined as in the last case. 

(3) In the case in which the two unknown angles are not 
adjacent to one another, let H, K be the angular points at which 
the angles are unknown; join UK, then the polygon is divided 
into two polygons, in one of which all the sides except one are 
known, and all the angles except the two which are adjacent 
to the unknown side. We can solve this polygon as in (1), 
determining HK and the angles H and K. 


H. T. 


13 
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In the other polygon we now have all the sides except one 
given, and all the angles except two adjacent ones ; this polygon 
can therefore be solved as in (2); we have then all the sides of 
the given polygon determined, and the angles at H and K are 
determined by adding the two parts into which they were divided 
by HK, and which have been separately found. 

•143. To solve a polygon of n when n — 2 sides cmd n — 1 
angles are given. 

We determine the remaining angle at once from the condition 
A -h A + ••• + = 27r. 

To determine an unknown side a^, use the equation 
tti sin A + Oa sin ( A + A) -f . . . -h sin ( A + A + • • • + ) = 0, 

obtained by projecting perpendicularly to the other unknown side 
We can then determine On in a similar manner, or use the 
other fundamental equation. 

144. To solve a polygon of n sides, when the n sides and n — 3 
angles are given. 

Let P, Q, R be the angular points at which the angles are not 
given; join PQ, QB, RP, then the polygon is divided into four 
parts, one of which is a triangle. In each of the parts except 
PQR, all the sides except one are given, and all the angles except 
those adjacent to those sides; we can therefore determine PQ, QR, 
RP, and the angles at P, Q, R, We can then find the angles of 
the triangle PQR, of which the sides have been determined. We 
obtain now by addition the angles at P, Q, R, of the given 
polygon. 

Heights and distances, 

146. We shall now give some examples of the application 
of the solution of triangles to the determination oi heights and 
distances. For fuller information on this subject, as for the de- 
scription of instruments for measuring angles, we must refer to 
treatises on survepng. The angle which the distance from any 
point of observation to an object makes with the horizon is 
called the elevatio n or the dgn^'ession of that object, according 
as the obje^ If^Dove or bel^TKe horizontal plane through 
the point of observation. 
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146. To find the height of okn inaccessible point above a hori- 
zontal plane. 

Let P bo the inaccessible point and G its projection on the 
horizontal plane, let PG = A, and suppose any line Ah = a, measured 



A B G B 


on the horizontal plane, if possible so that ABG is a straight line ; 
let the elevations of P at -d and B be measured, denote them by 
a and /8; then BO=A(cota — cot/ 8), therefore 

- a sin a sin /8 

which determines h. If it is impracticable to measure the base 
line directly towards G, lot it bo measured in any other direction ; 
let the elevations a of P be measured at A, and also the angles 

PAB-ri, and PBA=Z, then and h=APBma, 

8111 (7 + 8) 

therefore h = a - , thus h is determined, 

sin (7 + 8) 

147. To find the distance between two inaccessible points. 

Let P and Q bo the two objects, and let any base line AB = a 
be measured, the points A, B being so chosen that P and Q are 



12—2 
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both visible from each of.tibem.. At A measure the three angles 
PAQ = a, QAJ? = /8, PAB^y; it should be observed that the 
angles FAQ, QAB are in general not in the same plane. At B 
measure the an^Jes PBA ^ S, and QBA = e. 

From the two triangles ABP, ABQ, we have • 


AP = a 


sin S 

sin(7 + S)’ 


and AO = a-v-554_ Thus AP, AQ are determined by the 
^ Bin (p + e) ^ ^ 

formulae 


log AP = log a + Z sin S — Z sin (7 + S), 
log AQ = log a + Z sin e — Z sin (/9 + e). 


In the triangle PAQ, we now know AP, AQ, and the angle 
PAQ =- a, we find then the angles APQ, AQP by means of the 
formulae 


Z tan i (APQ — A QP) = Z cot + log ( A Q — AP) — log (A Q + AP), 
APQ + AQP = 180“ -0. 

We then find PQ by means of the formula 

log PQ = log AP + Z sin a — Z sin A QP. 


148 , PoUknot's Problem, To determine a point in the ^ane 
of a triangle at which the sides of the triangle subtend ^ven 
angles. 



Let a, B be the angles subtended by the sides AC, CB of a 
triangle ABC at the point P, and let x, y denote the tligles 
PAG, PBC respectively; the position of P is found when the 
angles x and y are determined, for the distances PA and PB 
can be found by solving the triangles PAG, PBC. 
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We have 
A.lso 


a? + y = — a — /8 0. 

b sill X __ gsiny _ 
sina sin^ ^ 


Assume </> to be an auxiliary angle such that 

a sin a 


tan 0 = 1—15* 
^ bsmp 


,, « flina? . . 1 sma?-smy . .. .-ov 

therefore — = tan 6, hence . -- = tan (d> — 45 ), 

siny ^ smaj + smy ^ 

or tan i "" y) = + y) 

= tan (45® — </>) tan ^ (a + /8 4- C?) ; 

thus a? — y can be found, and since ap + y is known, we can find 
X and y. 


149. EXAMPTiBS. 

(1) It 18 observed that the elevation of the top of a mountain at each of th£ 
three angular points A, B, C, of a plane horizontal triangle ABC, is a; shew that 
the height is tan a cosec A. Shew also, that if there he a small error n^' in the 

, ^ r\ * 1 . A 1 • • » Intanaf^ , cosO 

elevation at (J, the true height is very marly ;r - . 1 1 — ; — r « . . cT ) • 

’ ^ ^ % nnk. \ sin Krnir* sin 2a/ 

Let 0 be the p^ojectiou of the top of tho mountain ofc the plane ABC, we 
have then, if h is the height of the mountain, h^OA tan a = OB tan aa= OC tan a, 



thus 0 is the centre of the circle round ABC, hence coaec or 

A= JatanaRsec A. When the measurement of the elevation at C is a + n", 
let 0' be tho projection of the top of the mountain, then since the elevations 
at A and B are equal, 00' is peri>endicular to AB; let h+v now be the 
height of the mountain. We find geometrically, 

O'A * OA + 00' cos C, 0'C= OC- 00' cos (A - B\ 
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when is 80 small that its square may be neglected, hence 
k’Vx— 0*A tan (a+«") 

= (0A + OO* cos C) tan as={OC~ 00* cos {A - ^)} tan (a + n'*\ 
hence x = 00 * . cqy (f tan a = - 00* cos {A - B) tan a + OC sec® a . sin n'*^ 
since tan(a+w")=tana+soc®a. sinw", approximately; eliminating 00* ^ wo 
a? cos (A - B) tan a=cos Ctan a (0^7 sec® a . sin n" —x\ 


hence 2^ sin ^ sin ^ OG sec® a cos C sin n**^ 


therefore the true height A +07 is 


1 a tan a f. cos C sin n** \ 

2 sin A \ "^sin sin i5 * sin 2a / 


(2) Ths sides of a triangle are observed to he a =5, b=4, c = 6, hut it is 
hnoion thcLt there is a small en'or in the measurement o/c; examine which angle 
can he determined with the greatest accuracy. 


Let 6+07 be the true value of the side o\ let J +5-4, B+bB, C'+SC' be the 
angles of the triangle, the parts hAy bBy bC depending on 07 ; we suppose x so 
small that its square may be neglected. 

We have 


cos {A+bA) 


16+(6+o?)2-25_ 27 + 120? 
2.4(6+07) ■"48(l + io7) 




approximately, hence sin A . 5il = — ^x. 

Also cos “ i 

and cos (C+ dC ) = g (l — ^ ) , hence sin 0 . 


Also 


sin A _ sinii _ sin O 
~i 4 ^ * 


so that 24 . SA =40 . »£= - 15 . 8G. 

Thus iB is numerically smaller than 8A and dC, hence the angle B can be 
determined with the greatest accuracy. 


EXAMPLES ON CHAPTER XL 

L The sides of a triangle are 8, 7, 6 ; find the least angle, having given 
log 112 =20492180, 

A cos 19° O' =9 9764083, diff. for 60"='0000437. 

2. If in a triangle a=65, 6=16, C=60°, find the other angles, having 
given 

log 3= -4771213, L tan 46° 20'= 10-0202203, 
log 7 = -8460980, X tan 46° 21' = 10-0204731. 



EXAMPLES. CHAPTER XI 


183 


3. The sides of a triangle are 3, 6, 7 feet ; find the angles, having given 

log 13-5 = 1 1 303338, log 14 = M461 280, 

L cos 1 0“ 53' = 9-9921 1 75, L cos 10° 54' *9920932. 

4. If (7=10°, a =200 ft., find 5, having given 

log 2 = *3010300, log 172*64 = 2-2371414, 

Zsin 55° =9*9133645, log 172*66 =2*2371666. 

5. If in a triangle 6=2*26 ft., o=V75 ft., il=64°, find B and (7, having 
given 

log 2 = *301030, L cot 27° = 10*292834, 

Ztan 13° 47'=9*389724, X tan 13° 48'=9*390270, 

6. If the ratio of the lengths of two sides of a triangle is 9 : 7 and the 
included angle is 47° 25', find the other angles, having given 

log 2 = *3010300, L tan 66° 17' 30" = 1 0 3573942, 

L tan 15" 53' = 9*4541479, diff. for 1' = 4797. 

7. An angle of a triangle is 60°, the area is 10/^3 and the perimeter is 
20; find the remaining angles and the sides, having given 

log 2 = *3010300, L sin 49° 6' = 9*8784376, 

log 7 = *8460980, L sin 49° T « 9*8785470. 

8. In a triangle ABC, it is given that a=10 ft,, 6=9 ft., C=tan“'^(J); 
find c. If errors not gi-eater than 1 in. each are made in measuring a and 6, 
and an error not greater than 1° in measuring (7, shew that the error in 
the calculated value of c will be less than 2*7 in. 

9. In the ambiguous case, a, 6, B being given, where a > 6, if c, cf be the 
values of the third side, shew that 6*2-2cc'cos2fi+6*'2=4//‘*co.s2Z. 

10. In the ambiguous case in which a, 6, A are given, if one angle of one 
triangle be twice the corresponding angle of the other triangle, shew that 

a Vs = 226 sin A, or 46® sin* A = a* (a -f 36). 

11. The base of a triangle is equal to its altitude, and the two other 
sides are of known length ; determine the remaining parts of the triangle 
by formulae adapted to logarithmic calculation, ^ew that the ratio of the 
given sides must lie between i(V6 — 1) and ^(Vs + l). 

12. A triangular piece of ground is 90 yards in its longest side, and 
100 yards in the sum of the other two sides, and one of its angles is 46°. 
Determine the other angles, having given 

Ztan 23° =9*6278619, 

Ztan 13° 15' = 9*3719333, Ztan 13° 16' =9*3724992. 

13. An angle of a triangle is 36°, the opposite side is 4, and the altitude 
V5 - 1 ; solve the triangle. 
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14. Shew that it is impossible to construct a triangle out of the 
perpendiculars from the angles of a triangle on the sides if any side is 
< J (3- perimeter; and it is certainly possible to construct such a 
triangle if each side is > ^ perimeter. 

16. If a triangle be solved from the parts f7=75°, 6=2, e=^6, shew that 
an error of 10" in the value of C would cause an error of about 3"*44 in the 
calculated value of B. 

16. Having given the mean side of a triangle whose sides are in a.p., and 
the angle opposite it, investigate formulae for solving the triangle, and find 
the greatest possible value of the given angle. Solve the triangle when the 
mean side is 542 feet, and the opposite angle is 59** 59' 59". 

17. Solve a triangle, having given the length of the bisector of a side, 
and the angles into which this divides the vertical angle. 

18. Solve a triangle, having given one side, the angle opposite it, and the 
perpendicular from that angle on the side. 

19. A triangle is solved from the given parts a, 6, A. If the values of 
a, h are afiected by small errors 4?, y respectively, find the consequent error in 
the value of the perpendicular from A on the opposite side, and prove that 
this error is zero if 4?sin‘^ J5cos (7=^(sm‘^i?-siii2(7). 

20. A lighthouse is seen N. 20® . E. from a vessel sailing S 25® . E and 
a mile further on it appears due N. Determine its distance at the last 
observation correctly to a yard, having given 

L sin 20® = 9-534052 log 2 = -3010300, 

log 206 = 2-313867, log 207 = 2-315900. 

21. A cliff w ith a tower on its edge is observed from a boat at sea, the 
elevation of the top of the tower is 30® ; after rowing towards the shore a 
distance of 500 yards in the plane of the first observation, the elevations of 
the top and bottom of the tower are 60® and 45® respectively; find the 
heights of the clifi* and tower. 

22. A is the foot of a vertical pole, B and C are due east of A, and 2> is 
due south of C, The elevation of the pole at B is double that at C, and the 
angle subtended by AB at B is tan'll also BC^%i ft., GD^20 ft. ; find the 
height of the pole. 

23. From a certain station the angular elevation of a mountain peak in 
the north-east is observed to be a. A hill in the east-south-east whose height 
above the station is known to bo /«, is then ascended, and the mountain |)eak 
is now seen in the north at an elevation Prove that the height of its 
summit above the first station is 4sinaco8^cosec(o-iQ). 

2A A train travelling on one of two straight intersecting railways sub- 
tends at a certain station on the other line an angle a, when the front of 
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the first carriage) and an angle a when the end of the last, reaches the 
function. Prove that the two lines are inclined to each other at an angle B 
determined bj 2 cot ^ = cot a cot a. 

25. A cylindrical tower stands on a horizontal plain ; an eye in the plain 
views the visible arc of the rim of the upper end of the tower. If a, a , a be 
the angular elevatjons of either end of such arc above the plain, when the eye 
is at distances c, o', respectively, prove that 

(C'a - c"2) cot2 a + cot* a* + (c* - c'*) cot* «" = 0. 

26. A balloon was observed in the N.E. at an elevation a; ten inmutes 
afterwards it was found to be due N. at an elevation The rate at which 
the balloon was descending was afterwards ascertained to bo six miles an 
hour; shew that its horizontal motion, supposed uniform, was at the rate of 

0 

. . miles an hour, the wind at the time being in the East. 

tan a- tan /3 

27. I observe tlie angular elevation of the summits of two spires which 
appear in a straight line to be a, and the angular depressions of their re- 
flexions m still water to be /3 and y. If the height of my eye above the level 
of the water be c, then the horizontal distance between the spires is 

2cco8*osin(/^i"»y) 
sill 0-o)sin (y-a)’ 

28. The angular elevation of a tower at a place A due south of it is 30% 
and at a place By due west of A and at a distance a from it, the elevation is 

IS” ; show that the height of the tower is - 

29. A tower 61 feet high has a mark at a height of 25 feet from the 
ground ; find at what distance tho two parts subtend equal angles to an eye 
at the height of 6 feet from the ground. 

30. A person on a level plain, on which stands a tower sumioimted by a 
spire, observes that when he is a feet distant from the foot of the tower its 
top is in a line with that of a mountain. From a point h feet further from 
the tower he finds that the spire subtends at his eye the same angle as before, 
and has its top in a line with that of the mountain; shew that if the height 
of the tower above the horizontal plane through the observer’s eye be c feet, 

the height of the mountain above that plane will be feet. 

C* “ d* 

31 A man, 5 feet high, standing at the base of a pyramid whose base is 
square, sees the sun disappear over one of the edges, half-way along it Shew 
that if a and h are the distances of the man from the two nearest corners, 
and B is the altitude of the sun, the height of the pyramid is 

10 + tan ^ 
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32. From the top of a hill the depression of a point on the plain below is 
30®, and from a spot three-quarters of the way down, the depression of the 
same point is 15® ; find within 1' the inclination of the hill. 

33. ABCD is the rectangular door of a room whose lengtii AB Ir a feet. 
Find its height, which at C subtends at A an angle a, and at B an angle jS. 
If a =48 ft., a =18®, j8=30®, prove that the height is 18 ft. 10 in. nearly. 


34. A tower is situated on a horizontal plane at a distance a from the 
base of a hill whose inclination is a. A person on the hill, looking over the 
tower, can just see a pond, the distance of which from the tower is 5. Shew 
that, if the distance of the observer from the foot of the hill be c, the height 
he sin a 


of the tower is 


a+6+ccosa* 


35. A person standing between two towers observes that they subtend 
angles each equal to a, and on walking a feet along a straight path inclined at 
an angle y to the line joining the towers, ho finds that they subtend angles 
each equal to /S; prove the following equations for determining the heights of 
the towers, Jih! (cot* /3 - cot* a) = a*, {h! - h) (cot* - cot* a) = cot a cos y. 


36. From a hill-top the angles of depression (o, fi) of two piers of a bridge 
are observed, and the distance a between the piers subtends an angle 6 at the 
point of observation ; prove that the height of the hill is 

cot 0 sec i d V sin a sin /3, 

where cos 0=2 cos . Vsin a sin . (sin a+sin ti)^K 

37. A man on a hill observes that three towers on a horizontal plane 
subtend equal angles at his eye, and that the angles of depression of their 
bases are a, a , a" ; prove that, c, C" being the heights of the towers, 

sin (a' - a") sin (a" - a) sin (a - a) 

• / • / i“ ~ //* V. 

c Sin a c sin a c sin a 


38. A gun is fired from a fort, and the intervals between seeing the flash 
and hearing the report at two stations B, C are f respectively ; is a point 
in the same straight line with BC, at a known distance a from A ; prove that 

if BD^h^ and the velocity of sound is 6y*^-cf* ~~'} * Examine 

the case when a*=6c. 


39. From a point on a hill-side of constant inclination, the angle of 
elevation of the top of an obelisk on its summit is observed to be n, and a feet 
nearer to the top of the hill to be j3 ; shew that, if A be the height of the 
obelisk, the inclination of the hill to the horizon will be 


cos 


(a sin a sin 
tA*sin(i8-o)j 


40. On the top of a spherical dome stands a cross ; at a certain point the 
eleyatiou of the cross is observed to be a, and that of the dome to be ; at a 



EXAMPLES. CHAPTER XI 


187 


distance a noaror the dome the cross is seen just above the dome, when its 
Elevation is observed to be y ; pi’ove that the height of the centre of the dome 
a siny sin a cos y -• cos a sin /3 


above the ground is 


sin(y — a)* COSy-coSjS 


41. At noon on a certain day the svin’s altitude is a. A man observes a 
circular opening in a cloud which is vertically above a place at a distance a 
due south of him ; he finds that the opening subtends an angle at his eye, 
and that the bright spot on the ground subtends an angle 20. Shew that if 
s is the height of the cloud 

(cot^ a tan® 0 — tan® 0) — 2ax cot a tan® 0 + a® (tan® 0 — tan® 6) = 0. 


42. From a point on the sloping face of a hill two straight paths are 
drawn, one in a vertical plane due South, the other in a vertical plane at right 
angles to the former, due East ; theso paths make with one another an angle 
a, and their lengths measured to the horizontal road at the foot of the hill aro 
respectively a and h. Shew that the hill is inclined to the horizontal at an 
+ 6®-2a6 cosa\i 


, , /a® + 6® - 2a6 cos a\ a 

angle sin*" M — r ) . 

\ ah sm a tan a J 


43. The breadth of a straight river is calculated by measuring a base of 
length a along one side of the river and observing the angles made with this 
base by lines joining its extremities to a mark on the opposite bank. If the 
instrument by which the angles are measured gives each a value which is 
Q+w) times the true value, n being very small, shew that the error in the 

computed breadth is nearly equal to na . ^ » 

circular measures of the above angles. 


a, {i being the 


44. An observer from the deck of a ship, 20 feet above the sea^ can just 
see the top of a distant lighthouse, and on ascending to the mast-head, where 
he is 80 feet above deck, he sees the door which ho knows to be one- fourth 
of the height of the lighthouse above the level of the sea ; find his distance 
from the lighthouse, and its height, assuniing the earth to be a sphere of 
4000 miles radius. 


45. Three vertical posts are placed at intervals of one mile along a 
straight caual, each nsiiig to the same height above the surface of the water. 
The visual line joining the tops of the two extreme posts cuts the middle 
post at a point eight inches below the top; find to the ucai’est mile the 
radius of the earth. 

46. Borings are made at three points A, (7 in a hori 2 X>ntal plane, and 
the depths at which gault is found are a, 6, c respectively; also AB^h^ 
BC—hy ABC^a. If the upper surface of the gault be a plane, shew that its 
inclination 0 to the horizon is given by 
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47. The angular elevation of a column as viewed from a station due north 
of it being o, and as viewed from a station due east of the former station and 
at a distance c from it being prove that the height of the tower is 

c sin g sin jS 

{sin (a-/3) sin (a+fi)]i ’ 

48. A lighthouse stands 9 miles due N. of a port from which a yacht sails 
in a direction E.N.E., until the lighthouse is N.W. of her, when she tacks 
and sails towards the lighthouse until the port is S.W. of her, when she tacks 
again and sails into port. Shew that the length of the cruise is 16 miles 
nearly. 


49. A circular pond of radius a is surrounded by a gravel walk of uniform 
width 6, and the whole is enclosed by a fence of height d. A person of 
height h stands just inside the fence. Shew that the portion of the fence 

whose highest points can be seen by reflection from the water is ith, where 

1 . ^ .on- + ^ 

» "■ taV/td «+* i’ 

provided h<d(l + 2a/b), and > ^ ^ * 

60. The width of a croquet-hoop, the thickness of its wires, and the 
diameter of a ball are given ; the ball being m a given position, shew how to 
find the conditions that it may just bo possible for it to go through the hoop 
(1) straight, (2) by hitting one wire, (3) by hitting both wires ; assuming that 
the angle of incidence is equal to the angle of reflection. 

61. Three mountain peaks, A, appear to an observer to be in a 

straight line, when he stands at each of two places P and Q, in the same 
horizontal lino; the angle subtended by A B and BC at each place is a, and 
the angles A 9 /^, CPQ are 0 and ^ respectively. 

Prove that the heights of the mountains are as 

oot 2a + cot ^ ^ (cot a + cot (cot a + cot (^) tan a : cot 2a -t- cot 0, 

and that if QB cut AC in 2>, AC=CZ>sin2a(cot^+cot2a). 


62. A man standing at a distance c from a straight line of railway sees a 
train standing upon the line, having its nearer end at a distance a from the 
point in the railway nearest him. He observes the angle a, which the train 
subtends, and thence calculates its length. If in observing the angle a he 
makes a small error d, prove that the error in the calculated length of the 

train has to its true length a ratio ^ r. 

° sin a {c cos a- a siii a) 


63. The height A of a mountain, whose summit is A, is to be determined 
from the observed values of a horizontal base line BC(a), the angles ABC^ 
ACB, and the angle (a) which AB makes with the vertical Shew that 

j, a cos « sin 0 
'^■“sin(i6+C) • 
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If A be known approximately, shew that the best direction of EC in order 
bhat an error in measuring C may have least effect on the accuracy of the 

ibove value of A, is given by j5=2 tan~^ - ~ 

^ ® \acos«+A 

64. Three vertical flag-staffs stand on a horizontal plane. At each of the 
points Ay B and C in the horizontal plane, the tops of two of them are seen in 
bhe same straight line, and these straight lines make angles a, /9, y with the 
liorizon. The plane containing the tops makes an angle 6 with the horizon. 
Prove that their lengths are BC ((jsJ cot^ B and two 

similar expressions. Explain how the signs of the roots must be taken. 


56. A tower AB stands on a horizontal plane and supports a. spire BC, 
An observer at a place E on a moimtain, whose side may be treated as an 
inclined plane, observes that A By BC each subtend an angle a at his eye; 
lie then moves to a place Fy measuring the distance EF{=^^a)y and observes 
bhat ABy BC again subtend angles a at his eye ; he then measures the angles 
AFE(=fi) and CFE(=y). Shew that if a; and y are the heights of ABy BC 


respectively, 


^ L cos jS cosy cos* o li 


Also if C is the middle point of EFy and E is the point on the line of 
greatest slope through Oy at which ABy BC subtend an angle 6, and OE is 
measured (=6), prove that the inclination B of the mountain to the horizon is 
given by 


f i 

26 J} 



(a?+y) sin 2d 
a** +y* - 2.Ty cos 2d * 



CHAPTER. XII. 

PROPERTIES OF TRIANGLES AND QUADRILATERALS, 

160. In this Chapter we shall for the most part assume 
without proof the theorems in Euclidean Geometry which are 
necessary for our purpose, referring to works on pure* Geometry 
for the investigation of those theorems. 


Tlie circumscrihed circle of a triangle. 

161. We have already, in Art. 120, obtained the formula 
22 — cosec A, for the radius of the circle circumscribing a 
triangle, or as it is now frequently called, the circum-drcle. 
This formula may also be obtained as follows: 
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Let 0 be the circum-centre ; draw OD perpendicular to the 
side BC of the triangle ABC, then D is the middle point of BC, 
and the angle BOD = A, 

Since BD = OB sin BOD we have 

ia = JBsin-d, or IE = cosec ^ (1). 

If 8 denote the area of the triangle ABC, we have 

8 = ibc&inA, thus we have the expression J2 = a6c/4fif...(2). 
A^lso OD = OB cosAssR cos A. 

The inscribed and escribed circles of a triangle, 

162. We know that four circles can be drawn touching the 
three sides of a triangle ; the inscribed circle, or in-circle, touches 
each side internally, let I be its centre ; the escribed circles each 
touch one side of the triangle and the other two sides produced, 



let lu -^21 Jz centres of these circles ; we know that I A, IB, 

IC bisect the angles A, B, G, respectively, and that lA bisects 
the angle A, and IiB, I^C bisect the angles B, C, externally; it 
follows therefore that AIi, BI^, CI^ are the perpendiculars from 
1%^ on the opposite sides of the triangle and that I 

is the orthocentre of the triangle 

The circum-circle of the triangle ABC is the nine-point circle 
of the triangle therefore passes through the middle 

points of the sides /j/j, ij/i, Jj, and also through the middle 
points of III, Ilzy ITz 
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163. Let iT, IT, Z be the points of contact of the in-circle 
of the triangle ABO^ with the sides BO, CA, AB, respectively. 


A 



Then £^IBC+AICA = 

Now AlBG-^IH.BG^^ra, AlCA^^rb, ATAB = ^ro, 
where r denotes the radius of the in-circle, hence 

Jr (a + 6 + c) = 5, whence wo have the formula r = S/s , . .(3), 
for the radius of the in-circle. 

Also a = BH -I- HG = r (cot J J3 -f- cot J(7), 

hence r s: a sin JZ sin J 0 sec J A (4), 

another expression for r, which might of course be deduced from (3). 
Combining the formulae (1) and (4) we have the symmetrical 

expression r = 4J2smiil8ini£8inia (6). 

Again, since A AT + BG = J (BG + GA + AB), 
we have A AT = AZ = « — a, 

and similarly BH = BL = « — 5, CH = GK 
hence since r = AATtan JA = 5Airtan OATtan JO, 

we obtain the expressions 

r = («’— a) tan J A = (5 — 6) tan JZ = (s - c) tan JO (6), 

which may also be deduced from (3) or (4). 
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164. Expressions corresponding to those of the last Article 
may be found for the radii ri, r,, of the escribed circles. 

Let Hi, Ki, Li be the points of contact of the circle whose 
centre is Ii, with the sides of the triangle ABC. Then 

AliAB-{‘AliAG—AliBC^8, therefore iri(6 + o — a) = /S, 
thus we have the formulae 




8 

8 — a" 



8 

8 — 0 


( 7 ). 


for the radii of the escribed circles. 

Also a = BHi + HiC = n (tan ^B + tan \0), 

therefore rx = a cos ^5 cos \G sec \A (8), 



whence we obtain the formula 

Ti = 4i{ sin i A cos cos } C7 (9), 

with corresponding expressions for and r,. 

Again, since 

BHi — BLi, and GHi^CKi, and AKi^ALi, 
we find BUi =■ s — c, GHi ^s — b, AKi = ALi — 8, 

thus we obtain the formulae 

r, s= s tan ^A = (« — c) cot J JB = (s — 6) cot ^G (10). 

13 


H. T. 
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Examples. 


(1) Prove that 


ri+r2+r3-r=4R, 

r2r3+P8ri+rir2=S2/r*, 


(2) Prove the follomng formulae for the sides and anffles of a triangle^ 
in terms of the radii of the escribed circhs: 


(a) Oi— ^ 

\/r2r8+r8ri+rir2* 


(fi) sin^A= 


(y) «mA = 2ri 


_o^ Vrar3+r8ri + rirg 


VCfi+rj) (ri+ra)* 


(ri+r2)(ri+r8) " 


(3) 

Prove that 

n_ l(«‘a+>‘«)(r8+r,)(r,+r,) 

4 rgrg+rgri+rirg 

(4) 

Prove thaJt 

lOR^rrirgrgas a^b^c*. 

(6) 

Prove that 

. 2R+p-ri 

««A= . 

(6) 

If the escribed circle which touches a is equal to the cireum-circlef 


prove that co8 A=oo« B+co^ 0. 

(7) Prove that ri{r^-k'rs) cosec A^rft{Ts+Ti)cosecB=^rs{ri-\‘T^cosecO, 

(8) If a, aii are the distances of the centres of the inscribed and 

escribed cirdes from A, and p is the perpendicular from A 07i BO, prove that 

(a) oaiogag *=4R®p*, 

(b) o® + ai® + a2*4'08* *16R*, 

(c) a“* + Oi“*+a 2 ’* + a3”*=4p”*. 

(9) Shew that the area of the triangle formed by joining the centres of the 

escribed circles is or %B?cos\Acos^Bcos\0, 

(10) Shew that the radius of the circle round any of the four triangles 
formed by joining the centres of the inscribed and escribed circles is double of R. 

(11) Pr<yve that the areas lilgisi inversely as 

(12) Prove that (a) W^l8lL*+?il**=85, 

' ' ' ^ r,r, ^ rsr, ^ rir, r ’ 

(b) r» . II, . II, . II,«IA» . IB« . IC*. 

(18) // d„ d,, d, be the distances of 1 from the angular points of a 
triangle^ shew that 

(14) If Oh t b', c' are the sides of the triangle formed by joining the points of 

a* — a'* b* — b'* c* - o'* 

contcuA Hj, Hg, Ha of the escribed circles^ shew that = — r — = • 
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(15) Prove that the sides of the triangle formed hy joining the centres of the 
circles BOG, COA, AOB are ols sin 2A : sin 2B : sin 2C. 

(16) Prove that the circum -circles of the two triangles in the ambiguous 
case, when a, b, B are given^ are equal in magnitude; shew also that the 
distance between their centres is (h^ cosec^B-a,^)i, 

(17) In the ambiguous case of the solution of a triangle^ prove that the 
distance of the points of contact of the inscribed circles with the greater of the 
two given sides is equal to half the difference of the values of the third side, 

( 18 ) Jf pi, p2i p3 be the radii of the circles described about IBO, ICA, lAB, 
prove that 4R3 — R {p^+p^'\‘p^) — pip 2 ps—^> 

(19) Prove that the radii of the escribed circles of a triangle are the roots 

of the cubic j? — (4R 4- r) + xs^ - rs® = 0. 


The vnedicms. 

166. The lines AD, BE, CF, joining the angular points of a 
triangle to the middle points of the opposite sides, are called the 

A 



medians. The length of ilD is given by the well-known geo- 
metrical theorem AB^-{-AG^^2{AD'^ + BD% thus the squares 
of their lengths are given by 

= + ( 11 ). 

Let Ml denote the angle ADQ, then 

cot Ml = DLjAL ^\{BL^ 01)1 AL, 
where AL is perpendicular to BC, therefore Mi is given by 
cot Mi = ^ (cot B — cot O). 


( 12 ). 
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The point 0, where the medians intersect one another, is called 
the centroid of the triangle. It is well known that 0 divides each 
of the medians in the ratio 2 : 1. 

Examples. 

( 1 ) Prove that AQF+co<BGD+co^CGE=cof A+co^B+co<C. 

( 2 ) If are the centree of the circles BGC, CGA, AGB, and A, A' ore 
the areas of the triangles ABC, prove that 48AA'=*(a2-|-b*+o*)®. 

(3) If R|, R 2 , R 3 be the radii of the circles BGC, CGA, AGB, prove that 

a*(b2-c2) b2(ca-a2) . ca(a*-ba) ^ 

Rj2 + Rj2 + R32 

(4) If the angles BAD, CBE, ACF a/re a, y, and the angles CAD, ABE, 
BCF ore o', y, prove that 

cota + cotff-\- cot y^COt a + cot fl cot /. 


The bisectors of the angles. 


166. Let a and cii be the points in which the internal and 
external bisectors of the angle A meet the opposite side BC. Let 
f g, h be the lengths of the internal bisectors Aa, BjS, Cy, and 
/', hf the lengths of the external bisectors Aa^, Cy^, To 
find the positions of a and a„ we have BafCa^ BAjGA ^BafCa^, 
whence 




oc 


6 + c' 




ah 




ac 


Coi 


ah 


A 



To find the lengths /, /', we have 

A + AiiCa = = t^Aa^B - A Aa^O^ 

hence /(6 + c) sin ^A b) cos ^A = 28, 
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therefore / and /' are given by 

/’=~ainiA (13). 

Examples. 

(1) If a, y are th$ angles that Aa, Cy make with the sides a, b, c, 
shew that Asin2a+hsin2^+csin2y^0 

(2) If fi, gi, hi are the lengths of the bisectors of the angles^ produced to 
meet the eircumrcircle, shew that 

JB+h**co« JC=*a"* + b"*+o"*, 
and ficoa^A+giCO«^B+hi(;(M|^C»a+b+c. 

(3) Prove that afi cuts Cy in the ratio 2c : a+b. 



167. The triangle LMN formed by joining the feet of the 
perpendiculars AX, EM, OAT, from A, X, (7, on the opposite sides, 
is called the •peial triangle of A, X» (7. Let P be the orthooentre 



of the triangle ABC, then since PMA, PNA are right angles, 
a circle whose diameter is PA circumscribes PM AN, hence MN 
is equal to PA multiplied by the sine of the angle in the 
segment MN, or MN^PA sin A; now if 0 is the centre of the 
circum-circle, and OD is perpendicular to BC, it is well known 
that AP ss 20X, and we have shewn in Art. 161 that this is 
equal to 2PcosA: hence MN^2RBViAcoBA^aeo8A. Also 
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the angles PLM, PLN are each the complement of A, or 
MLN = TT — the sides and angles of the pedal triangle are 
therefore respectively 

a cos A, bcosB, c cos 01 .-.v 

7r-2^, 7r~25, 7r-20) ^ 

It should be remarked that ABC is the pedal triangle of 
The pedal triangle of LMN is called the second pedal triangle of 
ABGy and so on. 

We have assumed that the triangle is acute-angled; if the angle A is 
obtuse, it can be easily shewn that the angles of the pedal triangle are 
2A — TT, 2(7, and that the sides are -a cos A, 6 cob^, ccosC. 

Examples. 

(1) Prove that the radius of the circle inscribed in the triangle LMN is 
2R cos A cos B cos 0. 

(2) If fit y are the diameters of the circles MPN, NPL, LPM, shew that 

(3) Prove that if r', ri', riy vi are the radii of the inscribed and escribed 
circles of the pedal triangle^ then — =^^ 2 “^. 

(4) If AL, BM, ON meet the drcum-drcle in L', M', N', ^lew that 

^ CN^_ 

AL BM ■*’ ON 


Tlie distances between special points, 

158 . Let P be the o rthocentr e, 0 the centre of the circum- 
circle, I of the in-circle, /j of one of the escribed circles, G the 
c^ntre^ , and UXh^clS&ntTe of the nine-point circle of the triangle 
ABC. According to Euler's well-known theorem, the three points 
0, 0, P lie on a straight line, and PG^= 20G; the point U is also 
on OP, at its middle point. Each of the angles I AO, /ALP is equal 
toi(P^(7); also A10 = P, ilP=2Pcos-4, 

A/ = rcosec^A = 4Psin^PsiniO, A/i= ^Pcos JPeos 

We can now find expressions for the distances of the points 
0, 1, P, Ii, U from one another. 
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(1) TofindOl = i We have 

S* = 40* + il/» - 2il0 . -4/ 006 04/, 


hence 


a* = J2* (1 + 16 8in*i5 sin* ^0- 8 sin sin ^Ocos 

a* = ii* (1 — 8 sin ^4 sin sin I C^, 



we thus obtain Euler’s formula 

a> = -B*-2Br (16> 

(2) To find OIi*ai. We have 

ai’ = /2’ (1 + 16 cos* hB cos*^0— 8oos Jficos^OcosiB— 0) 
or a,*=jB*(l +88inJ4co8j5cosiO), 

which gives Si* =» iJ* + 2iir, (16). 

(3) To find OP. 

From the triangle 04P we have 

OP* ==0A* + AP*- 204 . 4P cos 04P 
or 0P* = P*(1 + 4co8*4 — 4cos4cosP-0), 

which gives OP* = It* (1 — 8 cos 4 cos B cos 0) 


( 17 ). 
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(4) To find IP. We have 

IP^ = 4iR^cos^A +16i2®sm* JJBsiD® 

— 16i2* cos -4 sin ^ jB sin ^ Ceos (5 — 0), 

hence JP* = 4/i* {cos* -4 + (1 — cos B) (1 — cos C) — cos 4 sin JB sin C 

— cos ^(1 — cos B) (1 — cos (7)}, 
or /P* = 4P* 1(1 — cos il) (1 — cos B) (1 — cos C) 

— cos il cos P cos C} (18), 

or /P* = 2r® — 4P* cos il cos B cos C. 

(6) To find lU. We have 

/l7* = i/P* + iJ0*-i0P*; 
hence /C* = r* + JP* - Pr - JP* = (^P - r)* ; 

hence IU^\R--r\ in a similar manner it can be shewn that 
/i?7 = JP + r,; now ^P is the radius of the nine-point circle, 
hence the expressions we have obtained for lUy IJT shew that 
the inscHbed and escribed circles touch the nine-point circle. We 
have then a trigonometrical proof of Feuerbach’s theorem, of 
which a considerable number of geometrical proofs have been 
given. 


Examples. 

(1) ti, t 2 , ts are the lengths of the tangents from the centres of the 
escribed circles to the circmh-circle^ prove thoU 

1 . 1 1 _ a+b-f o 

ti**^ta**^t 3 *“ abc • 

(2) Prove theU the area of the triangle lOP is 

(3) Prove that QV=^E^Ssin^iBsin^G-^\Ssin^A} 

and GI*+4Rrasi(bc+ca + ab)-J(a*+b*+c^). 

(4) Pmve that ^ 

(6) If be the distances of the centre of the nine-point circle from the 

angular points^ and g its distance from the orthocenJtre^ shew that 

a*+i3*+«v*+g*«3R*. 

(6) Prove that the nine-point circle does not cut the circum-drde unless the 
triangle is obtuse^ and in that case they cut at an angle 

^ (1 + 2 ooa A cos B cos C). 
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(7) Shew thaty if the distance between the orthocentre and the centre of the 
circum-drcle U the triangle is righi-angledy or else tanBtanC=Bd, 

(8) If Qie the centre of the nine-point circle, shew that 

(Ql2-Ql8)(Qli-Ql)=b*-c» 

(9) If OIP IS an equilateral triangle, shew that cos A +008 6+co8 C - 

(10) If the centre of the in-circle he equidistant from the centre of the 
drcum-drcle and the orthocentre, prove that one angle of the triangle is 60*’. 


Expressions for the area of a triangle. 


169. A very large number of expressions for the area of a 
triangle, in terms of various lines and angles connected with the 
triangle, have been given. Large collections of such formulae 
will be found in Mathesis, Vol. iii. and in the Annals of 
Mathematics, Vol. i. No. 6. 


We give here a few of these expressions, leaving the verification of them 
as an exercise for the student. 

(1) (2) t/iSpiPtPt, (3) 1 OTi,)(o— »!,) 

where So- = mi + 7 ^ 2 + 9 %. 

..V .ex /cos ^rg cos ^ ((7- A)-k-h cos 

' ^ Scot^il’ ' * 2(/“^cos JA+^-^cos jyi+A*"^cos J(7) ^ 

(6) r^oot^Acot JZ^cot J(7, (7) r^cot JA+2i2rsin A, 

(8) rjrs tailed, 


<») •n'e- <>»> 


Various properties of triangles, 

160. If Q be any point in the plane of the triangle ABC, we 
have the identical relation AQB(7+ AQ(7A + AQil5 = AAfiO, 
the areas of the triangles with vertex Q being taken with the 
proper signs; for example, AQBG is negative when Q and A are 
on opposite sides of BG, By taking Q in various positions, we 
obtain various well-known relations between the angles of a 
triangle. 

(1) Let Q be at 0, the above relation becomes 

sin 2 A -h sin 2B 4- sin 2(7 » 4 sin A sin B sin G, 
since the angles BOG, GOA, A OB are 2A, 2B, 2(7 respectively. 
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( 2 ) Let Q be at /, we obtain the relation 

sin 4 ^ sin 1(5 + (7) + sin I JS sin |((7 + -4) + sin sin i (il + jB) 

OB 2 cos cos cos }(7. 

(3) Let Q be at U, we get 

sin A cos (5 — 0) 4 * sin B cos (0—A) + sin C cos {A - B) 

= 4 sin il sin 5sin (7« 

161. The identical relation which holds between the six 
distances of any four points A, B, C, Q, in a plane, may be 
expressed in various forma 

( 1 ) Using the equation A QBG + A QGA + A QAB = A ABG, 
and expressing each of the four triangles in terms of its sides, we 
have the required relation in a form involving four radicals. 

( 2 ) To obtain the same relation in a rationalised form, denote 
the anglea.5Q(7, CQA, AQB by «, y respectively; then since 
a + /8 + 7 = 27r, we have 

1 — cos* a — cos* 13 — cos* 7 + 2 cos a cos ^ cos 7 = 0 . 

Now substituting for cos a its value (Q5* + Q(7* — BG^)I2QB . QG 
with the corresponding expressions for cos cos 7 , we have the 
required relation. 

162. Taking any general relation between the sides and 
angles of a triangle, another relation may be deduced, by re- 
placing the sides and angles by the corresponding sides and 
angles of the pedal triangle. The sides and angles of this 
triangle are given in (14), and we may therefore replace a, 6 , c, 
in the given relation, by a cos A, b cos 5, c cos G, and the angles 
-4, 5, 0 by TT — 24., ir^2B, ir — 2(7. 

As an example of this transformation, we obtain from the 
known relation a* = 6* + (i* — 26ccos4, the new relation 

a* cos* 4 =» 5* cos* 5 -h cos* G + 26c cos B cos (7 cos 24. 

This method of transformation may be extended, by taking 
the nth pedal triangle, of which the sides are 

(— a cos 4 cos 24 cos 44 . . . cos 2 “^^ 4^ 

(— 1 )*^“^ 6 cos B cos 25 cos 45 . . . cos 2 “”^ 5, 

(— l)n-igcos(7cos2(7... cos2"~*(7. 
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and the angles are 

i(2»+l)7r-2M, i(2» + l)7r - 2^*0, 

when n is odd, and 

-i(2»-l)7r + 2M, -i(2"-l)7r + 2"jB, -^(2^- l)7r + 2"0, 

when n is even. 

Thus, in any relation between the sides and angles of a triangle, 
we are entitled to write (— 1)*“^ a cos cos 2^4 ... cos for a, 

and j^(2“H-l)7r— 2*^^ or — ^(2*^ — l)7r for Ay according as n 
is odd or even, with corresponding expressions for the other sides 
and angles. 

163. In any general relation between the sines and cosines of the angles 
of a triangle, wo may substitute pA-^-qB+rC, qA-\-rB-\~pCy rA-\-pB-\'qC for 
Ay B, C respectively, where p, q, r are any numbers such that p+q-^r is of 
one of the forms 6w- 1, 6^1+2, where is a positive integer, provided that 
whenp+^+r is of the form 671- 1, the signs of all the sines are .changed, and 
when p+^+r is of the form 6^1+2, the signs of all the cosines are changed. 

This theorem follows from the facts that in the first case the sum of the 
angles 2wfr - {pA +qB+rC), Snir - {qA +rB +pf?), 2ww - {rA +p2?-fg'f?) is ir, 
and in the latter case the sum of the three angles 

(2w -h 1) w - (^pA + j'jB 4- rC)y (2n -f 1) tr - {qA + + pC)y 

(2»+ l)ir — (ril+p/l-HyC), is w. 


Properties of quadrilaterals. 

164. Let A BCD be a convex quadrilateral; denote the sides 
ABy BCy CD, DA by a, 6, c, d respectively, and the diagonals AC, 

A 
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jBD by Xy y respectively ; also let -4 + 0 = 2a, and let ^ be the 
angle between the diagonals. 

We shall find an expression for the area S of the quadrilateral 
in terms of a, 6, c, d, and a. We have 

= a® + d* — 2ad cos = 6* + (i* — 2/;c cos (7, 
therefore ad cos — 6c cos (7 = | (a* + d® — 6® — c*), 
also ad sin -4 + 6c sin (7 = 2Sf ; 

square and add the corresponding sides of these equations, we get 
a®d® + 6®c® - 2a6cd cos 2a = 4S® + ^ (a® + d® — 6® — c®)®, 
hence Ififll® = 4 (ad + 6c)® — (a® + d* — 6® - c®)* — 16a6cd cos® a, 
or 16<S® = {(a + d)® - (6 - c)®} {(6 + c)® - (a — d)®} — 16a6cd cos® a ; 


hence S® = (s — a) {s — 6) (s — c) (s - d) — a6cd cos® a (19), 

where 2s = a + 6 + o+dL 

In the case of a quadrilateral inscribable in a circle we have 
2a = 7r, thus 

fif®=(s-a)(s-6)(s-c)(s-d) (20). 


The expression (19) shews that the quadrilateral of which the sides are 
given has its area greatest when that is, when the quadrilateral can 

be inscribed in a circle. 

The theorem (20) was discovered by Brahmegupta, a Hindoo Mathema- 
tician of the sixth century. 

166. Expressions for the area of a quadrilateral can be found, 
which involve the lengths of the diagonals and the angle between 
them. 

The area of the quadrilateral is the sum of the areas of the 
four triangles into which the diagonals divide it ; the area of each 
of these triangles is half the product of the two segments of the 
diagonals which are sides of it, multiplied by sin<^; hence by 
addition we have 

8^ ^xy ( 21 ). 

Also 

20A . OB cos ^ * OA® + 05® - a®, 200 0(7® + OD^-c^y 
20 A . Oi) 008 ^ » d* - 0^* - OD*. 205 . OC cos ^ =. 6* - OB* - 00*f 

hence 2a?ycos^ = 6® + d® — a® — (22), 

therefore S » J (6® + d® — a® — c®) tan ^ (28), 
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and eliminating tf), vrtS obtain Bretschneider's formula 

/S = i {4ic»y* _ (6> + d> - a* - (24), 

which expresses the area in terms of the diagonals and the sides. 

If a circle can be inseribed in the quadrilateral, we have a+c^bi-d^ 
hence the formulae (23), (24) become S =^i{ac-bd) taxi and 

166. An expression may be found for the product of the 
diagonals of a quadrilateral, in terms of the sides and the cosine 
of the sum of two opposite angles. 

Through B and G draw straight lines meeting in E, so that 
the angles CBE, BCE may be equal to the angles ABB, ADB, 
respectively. The triangles EGB, ABD are similar, hence 

CE'^OB'^BE^ 


A 



thus AD.GB = B1),0E, Also since the angles GBD, ABE are 
equal, and AB: BE : :BL :BG, the triangles ABE and GBD are 
similar, therefore AB . GD = BD.AE, 

Since A (7* = AE^ + EG^ — ^AE , EG cos {A + G), 
multiplying by BD\ we have 

s a*c® -f- 6*(? — 2(ibcd cos 2a 


(26). 
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If 2a = TT, we have Ptolemy's theorem xy =*ac + for a quadri- 
lateral inscribed in a circle. 

If 2a = i7r, we have = a*c® + for a quadrilateral in 
which the sum of two opposite angles is a right angle. 

167. In the case of a quadrilateral inscribed in a circle, the 
lengths of the diagonals x, y, and of the third diagonal, formed by 
joining the point of intersections of the sides a and c to that of 
b and d, may be found in terms of the sidea 


F 



Let FO be the third diagonal, and denote the lengths of 
AC, BD, FO by x, y, z respectively. We have 

«;*= a* + 6* — 2a6 cos B 
and + d* — 2cd cos B, 


hence 



oh ^ 


cd * 


hence = (oc + 6d) (ad + 5c)/(a6 + cd) (26), 

and similarly it may be shewn that 

y® = (ac + 6d) (a6 + cd)/(ad + 6c). 


We have also 
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•and similarly 


hence 


FB^ 7, 

y cos D + .-c cos A 

FA FS FB — FA cl 

dx ^ by by --dx by — dx 

FA.FB^ i 

{by-dxY^ 


it may be shewn in a similar manner that 

{ay — cxy 

Now the square on FO is equal to the sum of the squares of the 
tangents from F and 0 to the circle (see McDoweirs Oeometry, 
p. 92), hence we have 


, f a^bd . b*ac \ 

“ ~ ^ W - <^)* ^ («y - <^n ' 


Now from the values found above, for and y®, we have 

X y ^ by ^dx ay — cx 

od + 6c~ a6 + cd a(6® - d*) 6(a* — c®) * 

therefore substituting in the expression for z\ we obtain 


' +ic)(a6 + cd) + (-r^} (27). 


Examples. 

(1) If the gtcadrilaieral u iTiecrihed in a circle, shew thit the radius of the 

* 1 ((ab+cd) (a oH-bd) (ad+bc) ) i 

i t(8-a)(B-b)(s-o)(8-d)/ ■ 

(2) Shew that the distance between the centre of a circle, of radius r, and 
the intersection of tlw diagonals of an inscribed quadrilateral is 

(8) Shew that the diagonals of a quadrilateral inscribed in a circle meet at 

- ,{a>+c«)~(b*+d*) f(s-b)(8-d)li 

on angU ^ or 2<a« > , and the 

pndwA 0 / tM tegmenu of a diagomd it 

(4) If S is the area of a quadrilateral inscribed in a circle, shew that the 
straight lines joining the middle points of the opposite sides meet at an angle 
f 4S (ad+bc)(ab+cd)\ 

t(h*-d«)(a®-c3^* i^Tbd i' 
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(5) If are the intersecHone of pairs of the diagoruds of a quadri- 

lateral inscribed in a circle, shew that the area of the triangle EFG is to that of 
the quadrilateral in the ratio a*b*c*d* : (a*b* c*d*) (a*d* b*c*). 

(6) Pro ve tha t the area of a quadrUata^al m which a c^le can be 

inscribed is Vabcd J (A + C) ; shew also that hJsdsin^K^s/hosin^G, 

(7) With four given straight lines, three distinct quadrilaterals can he 
constructed, each of which is inscribahle in a circle; their areas are equal; the 
six diagonals which intersect within the circle are equal in pairs; and if a, /9, y 
he the lengths of these lines, S the common area, and R the radius of the circle, 
shew that R=:a)3y/4S. 

(8) The difference of the areas of the triangles whose hoses are the sides 
h,d of a quadrilateral, and whose vertices coincide with the intersection of the 
diagonals, is ^ V 4a“c* - (x^ + y* - b* - d*)® 

(9) If a quadrilateral he such that all rectangles described about it are 
similar, shew that a*+c*=»b* + d*. 

(10) A quadrilateral is such that one circle can he describe d abo ut it, and 

another inscribed in it; shew that the radius of the latter is - ^ . 

a+b+c+d 

(11) If the diagonals of a quadrilateral intersect in 0, shew that 
area AOB . area ABCD» area ABC . area ABD. 


Properties of regular polygons, 

168 . Let 0 be the centre of the circles circumscribed about 
and inscribed in a regular polygon of n sides. Let R, r be the 
radii of the former and the latter circles, and let a be the length 
of a side of the polygon. 
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If AB be a side of the polygon, and D its point of contact 
with the inscribed circle, the angle AOB is 27r/ii, and the angle 
AOD is tt/h; we have 

a 2 jB sin — = 2r tan ~ (28), 

n n ^ ' 

thus the radii of the circles are determined, when the side a is 
given. The area of the triangle OAB is 

1 • 27r 1 ^ 

5 iC* sm — , or ^ ar, or r* tan - , 

2 a 2 n 

hence the area of the polygon is 

1 _ . 2^ IT 

5 nJB* sin — or nr* tan - (29). 

2 n n 

It should be observed that the problem of inscribing or circum- 
scribing a regular polygon of n sides in, or about a circle, is 
reduced to the determination of the circular functions of the 
angle irjn. 


169. Examples. 

(1 ) Circles are descrfherl on the sides a, b, c of a triangle as diameters^ prove 
that the diameter D o/ a circle which touches the three externally is such that' 



If 2), E, F are the middle points of the sides of the given triangle, and 0 
is the centre of circlo whose diameter is i), we have 

GZ)=J(/>-a), 0E^\{D--h\ 

also ^a, ^0 are the sides of the triangle DEP^ thus expressing the areas of 

the triangles in the relation A 0EF-k’^0FD’\- A ODE^^DEP^ in terms of 
the sides, we obtain the required relation. 

(2) From a point P, perpendiculars PL, PM, PN axe drawn to the sides 
of a triangle ABC/ shew that the area of the triangle LMN is 

^ (R® — d*) sin A sin B sin C, 

where d is the distance of P from the centre of the drcum-circ le. 

Produce OP to meet the circum-circle in and let P'JJf P*M\ P*N* be 
drawn perpendicular to the sides, their feet lie on a straight line called the 
pedal line of P* with respect to the triangle. The x^erpendicular from a point 
on the side of a triauglq is reckoned as positive or negative according as the 
point is on the same side or the opposite side of that side as the opposite 
angle of the triangle. 


H. T. 


U 
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Wehave i’X =(«-<<) cos il 

with similar expressions for PM^ PN\ now 

S A LMN^PM. PiV^sin A •{•PN, PL sin B+PL . PJf sin C 

«(A-«0«E8in4co85co8C'+^,2P'jr'. 

+ ^ (/J — d) S P'X' sin il ; 



also \l,P'M ' . P'N' sin A is the area of the triangle LM'N\ which is zero, and 
S/>'Z,'sind=^2«. P'L'=^it, P'BC=^l^ABC, 

and 2sinil cosPcos(7a=BinilsinPsinC; 

hence 2 A LMN (i2 - sin A sin B sin (7+ 2d {R - d) sin il sin B sin C 

•^{R^ - <P) sin A sin B sin (7. 

(3) fjf A, B, 0 he any three fixed pointSy and P any point on a circle whase 
centre is O, shew that AP^. ABOC-I-BP*. ACOA+CP>. A AOB is constant 
for aU positions of P on, the circle. 

Denote the angles BOC, COAy AOB by a, j8, y, then a+i3+y=*2fr, and let 
the angle POA be 6. We have . OP cos d, and similar 

expressions for PP>, OP*, hence the expression above is equal to 

OP* , A APC+S OA* . A POO- 20P2 OA . A POO cos B ; 
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the first two terms in this expi'essimi ait) independent of the position of t ou 
the circle, and the coefficient of 20 P m the last term is 

i OA . OB . OC {cos B sin a + cos (B +y) sin /3 + cos — B) sin y} 
or iOA, OB , 00 coaB (sin a -i-Binfiooay+ coa/3 Bin y) 

which is zero ; thus the theorem is proved. 

Particular cases of this theorem are the following : 

(а) PA^Bin2A+BB‘^Bin2B+P0^ain20 is constant if P lies on the 
oircum-circle ; 

(б) Pil*sin /1 + Pi5*sin i^+PC'^sin U is constant if P lies on the 
in-circle. 

(c) PA^ sin A cos (5 - C7) -I- PB^ sin B cos (O- A) + PC^ sin C cos (A - B) 
is constant if P lies on the nine-point circle. 

(4) Shew that the length of the side of the least equiloUoral triangle that 
can he drawn with its angtdar points on the sides of a given triangle ARC is 

2 A J2 

Va>+b»+o*+4 Vsa’ 

v'here A is the area of ABO. 

Let DBF be such an equilateral triangle, and let the circle round BEF 
cut BO and A 0 in IT and O respectively ; the angles FOAf FHB are each 60“ 
thus FOf FlI are in fixed directions; also the angle HFQ is 120“ - 0, 


A 



We have, if A F be denoted by j?, 

FQ^XBin Alain 60®, F}l^{c^ x) sin jB/sin 60*, 

hence 

HG^ = cosec* 60® {aP sin* A + (c — xf sin* B^2x{c~x) sin A sin B cos (120® — C)}. 

Now the radius of the circle is HO (2 sin (120® - (7), hence the circle is least 
when HO is least The least value of a quadratic expression 'hsP-k‘2fAX-^Vy 

14—2 
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in which X is positive, is » - ^ , for may be written in the form 


X + V - ^ . We find therefore for the least value of HG sin 00% 

( . (csin*^4-csiniisin^cosl20**~(7)^ 

\ ~ sin*A +sin®-fl+2 sin A sm B cos (120® — (7)/ • 


which is equal to 


e sin A sin D8in(120®“- f7) 


or 


(sin* A + sin® ^ + 2 sin A sin B cos (1 20® - (7)}i * 
V2 c® sin A sin B sin (120® — C) 


sin C7 V a® + 6® + c® + 4 ^/3 A 

Now the side of the eqi^teral triangle is ^(?sin60®/sin(120®-(7), thus 

the least value of the side ^ 

^a®+6®+c®+4V3A 

(5) Describe three cirdes mutually in contact^ each of which touches two 
sides of a given triangle* 



Let Pi, p 2 , ps be the radii of the circles, then Vpaps* 

hence a=5Af+(7W+ J/Wasp 2 Cot^i?+P 8 Cot-JC +2 VpaPs* 

with similar equations for h and c. 

Let sfissp^coHA, y®s=psCot^^, «*ssp3CotiC7, 

Vtan^^tan|^f7>B -coso, Vtan^Ctan^A « -cosjS; Vtan^Atan^iff*- —cosy; 

we find sin®a=l-tan^^tani(7Ba/s, and similarly ain^ fi^^b/s, sin®y«B<;/«, 
hence we have the equations 

y®-f-g®~2ygcosa ^ g®4-a;®-2g^cos3 _^ Jg*+y®~2j;ycosy 

sin*o sin*^ “ sin*y ' 


PKOPEHTIES OF TUIANGLES AND QUADRILATERALS 213 


these have been considered in Art. 68, £x. (12) ; adopting the first solution 
there found, we have 

d?=\/« cos(o--a), cos (o'-)3), 2 !=\/« cos (<r-y>, 

where 

hence 

pi=«tan|A cos^(o'— a), pja<tan J5oos*((r-i8), taniO'cos*((r-y) 

are the required radii of the circles. The other solutions give the radii of 
three sets of circles which are such that two in each set touch two sides 
of the triangle produced ; of one such set, the radii are 

stanj^Acos^f, «tan Jj5cos*(<-y), atan J(7cos2(«-)3). 

There are altogether eight sets of circles which satisfy the conditions of 
the problem. 

This solution is founded on that of Lechmutz given in the Nomelles 
AnnaleSy Vol. v. A geometrical solution of this problem, which is known as 
“ Malfatti’s Problem,” will be found in Casey^s Sequel to Eudid. A history of 
the problem will be found in the Bidletin de VAcaMmM Royale de BelgiqyiA 
for 1874, by M. Simona. 


EXAMPLES ON CHAPTER XII. 


1. If B be the angle between the diagonals of a parallelogram whose sides 
cr, b are inclined at an angle a to each other, shew that tan^= ^^g 

€lr — 0" 

2. If o, jS, y be the distances, from the angular points of a triangle, to 
the points of contact of the inscribed circle with the sides, shew that 

\i 


■c- 


3. The area of a regular inscribed polygon is to that of the circumscribed 
polygon, of the same number of sides, as 3 : 4 ; find the number of sides. 


4. From each angle of a parallelogram a line is drawn making the same 
angle, towards the same parts, vrith an adjacent side, taken always in the 
same order ; shew that these lines will form another parallelogram similar to 
the original one, if a^^b^^Z€d>co»By where a, 6 are the sides, and .R is an 
angle of the parallelogram. 

5. The straight lines which bisect the angles A, of a triangle meet the 
circumference of the circum-circle in the points a, y ; shew that the straight 
line ay is divided by CB^ BA into three parts which are in the ratio 

sin^j^A : 2 sin sin sin ^ (7 : sin> ^ (7. 
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6. If I be the centre of the in-circle of a triangle, /a, //;, Ic perpendiculars 
on the sides, pi, p 2 , p 3 the radii of circles inscribed in ther quadrilaterals 
Ahicy Bela, Calh, prove that 

Pi ^ po P3 _ ^ 

r- p 1 r - p *2 r - PS ” 2r‘ ~ * 


7. Prove that the line joining the centres of the circum-circle and the 

in-circle of a triangle makes with BG an angle cot ^ ^ ■ 

® ® \cos B -h cos (7- 1 / 


8. If, in a triangle, the feet of the perpendiculars from two angles, on the 
opposite sides, be equally distant frpm the middle points of those sides, shew 
that the other angle is 60®, or 120®, or else the triangle is isosceles. 


9. If A BG be a triangle having a right-angle at C, and A E, BD drawn 
perpendicularly to A B meet BG, AC produced in E, D respectively, prove 
that \An C ED BAG, and EGD=^£^ACB 


10. If a point be taken within an equilateral triangle, such that its 
distances from the angular points are proportional to the sides a, 6, c of 
another triangle, shew that the angles between these distances will be 

11. The points of contact of each of the four circles touching the three 
sides of a triangle arc joined; prove that, if the area of the triangle thus 
formed from the iiisciibed circle be subtracted from the sum of the areas of 
those formed from the escribed circles, the remainder will be double of the 
area of the original triangle. 

12. If A BCD is a parallelogram and P is any point within it, prove that 
A APC . cot APC- A BPD . cot BPD is independent of the position of P, 


13. Three circles touching each othfir externally are all touched by a 
fourth circle including them all. If a, &, c be the radii of the three internal 
circles, and a, y the distances of their centres from that of the external 
circle respectively, prove that 


2 




a/3\ 

ah) 



+ 6» + c* * 


14. P, $, R are points in the sides BG, GA, AB of a triangle, such that 
** ^ 55 * shew that AP^-^-BQ^^GB^ is least, when P, Q, R bisect the 

sides. 


16. On the sides a, 6, o of a triangle are described segments of circles 
external to the triangle, containing angles a, ft y respectively, wherc 
a+i3+y»fr, and a triangle is formed by joining the centres of these circles; 
shew that the angles of this triangle are a, ft y. 
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16. Through the middle points of the sides of a triangle, straight lines 
are drawn perpendicular to the bisectors of the opposite angles, and form 
another triangle ; prove that its area is a quarter of the rectangle contained 
by the perimeter of the former triangle and the radius of the circle described 
about it. 

17. P is a point in the plane of a triangle ABC^ and Z, if, AT are the feet 
of the perpendiculars from P on the sides ; prove that if i/A^+iVZ+Xi/'be 
constant and equal to the least value of 

is fV(sinM + sinap+Bin*{7). 

18. Lines B'C\ C'A\ A'B' are drawn parallel to the sides BC^ (M, AB 
of a triangle, at distances rj, rj, respectively; find the area of the triangle 
A^BT/. 

If eight triangles be so formed, the moan of their perimeters is equal to the 
perimeter of the triangle ABC^ but the mean of their areas exceeds its area by 

(a*ri* + c*r8*)/4A 

19. On the sides of a scalene triangle ABC, as bases, similar isosceles 
triangles ai’e described, either all externally or all internally, and their vertices 
are joined so as to form a new triangle A*B'C * ; prove that if A'B'C* be equi- 
lateral, the angles at the base of the isosceles triangles are each 30*" ; and that 
if the triangle A‘B*C* bo similar to ABC, the angles are each 

4 -1 

o»+6»+c*» 

where A is the area of ABC, 

20. A straight line cuts three concentric circles xfitA,B, C, and passes at 
a distance p from their centre ; shew that the area of the triangle formed by 

the tangents at A, P, i7 is . 

21. If A is the centre of the nine>point circle of a triangle ABC, and 
D, E, F are the middle points of the sides, prove that 

PC cos A2>C+ CA cos NEA + AP cos APP=0. 

22. On the side BA of a tnangle is measured BD equal to AC ; PC and 
AD are bisected in E and F \ E and F are joined ; shew that the radius of 
the circle round BEF is JPCcosec JA. 

23. If A', B*, C be any points on the sides of the triangle APC, prove 

that AP'. BC . CA'+P'C. O' A . AB^^R . A A'P'C'. 

2A If X, y, z denote the distances of the centie of the in-circle of a 
triangle from the angular points, shew that 

+ (a + 6 + ■* 2 (6*c*y*«* + 4* 

25. D, E, F are the points where the bisectors of the angles of the 
triangle APC meet the opposite sides ; if x, y, z are the perpendiculars 
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drawn from B, C, respectively, to the opposite sides of DEF^ pi^ p 2 t p% 
those drawn from Ay By respectively, to the opposite sides of ABCy prove 


that 


+^=ll+8siniilsin Jiffsin^^?. 


26. Shew that the distances of the orthocentre of a triangle from the 
angular points are the roots of the equation 

2 (i2+r) a!*+(r2-. 4/22+fi2)a?-2/2 {s® - (r+2f2)a}=:0. 


27. If each side of a triangle bears to the perimeter a ratio less than 
2 : 6, a triangle can be formed, having its sides equal to the radii of the 
escribed circles. 


28. ABC is a triangle inscribed in a circle, and from 2), the middle point 
of BCy a line is drawn at right angles to BCy meeting the circumference in E 
and F\ AE^ AF are joined. If triangles be described in the same way by 
bisecting A By AC, shew that the areas of the three triangles thus formed are 

sin (B-C) : sin (C-A): sin (A - B). 

29. Three circles, whose radii are a, b, c, touch each other externally; 

prove that the radii of the two circles which can be drawn to touch the three 
are ^ 

{hc-{’ca^ah)±2ts/abc (a + 6+c) 

30. ABC is a triangle; on its sides equilateral triangles A*BC, BCA, 
CAB are described without the triangle ; prove that (1) AA\ BB*, CC meet 
in a point 0, (2) 0A*^0B-\-0C, 

(3) Ai4'jB'C'=|Ai45C+^(5C'»+Cil*+il5*). 

O 

31. A', B' are the middle points of the sides a, & of a triangle; D, £^are 
the feet of the perpendiculars from A, B on the opposite sides; A*D, B*E 
bisected in P, §; prove that P§= J Va*+ 6* - 2a6 cos 3(7. 


32. The perpendiculars from the angular points of an acute-angled 
triangle meet in P, and PA, PB, PC are taken for sides of a new triangle. 
Blind the condition that this is possible, and if it is, and a, y are the angles 
of the new triangle, prove that 


1 + 


cos a 
cos A 


c osjg cosy , 
cos cos (7“* 


sec A sec B sec (7. 


33. Two points A, P are taken within a circle of radius r, whose centre 
is C. Prove that the diameters of the circles which can be drawn through 
A and B to touch the given circle are the roots of the equation 

(r*c* - sin* C) - 2^c* (r*- oft cos (7)+ c* (r* - 2r* db cos C+a*&*)«0, 

where the symbols refer to the parts of the triangle ABC, 
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d4. If a triangle be cut out in paper, and doubled over so that the crease 
passes through the centre of the circumscribed circle and one of the angles A, 
shew that the area of the doubled portion is 

^&>sin>(7oosC7cosec(2(7-H)sec((7-i3), where C>B. 

36. From the feet of the perpendiculars from the angular points At, € 
of a triangle, on the opposite sides, perpendiculars are drawn to the adjacent 
sides; shew that the feet of these six perpendiculars lie on a circle whose 

radius is ^ ^ (7+sin* A sin* B sin* C)^. 

36. Prove that if P be a point from which tangents to the three escribed 
circles of the triangle ABC are equal, the distance of P from the side BC 
will be 

^ (& 4 *o) sec ^ A sin \B sin 

37 . If .r, SI he the sides of the squares inscribed in the triangle ABC^ 

on the sides BC, CA, AB, shew that i + i + iasi + J + i + i, 

^ y I a 0 c r 

38. AA\ BB\ CC* are the perpendiculars from A, B, C on the opposite 
sides of the triangle ABC\ 0^, 0%, O 3 are the orthocentres of the triangles 
AB‘C\ BC'A', CA*B\ Prove ( 1 ) that the triangles 0x0^0^, A'B^C^ are 
equal, and ( 2 ) that 2 ri/ 2 i*=PaP 6 P«, where Pft, P® are the radii of the 
circles 0^A0%, O^B'Ci, OiC'Oj, and ri is the radius of the circle inscribed in 
A'B*C\ and Pi of the circle about A'B*C\ 

39. If X, y, z are the distances of the centres of the escribed circles of a 
triangle, from the centre of the in-circle, and d is the diameter of the circum- 
circle, shew that 

xyz -f d (jc® +y*+ «*) - 4d*. 

40. The linos joining the centre of the in-circle of a triangle, to the 
angular points, meet that circle in A^, B^, C^\ prove that the area of the 
triangle AxB^C^ is Jr® (cosJ-d-fcos^P-l-cosif/). 

41. If each aide of a triangle be increased by the same small quantity x, 
shew that the area is increased by Rx (cos A -H cos P+ cos C), nearly. 

42. AA', BB\ CC' are diameters of a circle, Z>, E, F are the feet of the 
perpendiculars from A\ B\ C' on BC, CA, AB respectively ; prove that AD, 
BE, CF meet in a point, and that the areas ABC, DEF are in the ratio 

1 : 2 cos A cos P cos (7. 

43. If ID, IE, IF are drawn from the in-centre 7 of a triangle, perpen- 
dicular to the sides, find the radii of the circles inscribed in lEAF, IFBD, 
IDCE\ if they are denoted by pi, pf, p^ respectively, shew that 

*^““ 2 pi) (r-2pj|)(r-2p8)«r*-4pip2P8* 
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44 . Shew that the radii of the circle which touches externally each of 
three given circles, of radii a, 6, c which touch each other externally, is 
given by 

\/f?6c(6+c+/2) + V^/fca(c+a-f^) + Vi2aft (a+6 + /0 = Va&c(a + 6+c). 

45 . Perpendiculars AAi, CG^ to the plane of a triangle ABC are 
erected at its angular points, and their respective lengths are a, 6, c ; shew 
that if A and bo the areas of ABC and A^B^C^^ then 

Ai® - A* =r ] (^ - 5 ^) (^ - a) + 62 (y - If) (y - + c2 (« - x) (z - y )} 

“ i - y) (-2? - *) + (y - «) (y - ^) + ci* (« - x) (z - y )}. 

46. Three circles are described, each touching two sides of a triangle, and 
also the inscribed circle. Shew that the area of the triangle having their 
centres for angular points bears to the area of the given triangle the ratio 

4 sin Jil sin^^sin^6'(sin ^A +ein |^+sin^C) 

: cos Jil cos ^B cos ^ (7(cos ^A +cos ^ j8+cos ^C). 

47 If the lines bisecting the angles of a triangle meet the opposite sides 
in />, E, Fy prove that the area of the triangle DEF is 

2r* cos ^A cos J i? cos i C/cos i (5 - (7) cos ^ (C- il) cos i (il - 5), 
and that 

(a + 6)» (a + c)a jg'Fa + (6 + c)a (6 + + (c+ a)* (c + 6)* /)^2 * 16^8/2 (1 122 + 2r), 

where A is the area of ABC. 


48. 0 is the centre of the circum-circle of a triangle, K is the ortho- 
centre, and OK meets the circle in P and P\ and the pedal lines of P and P' 
in Q and ; prove that OQ . OQ^^2R^ cob A cos B cob (7. 


49. E is the centre of the nine-point circle of a triangle ; 27, are the 
middle points of CB and CA ; prove that the area of the quadrilateral EDGE 
is Jp2(sin2i4 4-sin2jB+2sin2(7), where p is the radius of the nine-point circle. 


60. A triangle is formed by joining the centres of the escribed circles, a 
third from this, and so on ; shew that the sides of the nth triangle are 

.(2»*-»-l)7r + (-l)*‘-22l 
gn'-l f 

and similar expressions. 


A TT — A 37r-|-A 
a cosec ^ cosec — cosec — ~ — , 

a 2 * 2^ 


. cosec - 


61. If E is the centre of the nine-point circle of ABC, and AE meets £C 
in Dy shew that 

BE : DA :: cos (5— C) : 4 sin ^sin (7, 
and that the area of BEC is ^ It^ sin A cos (21- C). 

62. Shew that the radius of the circle which touches the three circles 
DCEy EAFy FBDy where D, Ey F are the feet of the perpendiculars from 
A, B, C on the opposite sides, is 

22Zsin A singsinCcos A cos gcoa(7(8in A+sin^ -i-sin C) 
sin^ A sin* B sin* C7- S sin* A cos* A + 2 cos A cos cos Cx sin B sin 
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53 If from any point 0, perpendiciilai's OD^ OEy OF are drawn to the 
Hides cm, of a triangle, prove that cotili^C^+cot/^A^J +cot CFB^O, 

54. If 5, B are given, and there are two triangles with these given 
parts, shew that their inscribed circles touch, if 

c* (cos* if + 2 cos 5 - 3) + 25o (1 — cos B ) + 5*=0. 


55. If ^ 2 ) h ^ lengths of the tangents drawn from the centres of 
the escribed circles of a triangle to the nine-point circle, shew that 


fi ra rg 


and 


ri-rg fa-rg ra-r, 


56. Prove that the sum of the squares of the distances of the centre of 
the nine-point circle of a triangle, from the angular points, is 

i£* (V^+S cos A cos i? cos C), 

57. Four similar triangles are described about a given circle, and their 
areas are A, Ai, Ag, Ag, shew that 

(a) an angle of the triangles is * 

(5) A^ = Ai^ + Aa^ + Ag^, 

(c) the radius of the circle is (AAiAgAs)^* 


58. Through the angles A, B, C of a triangle, str.iight lines are drawn 
making angles d, <^, ^ with the opposite sides of the triangle, in the same 
sense. Prove that the diameter of the circle circumscribing the triangle 
formed by these lines is 

„ sin {2A -p — Vr) cos 6 + sin {2B +^~^ff) cos 0 + sin (2(7+ d - cos ^ 
sin (d -f ^ sin^^-H^ - d) sin ((7-1- d - 


59. The sides of a triangle subtend angles a, i9, y at a xioint 0 ; prove that 


( 1 ) 

( 2 ) 


cos i a 4- cos J iS -h cos i y =a 4 cos i ()3 -h y) cos i (7 + “) 1 (® + W, 

5c8i n(a— A) 


V be sin a sin (a ~ A ) 4- ca sin ja sin (j8 - .5) + a6 sin y sin (y — C) 


60. If di^ da, ds be the distances of any point in the plane of an equi- 
lateral triangle whose side is a, from the angular points, prove that 

da*c^,»4-d32di2 + d,*d2Ha*(di*+d2*4d3*)=aHdiHd2*+d8* 

Hence shew that the sum of two equilateral triangles, each of which has 
its vertices at three given distances from a fixed point, is equal to the sum of 
the equilateral triangles described on the distances. 


61. If P be any point within a triangle ABC, and Oi, O 2 , 0^ are the 
circum-centres of the triangles BFC, CPA, APB respectively, then if p be 
the circum-radius of OxO^O^^ shew that 

4p sin d sin 0 sin 0 =;.r sin d-h^ sin 0 sin 

where 47 , y, z are the lengths PA, PB, PC, and d, 0, 0 are the angles BPC, 
CPA, APB. 
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62. If a, 6, c 1)6 the radii of three circles touching each other externallj, 

and 7*1, r, be the radii of the two circles that can be drawn to touch these 

112 2 2 

three, shew that - + - = -- + r + -. 

ri r 2 a b 0 

63. If the bisectors of the angles H, of a triangle, meet the opposite 

sides in prove that EF makes with BC an angle 

. (&~c)sin A 

^ (a+ft)cos04-(a4*c)cosH’ 

64. If I be the centre of the circle inscribed in A BC^ that of the circle 
inscribed in IBC, that of the circle inscribed in BC^ and so on ; shew 
that as n indefinitely increases, /«/».! divides BC in the ratio of the 
measures of the angles C and B. 

65. Points Z), E^ /^are taken on the sides H(7, (7d, AB oi a triangle, and 
through Z>, jF, Fbxq drawn straight lines EC\ C'A\ A*E^ equally inclined to 
BC^ CAy AB respectively, so as to form a triangle A*B'C* similar to ABC. 

Provo that the radius of the circumscribed circle of A'B'C is 

(EF COB a+FB cos /9+/>i^co8 y)/4 sin A sin B sin C, 

where a, jS, y are the inclinations of AA\ BB\ CC* to BCy CAy AB re< 
spectively. 

66. If P be a point on the oircum-circle whose pedal line passes through 
the centroid, and if the line joining P to the orthocentre cuts the pedal line 
at right angles, jirove that 

Pil®+PP*+PC'*=4P* (1 -2 cos A cosPcos (J), 

67. 2) is a point in the side BC of a triangle ; if the circles inscribed in 
the triangles ABD^ ACD touch AD in the same point, prove that D is the 
point of contact of the in-circle of ABC with BC ; but if the radii of the 
circles be equal, then 

CD : BD cosec 2) + cosec C : cosec 2)-J-cosec B. 

68. From a point within a circle of radius r, three radii vectores of 
lengths T], r 2 , are drawn to the circle, and the angle contained by any 
pair is 29r/3 ; shew that 

3f^(r2r8+r3ri+rir2)*«(r2*-|-r,r8-|-rs*) (r8*+r3ri+ri*)(ri*+rira+r2*), 
and that the distance of the point from which the radii are drawn, from the 
centre of the circle, is cf, where 

(r® - flP) (rafa -brari -f-rj ra) «ri (ri+ra+ra). 

69. Circles are inscribed in the triangles 2)iJSiPi, 2>2P2^2) 

where 2>i, Pi, Pi are the points of contact of the circle escribed to the side 
BCi shew that if pi, pa, p 3 be the radii of these circles 

— : — : -=l-tan : 1-tan : l-tan^(7. 

Pi Pi P3 * 
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70. In a triangle A BCy A\ B\ C' are the centres of the circles described 
each touching two sides and the inscribed circle ; shew that the area of the 
triangle A*B'C' is 

tan - A) tan 1 («• -5) tan 1 (ir - C) 

{cosec J (tt - A) cosec J (w - Z?) cosec i («■ - C7)+ 4} 

71. The three tangents to the in-cirole of a triangle which are parallel to 
the sides are drawn ; show that the radii of the circles inscribed in the thi'ee 
triangles so cut off from the corners are given by the equation 

Jr* (a*+6*+<}*-26c~2ca — 2a6) j;— r®=0. 

72. The perpendiculars from the angular points of a triangle on the 

straight line joining the orthocentre and the centre of the in* circle sub py qy r ; 
prove that ^ sin A __ qsmB _ r sin C 

sec^- sec sec C- sec A “ sec A - sec if ’ 

a convention being made as to the signs of p, qy r, 

73. A point is taken within an equilateral triangle, and its distances 
from the angular points are a, y. The internal bisectors of the angles 
between (A y), (y, a), (a, jS) meet the corresponding sides of the triangle in 
Py Qy B respectively ; shew that the area of PQR is to that of the equilateral 
triangle in the ratio 

2a(iy : O+y) (y +a) (a+^). 

74 If ly m, n are the distances of any point in the plane of a triangle 
A BCy from its angular points, and d the distance from the circum>centre, 
prove that 

P sin 2A +m* sin 2^+^^ sin 2C^ 4 ( A*+(Z*} sin A sin B sin 0, 

76. If O is the centroid of a triangle, shew that 

cot OAB+cot OBG+cot OCA =3 cot wsscot A^G'+cot BCG-k-cot CAOy 
and cot A OB + cot BOO + cot CO A + cot a> s 0, 

where cot a>scot A +cot B + cot C, 

Also if AT be the symmedian point, that is a point in the triangle, such 
that the angles KACy GAB are equal, and two similar relations, tiien 
cot AAjff-l-cot BKC^cot CKA + J cot « +f tan ® *0. 

76. Each of three circles, within the area of a triangle, touches the other 
two, touching also two sides of the triangle ; if a be the distance between the 
points of contact of one of the sides, and jS, y be like distances on the other 
two sides, prove that the area of the triangle of which the centres of the 
circles are angular points is J 0®y*4*y*a*+a*/a*)^. 

77. If a, hy Cy d be the perpendiculars from the angles of a quadrilateral 
upon the diagonals d^y </,, show that the sine of the angle between the 

diagonals is equal to 
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78. If A BCD be a quadrilateral, prove, in any manner, that the line 
joining the intersection of the bisectors of the angles A and C with the 
intersection of the angles B and D makes with AD angle equal to 

ta ) 

^ \l+cos.d+cos2)+cos(il+5)J ‘ 

79. ABODE is a plane pentagon ; having given that the areas of the 
triangles EABy ABC^ BCD^ CDE^ DEA are equal to a, 6, c, e respectively, 
show that the area A of the polygon may be found from the equation 

il* - (a + 6 + c+ + «) -d -l-(a6 + 6c 4- erf + fife + «a) *=0. 


80. Shew that if a quadrilateral whose sides, taken in order, are a, 6, c, rf 
be such that a circle can be inscribed in it, the circle is the greatest when the 
quadrilateral can be inscribed in a circle, and that then the square on the 


radius of the inscribed circle is 


abed 

(a+c) (6-f rf) 


81. A polygon of 27i sides, n of which are equal to a, and n to 6, is 
inscribed in a circle; shew that the radius of the circle is 

s (a^+ 2ab cos — + 6*^^ cosec — . 

2 \ ^ 


82. A quadrilateral whose sides are a, 6, c, rf can be inscribed in a circle; 
its external angles are bisected ; prove that the diagonals of the quadrilateral 
formed by these bisecting lines are at right angles, and that the area of this 

quadrilateial is ^ ^(ab+cd){ad+bc) 


where 


2 (a + c) (6 + rf) V(« - a) - 6) (« - c) (s 
2««a+64-c+rf^ 


-rf)’ 


83. A quadrilateral A BCD is inscribed in a circle, and EF is its third 
diagonal, which is opposite to the vertex A ; prove that if the perpendiculars 
from A on BC, CD meet the circles described on ADy AB respectively as 
diameters, in P, then P®sinZ)«^P(sm*A-sin*/>). 

84. The power of two circles with regard to one another, is defined to be 
the excess of the square of the distance between their centres, over the sum 
of the squares of the radii. Prove that for a triangle ABCy the power of the 
inscribed circle, and that escribed circle which is opposite il, is i {a®+(6-c)2}, 
and hence verify that if the escribed circle touches an escribed circle, the 
triangle must be isosceles. 

86. The sides, taken in order, of a pentagon circumscribed to a circle 
are a, 6, o, rf, a; prove that its area is a root of the equation 

{1 2a* (6+a-c-rf)-| 2a^ + i 2acd} 

+ (a-a-e) («-6-rf)(«-c-r) («-rf-a) («-c-6)a®=0, 
where 2a is the sum of the sides. 



EXAMPLES. CHAFfER XII 


228 


86. If a, A, ^ bd the distances of any point on the circumference of a 
circle of radius r, from four consecutive angular points of an inscribed icgular 
polygon, find the relation between a, 6, c, and (f, and prove that 

2 _ (ab - ed ) (be — ad) (ca - bd) 

^ “(a+6-c-rf) {6+c-a-<f)(<?+a-A-fl?) (a+6+c+rf)* 

87. The perimeter and area of a convex pentagon ABGDEy inscribed in a 

circle, are and and the sum of the angles at E and By at A and ( 7 , 

are denoted by a, ; shew that 

(sin 2a+ +sin 2c)+2/Sf (sin a+ +sin 

88. ABCD is a convex quadrilateral of which the sides touch one circle, 
while the vertices lie on another ; tangents are drawn to the circumscribed 
circle at Ay By O', Z> so as to form another convex quadrilateral ; prove that 
the area of the latter is 

« (8<T - 2abcd) (abed)^ tr 

(cr - bed) (tr^^eda) (<r - dab) (o- - abc) * 

where r is the radius of the circle ABCDy 2«»a+&+c4-£i^» and 
SB hod -i- oda + dab-\‘abc. 



CHAPTER XIII. 


C50MPLEX NUMBERS. 

170. In works on Algebra, numbers of the form at-Viy, called 
complex numbers, are considered, and the application to them of 
the ordinary laws of algebraical operations is justified. We shall, 
in this Chapter, consider the mode in which such complex numbers 
may be geometrically represented, and in which the results of 
additions and multiplications of such numbers may be exhibited. 
It will appear that circular functions present themselves naturally 
in this connection, and indeed that such functions must be intro* 
duced in order to give conciseness to the results of the multiplication 
and division of complex numbers. 


The geometrical representation of a complex number. 

171. A positive or negative real number x is represented 
geometrically by laying off on a fixed infinite straight line A'OA, 
a length OM = | a; | , to scale, measured firom any specified point 0 
in one direction or the other, according as (c is positive or negative ; 
we may then consider that the number x is represented either by 
the position of the point M, or by the straight line OM. In order 
to represent a purely imaginary number iy, take a fixed straight 
line lyOB, in any fixed plane containing A'OA, perpendicular to 
the latter line, then measure from 0 a length 0A's|y|, in the 
direction OB or OB', according as y is positive or negative, then 
we shall consider that the imaginary number iy is represented by 
the point N, or also by the straight line ON. A circle of radius 
unity cuts A'A and B'B in the points which represent the 
numbers 1 1, ± » respectively. In order to represent the 
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complex number x 4- complete the rectangle OMPN^ then we 
shall consider that the point P, or also the straight line OP, re- 
presents X + iy. We thus suppose that the result of the addition 
of the two numbers x and iy is represented geometrically by tlie 
diagonal of the parallelogram of which the two straight hues Oilf, 



O-flT, which represent x and iy respectively, are sides. In the 
figure, Pi represents a number a^i + iyi in which both Xi and yi 
are positive, Pa a number + iy^ in which x^ is negative and y^ is 
positive, and Pg a number x^’k-iyi in which x^ is positive and y^ is 
negative. A'OA is called the real axis, and B’OB the imaginary 
axis. 

172. Let T denote the absolute length of OP, and Q the angle 
which OP makes with OA. measured counter-clockwise from Oil, 
then 

a? = r cos y = r sin 0, and z = X’\-iy = r (cos 0 + i sin 0), 
where r = ^ = tan”^ ^ . 

X 

The essentially positive number + is called the modulus^ 

and the angle 6 is called the argu ment of the complex^umber 

15 


H. T. 
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a? + iy. A straight line OP measured in any direction from 0 in 
the plane is thus capable in virtue of its two qualities of absolute 
length, and of direction, of completely representing a complex 
number. The number x^riy Tnay also be represented by any 
straight line in the plane, drawn parallel to OP, and of equal 
length, since such a straight line represents both the modulus 
and the argument of x + iy, 

173. Suppose a point P to describe a circle with centre 0, 

and any radius ?•, commencing from A' and moving in the counter- 
clockwise direction, then the modulus of the complex number 
represented by P remains constant and equal to r, whilst the 
argument increases algebraically continually from — tt. We may 
suppose the point P to make any number of complete revolutions 
in the circle, then at every passage through any fixed position Pj , 
the number x + iy has the same value, or an addition of a multiple 
of 27r to the argument leaves x + iy unaltered. In other words, a 
variable a; + iy = r(co8 0 + % sin 0), 

considered as a function of its modulus r and its argument 0, is 
periodic with respect to the argument. 

For any number x + iy, that value of 0 which lies between 
the values — tt and tt may be called the pHncipal value of the 
argument; and we shall in general, in speaking of the argument 
of such a number, mean the principal value. 

It should be observed that the principal value of the argument 

0 is not necessarily the principal value of ^tan"*^ ^ , as defined in 

Art. 38 ; for a given number x + iy, both cos 0 and sin 0 have 
given values, therefore 0 has only one value between — tt and ir 

I*' 

In this sense, the argument of a positive real number is 0, that of a 
positive imaginary number is and of a negative imaginary number - ^ir. 
The principal value of the argument of a negative real number is, as defined 
above, ambiguous, being either yr or - ir ; we shall however consider it to be xr. 
The conjugate numbers x+ty, x-iy have the same modulus, but their argu- 
ments are d and The modulus of is frequently denoted by 

mod. (a?+iy), or also by |a;+iyl. 

174. It is of fundamental importance to observe that whilst a 
real variable x can, whilst increasing continuously from x^ to x^, 
only pass through one set of values, this is not the case with a 
complex variable x + iy. There are an infinite number of ways in 
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which such a variable may change continuously from Xi + iyi to 
^a+ even supposing that both x and y continually increase, for 
the continuous increase of x from x^ to x^ is entirely independent 
of the increase of y from yi to y^* This is essentially involved in 
the fact that two distinct unities are implied in a complex number, 
and is represented geometrically by the fact that two points and 
Pa in the diagram may be joined in an infinite number of ways, 
the representative point moving along any arbitrary curve joining 
Pi and Pa. If a real variable is to increase from x^ to x^, always 
remaining real, the representative point is restricted to remain 
in the x axis ; if the variable is not restricted to have its inter- 
mediate values real, the representative point may describe any 
arbitrary curve drawn joining the two points on the x axis. 

We may express this point by saying that a purely real or a 
purely imaginary number is essentially one-dimensional, whereas 
a complex number is two-dimensional, and requires a two-dimen- 
sional space for its geometrical representation. 

The method of representing complex numbers geometrically was given 
by Argand in a tract published in 180G, but an earlier attempt at their 
rejiresentation had been made by Kiihn in 1750. The theory founded on 
this method of representation was developed by Cauchy, Gauss, Riemann, 
and others, and forms the foundation of the modern theory of functions. 

The addition of complex numbers, 

176. Suppose two complex numbers x^-V iyi, x^ + iy^ are re- 
presented by the points P, Q ; complete the parallelogram OPRQ, 
then the projection of OR on either axis is the sum of the pro- 
jections of OP, PR, or of OP, 0^, on that axis; hence the point 
B represents the sum (Xi + X 2 ) + i (yi + ^ 2 ) of the two given complex 
numbers. We see therefore that the sum of two complex numbers 
is obtained geometrically by adding the straight lines, which 
represent those numbers, according to the parallelogram law. We 
have supposed that equal and parallel straight lines of the same 
length, and in the same direction, represent the same number, 
thus PR drawn from P parallel and equal to OQ represents 
^2 + We may therefore express the rule of addition thus : 
draw from 0 the straight line OP to represent Xi-\-iyi, and then 
from P draw PR to represent join OR, then OR, or the 

point R, represents the sum {xi + a?*) -f- i (yi + ^ 2 ). 


15-2 
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176. The mode of extension of the rule for addition, to any 
set of numbers, is now obvious. 

Draw OPi in the second figure on page 228 to represent Xi 4- 
then from Pj dmw Pi Pa to represent a?, + iy 2 , from Pg draw PaPi 
to represent + and so on; then join OPn] the sum of the 
n numbers a?i + iyi, (C 2 + iy 2 , .*• + is represented by the 

straight line OPn, or by the point Pn. 

Since the length 0P« cannot be greater than the sum of the lengths 
OPiy P iPj, ... P n-lPui it follows that the modulus of the sum of a set of 
complex numbers is less than, or equal to, the sum of their moduli. 

177. In order to subtract a?a + iy 2 from + a line PRi 
must be drawn from P to represent — (aja + iy^), this will be equal 
to PP, and in the opposite direction ; then the difference is repre- 
sented by ORi, or by the point Pi« 



The multiplication of complex numbers. 

178. The product of the two numbers 

®i + »yi. ®» + »y, is (aiiXt-y^yi) + i{aiiyt+Xtyi), 
and if we replace the expressions by 

r, (cos ^1 + 1 sin ^i), r,(cos 0,+tsin 
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their product may be written {cos (6^ + 6^ + i sin (^, + \ 

this expression shews that the modulus of a product is equal to the 
product of the moduli, and the argument of the product is equal to 
the sum of the arguments of the two numbers. 

It should however be observed that if ^-re the principal values of the 
arguments of ^hen ^^+^2 1® necessarily the principal 

value of the argument of the product 

We can now obtain a geometrical construction for the product 
of two numbers; let A, P, Q represent the three numbers +1, 
+ ^Vu ^2 + iya I join AP, on OQ describe a triangle QOB similar 



to A OP, and so that the angle QOR is equal to 4-^i, then 
ROA = + 02, and also OR : OQ :: OP : OA ; hence the length of 

OR is equal to the product of the lengths of OP and OQ; it 
follows that the point R represents the product (a?i + iyi) + ty 2 )* 
If we now introduce a third factor x, 4- iy^ = (cos 0^ + 1 sin 0*). 
we have 

(a?i + tyi) (Xa + tya) {X2 + ty,) 

~ {cos (0j 4- 02) 4- i sin (0i 4- ^ 2 )} {cos + i sin 

= nrarj {cos (01 4- ^2 4- 0$) 4- i sin (0i + ^a + ^s)}, 
and we obtain, in a similar manner, the product of four or more 
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complex numbers. In the case of n such numbers, we obtain the 
formula 

4- lyi) + iy^ . . . (a?n + iyn) 

= r^r^...rn {cos (^i + ^2 + ... + ^n) + i sin (tf, + + . .. 4- On)] • . •(!)• 

Or the modulus of the product of any set of complex numbers 
the product of their moduli, and the argument of their product 
the sum of their arguments. The product may be obtained geo- 
metrically by a repeated application of the construction we have 
given for the product of two numbers. 

Division of one comjdex mimber by another. 

179. The quotient {x^ + iy^ (x^ 4- iyi) is equal to 
1 r 

— {a!,a^ + y,y 3 - i (a:i jr, - ar,y,)} or ^ (cos (^, - ^,) + 1 sin (^, - ^,)) ; 

thus the modulus of the quotient is the quotient of the moduli, 
and the argument of the quotient is the difference of the argu- 
ments of the two numbers. 

To construct the quotient geometrically, join the point Q 


P 


8 - 8 - 
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(nn^ + iyi) to the point A (4* 1), and draw a triangle ORP similar to 
the triangle OAQ, the angle HOP being measured equal to — 
then the angle ROA is 0i — 02i and OR^OPjOQ, therefore the 
point R represents the quotient. 


The powers of complex numbers. 

180. If in equation (1), we put all the factors on the left- 
hand side of the equation equal to x-\- iy, we obtain tlie formula 

(x -h {yY = r" (cos n0 4- i sin n0) ; 

thus the modulus of the nth power of a complex number is the 
nth power of the modulus, and the argument is n times that of the 
given number. The number n here denotes any positive integer. 

To construct such a power geometrically, let Pj {x 4 ly) be 
joined to ^(4-1); on OPj draw the triangle OP^P^ similar to 
OAPn on OP 2 draw OPoP^ similar to the same triangle, 
and so on; then the lengths of OPi, OP 2 , ... OPn are r,r*, ... r”, 
respectively, and the angles Pf)Ay PaOil, . . . PnOA are 2^, . . . nd, 
respectively, therefore the points Pi, P 2 ,...Pn .represent the 
numbers (x 4- iy), (« 4- ^y)^ . . . (^ 4- iy)". 

In the particular case r = 1, we have 

(cos 0 + i sin 0Y = cos n0 4 i sin n0f 

and if Qi represents cos^4-isin0, then the points Qi,Q 2 ,--.Qn> 
which represent the diflerent powers of cos 0-hi sin 0, are all on 
the circle of radius unity, and so that the arc between any two 
consecutive points of the series subtends an angle 0 at the 
centre 0. 

181. In accordance with the theory of indices, supposing n to 

1 

be a positive integer, the expression (x 4- iyY denotes a number 
of which the nth power is xA-iy. Now since the nth power 
of the modulus of a number is the modulus of its nth power, 

and since the modulus of any number is real and positive, the 
1. 

modulus of {x 4- iyY is y/r, where is the real positive nth root 

1 

of r. Suppose that {/r (cos ^ + i sin 0) is a value of (x + iyY, then 
we have 

r (cos ^ 4- i sin <f)Y = r (cos 0 + i sin 0), 



COMPLEX NUMBERS 


or COS n<l> + i sin ntf) = coa0 + i sin d ; therefore cos n<l> = cos 0y and 
sin n<f> = sin 0, or 7i<f> - 0 + 2s7r, where s is any positive or negative 
integer including zero; hence a value of 

1 

(x+iyy 

. * / f ^ + 2s7r . . 5 + 257r) 

IS -J/r -^cos h^sln > , 

since the ? 2 th power of this expression is equal to « + 2 y. The 

above reasoning shews that every value of {x + iyY must be of this 
form. 

If we give s the values 0, 1, 2, ... ?2 — 1, the expression 

0 -f 257r . . 0 + 2sir 

cos h i sin 

n n 


has a different value for each of these values of for in order that 

it may have equal values for two values Sj of we must have 

0 4- 25i7r 0 4 25o7r . . ^ 4 25i7r 0 4 2^2^ 

cos — = cos =- , and sin = sin — — . 

n n n n 

, 04 2«j7r ^4 2^2^ , 

whence — = 2fc7r « , or = wA:, 

•n n 

where k is some positive or negative integer ; this cannot be the 
case if Si and S 2 are both less than n, and unequal, therefore the 
values are all difiFerent, 

If we give s other values not lying between 0 and n — 1, we 

shall obtain no more values of (cos 0 -{-i sin 0)^, for if S 2 be such a 
value of s, it is always possible to find a number Si lying between 
0 and n — 1, such that Si — s.i is a multiple of n, and therefore 
the value of the expression for « = is the same ^ for 5 = 

We see then that all the values of (x 4 are given by the 
series of n numbers 


(cos^4isin-), (j/r (cos 4isin 

where is real and positive 


182. If 0 be the principal value of the argument of ^ 4 that 
is, that value of the argument which lies between — ir and tt, we 
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may regard ^cos “ + * sin - j as the principal value of {x + 

We may consider 

B . . B B 27r B 2‘7r B + . . B 47r 

cos - + i sin - , cos + ^ sin , cos + % sin 

n n n n n n 

as the principal values of the nth roots of 

cos^+isin^, cos(tf+27r)+isin(^+27r), cos(tf+47r)+isin(^+47r) 

1 

respectively. The different values of {x-\-iyy^ are then the 
principal values of the corresponding expression in r and B when 
n different values of the argument B are taken, the principal value 

of (x + iyj^ being considered as that expression in which B has 
its principal value. 

The two values of a^, where a is a positive real quantity, are 
i^a(cosO + isinO) and /^a(cos Tr+tsintr), that is ^Ja and where Ja is 
the positive square root of a. The values of (-a)i, in which case ^=tr, 
are yja (cos ^ tt + 1 sin J w), nja (cos f tt 4- f sin f n\ or i - i Ja. The 
principal value of is of ( - a)^ is i y/a. 


183. The nth roots of unity are obtained from the expressions 
in Art. 181 by putting r = 1, ^ = 0 ; they are therefore 


1 . 


27r . . 27r 

cos h i sin — , 

n n 


47r . . 47r 

cos h ^ sin — , 

n n 

2(n— l)7r . . 2(n— l)7r 
cos — ^ 1 - 1 sin — . 


27r 27r 

If we denote by co the root cos h t sin - , the whole of the 

n n 

roots are given by the series 1, w®, ... 

Since 

B . , B 


B^-2nr . . ^+2r7r 
cos — :: h % sin 


/ B . , B\ f 2r7r , . . 2i^\ 

= cos - + 1 sin - cos h t sin , 

\ n nj \ n nj 


n 


n 


it follows that, if Vic + iy denote the principal value of (a? + iy)”, 
then all the values are given by the series 

+ toVx’\-iy, ©*v^a7 + iy, + 


Examples. 
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184. We shall now shew how to represent geometrically the 
nth roots of a complex number; the method will give an 
intuitive proof of the existence of n different values of the nth 
root. Without any loss of generality we may take the modulus 
to be unity, so that we have to represent the values of 

1 

(cos + i sin OY. 

Let a point P describe the circle of radius unity starting 
from Ay at which 0 = 0, then in any position of P for which the 
angle POA described by OP is 0, the point P represents the 
expression cos 0 + i sin 0. Let another point p start from A at 
the same time as P, and let its angular velocity be always equal 
to 1/n of that of P, so that the angle pOA is always equal 



0 . . 0 

to 0/n, then p represents cos--f fsin-. When P reaches any 

position Pi for the first time, let p be at pi, then the angle 
PiOA is n times the angle piOA, therefore Pi represents the nth 
power of the number represented by pi, or conversely pi repre- 
sents an nth root of cos 0i +i sin 0i. Now let P move round the 
circle until it again reaches Pj, so that it has described the angle 
01 + 27r, then p will be at p^, where p^OA is equal to (0i + 27r)/n ; 
if P proceeds to make another complete revolution, when it again 
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reaches the position Pi, p will be at p^, where p^OA = {di + 47r)/n, 
and so on. The points pi.pa* --Pn are the angular points of a 
regular polygon of n sides inscribed in the circle. When P makes 
more than n complete revolutions round 0, the point p will again 
reach the positions , Pa, . . . . Each of the points • • • Pn repre- 

sents a value of (cos + i sin since the ?ith power of the 

expressions represented by any one of these points is the expression 
represented by the point P. The point pi represents the value 

for the smallest argument We have thus obtained the 

1 

n values of (cos 6^ + i sin and we see that these values are the 

diflferent values of cos — + i sin , when s = 0, 1, 2 , . . . 

n n 

w — 1. 


186. To obtain graphically the 7ith roots of any number 
x + iy, we must be able (1) to divide an angle into n equal parts, 
and (2) to inscribe a regular polygon of n sides in a circle, and (8) 
in order to construct the modulus, we must be able to construct a 
straight line whose length is the nth root of the length of a given 
line. In order to obtain all the ?ith roots of unity, it is only 
necessary to solve the second of these geometrical problems, since 
in this case the angle to be divided into n parts is zero. The 
problem of inscribing a regular polygon of n sides in a given circle 
is therefore equivalent to that of obtaining the numerical values 
of the roots of the equation This geometrical problem 

can be solved by a method involving the construction only of 
straight lines and circles in the following cases: 

(1) When w is a power of 2 ; for example n = 4, 8, 16, 32. 

(2) When n is a prime number of the form 2*" + 1 ; for 
example, when n = 3, 5, 17, 257. This was proved by Gauss in his 
Disquisitiones arithmeticae, 

(3) When n is the product of different prime numbers of 
the form 2*“ + 1, and of any power of 2 ; for example, when n = 15, 
85, 255. 

The proof of Gauss’ theorem would lead us too far into the 
theory of numbers ; we have however considered the special case 
n=:l7 in Art. 85, Ex. (4), where sin7r/l7 is found in a form 
involving radicals. 
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De Moivre's theorem, 

186. For all real values of m, cos m0 -f i sin m0 is a value of 
(cos 0 -f - 1 sm 0y\ 

This theorem, known as Do Moivro’s theorem, has been proved 
in Arts. 180 and 181, in the two cases m = n, and m = 1/w, where 
w is a positive integer. To complete the proof, we have to consider 
the cases when m = p/j, a positive fraction, when m is a positive 
irrational number, and lastly when m is any negative real number. 

p 1 

It is clear that (cos d + i sin 0f = (cos p0 + i ship0)^, and one value 

of this is cos^- + i sin - Therefore the theorem holds when vi 
7 a 

is a positive rational number. 

p 

It should be remarked that all the values of (cos ^ + i sin dy 
are given by the expression 

^£(£+^) + 

8 8 

where 5 = 0, 1. — 1, when pjq is a rational fraction in its 

lowest terms. 

When m is not a rational number, it can always be defined in 
an indefinite number of ways as the limit of a convergent sequence 
of rational numbers Wj, mg, . . . m,, . . . . Such a convergent sequence 
is characterized by the property that, if e be an arbitrarily chosen 
rational number, as small as wo please, s can always be so deter- 
mined that m* differs arithmeticidly from each of the subsequent 
numbers vi^^i, ... by less than 6. If r is any positive real 
number, the principal value of r*” is defined as the limit of the 
convergent sequence 7’"', when each of the numbers 

is real and positive, ?•”** having its principal value. It is known* 
that this sequence is convergent, and that it has a limit which is 
independent of the particular sequence of rational numbers em- 
ployed to define the irrational number m. 

If z denotes the complex number r (cos 9 + i sin 0), a value of 
js**, when m is an irrational number, is defined as the limit of the 
sequence of numbers (cos ^ + i sin (cos 0-^i sin 0y‘\ ... 

^ For a proof of this, see the author’s Theory of functions of a real variable^ 
p. 44. In Chapter i of that ^ork, a full discussion of the thcoiy of irrational 
numbers is given. 
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(cos ^ + i sin .... where r™'» has its principal value, 
and corresponding values for all values of s are assigned to 
(cos ^ + 1 sin In accordance with this definition, one value 

of is the limit of the sequence r”** (cos mi ^ + i sin mi 6 ), 
(cos ma ^ i sin rri^d), ... (cos maO + i sin 711 ^ 6 ), .... Since 
converges to r”*, and cos m«^ + isinm^d converges to 
cos mO + % sin m 6 , on account of the fact that cos m 6 , sin mO are 
continuous functions of 7w, we see that one value of is 

r*" (cos 7 n 0 + i sin mO) ; and one value of (cos 0 + i sin is 

cos m^ + i sin m^ . Thus De Moivre’s theorem is established for 
a positive irrational index. 

The general values of (cos 0 -Vi sin 0)”* are 

cos ni {0 + 257r) + i sin m (0 + 2s7r), 

where s denotes any positive or negative integer. Since m (^i — 
can never be an integer when in is irrational, we see that 
(cos ^ 4- i sin 0)”* has an indefinitely great set of values. 

It can be shewn that the definition of in accordance with 
which its values are those of r”* {cos m (0 + 2s7r) + i sin m (0 4* 257r)} 
is such that the laws of indices applicable to real indices still hold 
for irrational indices. 

In case m has a negative rational or irrational value — h, we 
have (cos^ + isin0)’” = l/(cos^ + isin0)*; and one value of this 
is always l/(cos k 0 + i sin kO), or cos k 0 — i sin k 0 , which is equal 
to cos m0 4 i sin md. Thus De Moivres theorem holds for any 
negative index. 

187. The theorem 

(cos 01 4 i sin 0 ^ (cos 0 ^ 4 i sin 0 ^ ... (cos 0„ 4 i sin 0n) 

= cos(0i4 02+ ••• + 0n) + isin (01 4 024 ...4 0n), 

used in the proof of De Moivre's theorem, affords a proof of the 
theorems (28), (29), (30) of Art. 49. We may write the left-hand 
side of this identity in the form 

cos 01 cos 02... cos0n(l 4 i tan0i)(l 4 i tan 02) ... (1 4 i tan 0„); 

hence equating the real and imaginary parts on both sides of the 
identity, we have 

cos (0i 4 02 4 ... 4 0/i) “ cos 0i cos 02 ••• cos 0yj (1 4 ^4 . •)> 

sin (01 4 024 ... 4 0n) = cos 01 cos 02 ... cos 0„ (^1 - fa + - ..•)> 
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where tg denotes the sura of the products of the n tangents taken s 
at a time. 

The theorems (39), (40), (43), of Art. 51, are obtained at once 
from the theorem cos + i sin nd = (cos 0 + i sin 0)^, by expanding 
the right-hand side of the equation by the Binomial theorem, and 
equating the real and imaginary parts on both sides of the 
equation. 

When n is a positive integer, we have (cos^ + tsin^)**=cosn^+isin7i^, 
and therefore also (cosd-tsind)*'=cos7id-isinnd; thence we obtain the 
formulae 

cos n0=i (cos B+t sin B )^ + J (cos ^ i sin 
i sin nB (cos B + i sin J (cos B-i sin B)\ 

The first of these equations is really an expression of the fact mentioned in 
Art. 61, that l+sn cos B+a;^ cos2B+ cosnB + is a recurring series of 
which I cos B+x^ is tho scale of relation. Denoting cos nB by we have 
Mn— 2cos^. to solve this equation assume, as usual in such 

cases, then we obtain for k the quadratic ^^~2^*cosd+laB0, of 

which the roots are iS;=cos d±ism d, hence 

A (cos B+i sin jB (cos B-i sin d)* 

is the complete solution of tho equation for u^. Putting ws=l, and n=2, we 
find and thus obtain the expression given above for cos»^. The 

expression for sin nB may be found in a similar manner. 


Factorization, 


188. We are now in a position to resolve a;" — (a + ?6) into 

n factors linear with respect to x. The expression vanishes if x is 

1 

equal to any one of the values of (a 4* it)” ; if 92, ••• denote 
the n values of this expression, we shall have 


®”-(a + it)=(«-gi)(fl?-y,) ... (a?-^„), 
for since — (a + it) vanishes when a? — r/, = 0, x — q^ must be a 
factor without remainder; thus we obtain n different factors and 
there can obviously be no more. Put a = r cos 0, t = r sin 0, then 
the expression for — (a + it) in factors becomes 


t«n-l ( / 

r-K' 


0 + 2A*7r . . B + 2. 

cos h % bin 


i“)}- 


where 




From this result several of the factorizations already obtained in 
Chap. VII may be deduced. 



240 


COMPLEX NUMBERS 


(1) Let a = 1, 5 = 0, we then obtain 


— 1 = n (a: — cos % sin ) , 

4.0 \ w / 


and since 


2.s’7r 2 (n — s) TT . 

1 S= ^TJ. 

n n 


this gives us, if n is odd, 

- / 2a7r . . 2s7r\/ isir . . 2a7r\ 

l=(a;— 1) 11 (a;— cos ^sln — ) a?— cos - +isin 

n n J\ n n J 

s=l(n-i)/ 2s7r \ 

= (a;— 1) n ^a;2 — 2a; cos 4* 1 j 


and a;^ — 1 =(a; — l)(a?4-l) fl fa;®— 2a;cos — - + Ij, 
if n is even. 


(2) Let a = — 1, 6 = 0, then we obtain the formulae 


3) / 

a;» + l=(a? + l) 11 (a;®- 

v 


2a; cos 


(2a + l)7r 


l), (n odd). 


tf=l(n-2)/ ('2a+lW 

a;» -f. 1 = II ( a,® — 2a; cos ^ — + 

\ n 

(3) a;®"-2a;’‘cos0 + l 
= (a;" — cos 0 — i sin 0) (a;” — cos ^ + i sin 0) 


l^, (n even), 


«=sn~l / 

= II (a;— c 
«*o \ 

tfs=W-l / 

= n (a,-®- 

#=o \ 


0+2a7r . . 0+2i?7r 


S7r\ / 0H>257r . . 0+2s7r\ 

— a?— cos + 28 m I 

J \ n n 


^ + 257r \ 

2a; cos hi), 

n J 


or writing xjy for a?, and multiplying both sides by we have 

« 0+2sir _ \ 


#=n— 1 / 

a?®^ — 2a;" w’* cos 0 + v®" = II (a;* — 2xy ( 
«=.o \ 


(4) From the last result we have 

tf=n-l / 0 J. 2.V7r\ 

a;"+ a;“"— 2cos0= 11 { a? + a;“^ — 2 cos ). 

Put a7 = cos^ + 2sin0, then a;“* = cos^- isin^, 
and a^" = cos 4- i sin a;“" = cosntf) — i sin 
therefore, changing 0 into ??0, 

^ ( ( 257r\l 

cos — cos nO = 2"^* II jeos ^ — cos 4- j f • 
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Properties of the circle. 

189. Certain well-known properties of the circle may be ob- 
tained by means of the factorization formulae of the last Article. 
Let A] As A,. .. An be a regular polygon of n sides inscribed in a circle 
of radius a, and let P be any point in the plane of the circle, its 
distance from 0, the centre of the circle, being denoted by c. Let 
the angle POAj be denoted by 6, then the angles POAg, POA 3 , ... 
are 0 + 27r/7i, 6 -H 47 r/n, . . . respectively. Then 

n’^|a*- 2 accos^^ + + C'' 

hence we have the theorem 

PAi» . PAa> . PA 3 * . . . PAn" = ci^ - 2a^c^ cosn0 + c=" 
which is known as De Moivre's property of the circle. 

In the case when P is on the circumference, the theorem 
becomes PA,. PA. PJ, ...P^„ = 2a»sin J nft 

In the case when P is on the radius OAi, we have 0=0, and 
the theorem becomes 

PAi . PAs ... PAn = a” - c\ 

Again if P lies on the bisector of the angle A^OAi, we have 
0 = *rrln, and the theorem becomes 

PA, . PAs ... PA„ = + c^ 

The last two cases are known as Cotes* properties of the circle. 


190. 


Examples. 


(1) Express poxtial fractionSy m being an integer less 

than n. “ 

If a be a root of the equation 1 =0, the partial fraction corresponding 

a»»-i \ 1 a”*'** 

to the factor 47-0 is — — , . , or ; taking the two fractions cor- 

47-a n x — a 

2/* *i” 1 ■ . 27* "i" 1 

responding to the conjugate values of a, cos— 7r±iHin — together, 
we obtain the fraction 

- 771+1) TT 


o 2r+l, 

_ 247 cos (w- 

1 n 


TT - 2 cos 


or 


472 — 247 cos TT + 1 

n 

g cos (2r+l) — 47C08 (2r+l)— TT 
^ 472 — 247 cos ^ IT + I 


T‘ 
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if n is odd, we have the additional fraction ; hence when n is odd 




and when n is even 


2r=l(«-s)C'»(2r+l) 

^ 2 

?i(a;+l) M r-o 


^ w— a7Cos(2r4-l)~ »■ 


— 2.r cos ~ — ” TT + 1 
n 


^ 1 o. - cos(2/*+l)^* — ^ TT — a7cos(2r + l)— « 

1+^*“ ^ ^ rlo q n 


— 2.r cos 


n 


- TT + l 


(2) Express x***" in partial fractions^ m hehuj less than n> 

(3) Prove that 


x»— a^co^n^ 


x2n _ cos nd 4 a-" n\“ * ^ 


r*n — 1 

2 - 




^ ® x*-2xaco« 




+a2 


The denominator of the fraction -- ; • ^ resolved into 

A--" - 2 . 1 ;** a” cos nO + a^** 

factors, and the fraction corresponding to each factor c:an then be determined 
as in Ex. (1). 

(4) P, 'ove that 

nsinnB 1 r=n-i X 

SS S fS~ * 

sin 6 cos iiB — cos n</) r«o *'OS B - cos (</> + 2rw/n) ' 

n^sinnB sin n(ft 1 9in (0 -f 2r7r/ n) 


(«) 


( 6 ) 


«47i d * (cotf n^ — cos r=o B — cos + 2rff/n)}^ * 

The exxiression on the left-hand side in (a) is an algebraical function of 
cos Bj and can therefore be resolved into partial fractions, as in Ex. (1) ; the 
equation (6) is obtained by differentiating both sides of (a) with respect to 
or what amounts to the same thing, by changing ^ into and equating 
the coefficients of 4, on both sides of the equation. 

(6) Shew that if 

cos B-i-cos<l)+ cos ^ =0, and sin B+sin ^ + «in ^ =0^ 
then cos ZB-\-cos 3^-pcos 3^—3 cos (^+0+V*‘)=O, 

aiid sin 3B-\-sin 3^ + «en 3^—3 sin (^+ 

This is an cxamide of the geneml method of deducing trigonometrical 
theorems from algebraical ones, by substituting complex values for the 
letters. If a + &+c=0, we have a^+b^+c^-^abc^szO; let a—cos Jsin^, 
6BBCos^+t8in<^, cascos^+isin^i then we have given that if 
(cos ^+cos 0+cos ir)+i (sin ^+Bin sin V^)=0, 

(cos 3^+cos 3^+cos 3^lr)+t (sin 3^+sin 30+sin 3^) 

— 3 {cos (^+04*^) -|-t sin (tf +^+^)}“0 ; 
equating to zero the real and imaginary parts separately in each equation, 
the theorcnTfollowSt 
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EXAMPLES ON CHAPTER XIIL 

1. IVovotluit ^i±S|£^±A^^y=cos(^«*r-7i0)+tsm(i«ir-«<^). 

2. Evaliiato 

{cos $ - cos c/) + 1 (sin 6 — sin <^)}" + (cos B - cos <fi-t (sin B - sin <f>)}\ 

3. Prove that 



where ra=i (w — 1) or Jn — 1, and A is 1 or w, according as n is odd or even. 

4. Prove that 

4 sin J O- -y) sin i (7 - a) sin ^ (o -^) 2 sin (pa-^rgfi-^-ry) 

=- sin {(w + 1) a - J O + 7)} sin i O - y) 4- 
where 2 denotes the sum taken for all positive integral values of r 
(including zero), such that p-\-q-\-r^n. 

5. If jp is a positive integer and a, 7 ... are the roots of the equation 
and n is any numerical quantity greater than unity, shew that the 

*11? TT / TT 

only real value of a** + H** 4- 7" + . . is tan -- / tan — , 

6. If (l4*J?)**=Po+f^i-^+i^2^* + % 


prove that Po - P2 +1^4 ” 2 ^ ” cos J nw, 

fh-PsH 7^6“ = 2y”sin Jtht. 


7. If ^1, JP2» ••• corresponding roots selected from the conjugate 

pairs of roots of the equation .r-*" — 2^7" cos 71^ + 1 = 0, and if 

r=n / r'ir\ 

/(a)=s 2 AVCOsU + — 1, 

prove that 

/(«.)/(«*) [/{i (a, + a,+ ...+«p)}J. 

8. If a, 7, 3, « be any five angles such that the sum of their cosines 
and also the sum of their sines is zero, shew that 

2 cos 4a = J (2 cos 2a)2 — 1 (2 sin 2a)*, 

2 sin 4a= 2 sin 2a . 2 cos 2a. 

9. If fi, ^21 ••• fn the sum of the products of the n quantities tan a?, 

tan2ar, tan 2*^, tan 2"”^^, taken 1, 2, 3, ... n together, prove that 

1 — <2+ ^4 " ^0+ ••• = 2'* sin ^ cos (2" — 1) a; coscc 2»ir, 

— ^3+ ^6 “ ... = 2** sin ar sin (2® - 1) ^ coscc 2".t?. 


16—2 
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0 

10 . If cosO-y)+cos(y-o)+coR(a-i3)= -g, shew that 

cos via + cos n^+cos ny 

is equal to zero unless n is a multiple of 3, and if is a multiple of 3, it is 
equal to 3 cos J w (a+zS+y). 

11 . Prove that the values of 4 ? which satisfy the equation 

are :r=tan where r is any integer. 


12 . 


whore 


Pi’ove that 


r=:n 


2 


sin3rocoa2»~3ra 
A’^+tan^ 7'a 


(2w+l)4r 
+ i:r(r- a;)2» + 1 ♦ 


^ 2 / 1 + 1 * 


13. If gPr denotes the sum of the products taken s together of the 
quantities 

tan*7r/(2»+l), tan*2Tr/(2/i+l), tan®wjr/(27i+l), 

the quantity tan*rn-/( 2 w+l) being omitted, and if 

sin* rfr/(2« + 1 ) . cos*»“ * rw/(2» + 1 ), 

prove that 2Ar*»Pr^0, the summation extending to all values of r from 1 to 
«, and s having any value from 1 to Tt 

14. A regular polygon of n sides is inscribed in a circle^ and from any 
point on the circumference chords are drawn to the angular points ; if these 
chords are denoted by Ci, ... (beginning with the chord drawn to the 
nearest angular point and taking the rest in order), prove that the quantity 
CiC 2 +<^C 3 +...+Cn.iCn+c^Ci is independent of the position of the point from 
which the chords are drawn. 


16. If AiA 2 :.A 2 n+i aro the angular points of a regular polygon in- 
scribed in a circle, and 0 is any point on the circumference between Ax and 
Asn+i, prove that the sum of the lengths OAi^ OAz^ ... OA^^^i is equal to 
the sum of OAj, OA 4 , ... OA^n* 

13. If pi, p 2 , ... Pm are the distances of a point P in the plane of a regular 
polygon from the vertices, prove that 

" 1 ^ _ n r*"~a** 

1 p* r* - a*' 2r”a™ cos nd+a**** 

where a is the radius of the circle round the polygon, r is the distance of P 
from 0, and 6 the angle OP makes with the radius to any vertex of the 
polygon. 

17. Straight lines whose lengths are successively proportional to 1, 2, 3 ... n, 
form a rectilineal figure whose exterior angles are each equal to 2irln ; if a 
polygon be formed by joining the extremities of the first and last lines, shew 
that its area ia 

24 n n n n 
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18. The regular polygon A 1 A 2 AZ A^m lias 2m sides; shew that the 
product of the perpendiculars from the centre of the circumscribed circle on 
AiA2i AiAsf ... AiAn is 


• 19 . Shew that if i 4 i 2 • 2111 ^2 • • • ^2» b© two concentric and similarly 

situated regular polygons of 2?i sides, then 

PAi . PA^ . ... P A 2 n-l _ PPl • PP3 • ••• -^^211-1 
PA 2 . PA^ . ... PA 2 n PB2 . PB^ . ... PB^ • 
where P is anywhere on the concentric circle whose radius is a mean propor- 
tional between the radii of the circles circumscribing the polygons. 

20. A point 0 is t^ikcn within a circle of radius a, at a distance h from 
the centre, and points Pi, P2, ... Pn are taken on the circumference so that 
Pi P2P31 ••• PnBi subtend equal angles at 0 ; prove that 

OPi + OP2+... + OP„=(a 2 - 62 )(o/»,-i + OP2"H... + OP,-i). 


21. Prove that if w is a positive integer 
cos wd = 1 + 2 a sin ^ cos — — + — 2^ sin^ ~ cos 


2(B^ir) 

2 


, n(w--l)(a-2) 
31 


25sin3 5 cos 


3(^-hTr) 

2 


22. Shew that the number m of distinct regular polygons of n sides which 
can be inscribed in a given circle of radius r is equal to half the number of 
integers less than n and prime to it. 

Shew also that the product of their sides is ecpial to r»"\/7i/\/n-2m, or 
according as 9 i is, or is not, the power of a prime number. 



CHAPTER XIV. 


THE THEORY OF INFINITE SERIES. 



191. We shall, in this Chapter, give some propositions con- 
cerning the convergence of infinite series in which the terms are 
real or complex numbers, or variables. Anything like a complete 
account of the theory of such series would be beyond the limits of 
this work ; we shall therefore confine ourselves to what is absolutely 
necessary for the purpose of discussing the nature and properties of 
trigonometrical series. 

The convergence of real series. 

192. Let «!, Ua, Og, ... any -- be a sequence of real numbers 
formed according to any prescribed law, and let 

Sn = 0^1 + Chi + CJfg + . . . + a-n. 

If Sn has a definite finite limit S, when n is indefinitely increased, 
the infinite series «! + Og + eta + ••• is said to be convergent, and 8 
is said to be its limiting sum, or simply its sum. 

We shall, in this Chapter, use the notation LSn to denote the 
limit of Sn when n is indefinitely increased, whenever that limit 
exists. 

The condition that LSn — S is that, corresponding to each 
arbitrarily chosen positive number e, as small as we please, a 
value Tie of n can be determined such that the arithmetical value 
of iS — Sn is less than €, for every value of n which is ^ n,. 

When the series Ui + aj + + . . . + On + . . . converges to 8, the 
series an+i+c/n+2 + --- is convergent, and its limiting sum is S-Sn, 
which may be denoted by Rn. The number Rn is called the 
remainder of the convergent series Uj + 03+ ... + 0% + ..., after 
n terms, and the remainders jK„ R^, ... Rn, ... form a sequence 
of numbers such that LRn = 0. It should be observed that it is 
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only on the assumption of the convergence of the series that the 
remainders have any meaning. 

The number + an +2 + ... + an+w may be denoted by 2?n,m ; 
and the numbers ^n. 2 i i 2 n, 3 , ... are called the partial re- 
mainders of the series after n terms. It will be observed that 
these partial remainders Rn,m exist as definite numbers for all 
values of n and m, whether the given series is convergent or not. 

The limiting sum of a convergent series Uj + a* + ... a» + ... is 
00 

frequently denoted by So. 

193. A series Oi + a 2 + ^8+ ... +an+ ... may be such that the 
numbers Sn have no definite limit as n is increased indefinitely. 
The following cases may arise : 

(1) It may happen that, corresponding to each arbitrarily 

chosen positive number k, as great as we please, a value w* of n 
can bo determined such that all the numbers ... ••• 

are of the same sign, and are all numerically greater than k. In 
this case Sn increases indefinitely with n, either in the positive or 
in the negative direction ; the series is then said to be divergent. 
The fact of the divergence is then sometimes denoted by LSn = oo , 
or LSn = — 00 , as the case may be. 

(2) If, as in the last case, Sn increases arithmetically in- 

definitely with n, but however great may be chosen there are 
both positive and negative numbers among Sn^+i, ... ••.> 

the series may be said to oscillate between indefinite limits of 
indeterminancy. It is however, in this case, usually spoken of as 
divergent, and its behaviour may be denoted by LSn = ± oo . 

(3) It may happen that, although Sn has no definite limit as 
n is indefinitely increased, it is possible to select a sequence of 
increasing values of n, say rii, ... r?p, ... so that Sn converges to 
a definite limit provided n is restricted to have only the values in 
this sequence. 

In this case the series is said to be an oscillating series ; but 
oscillating series are sometimes spoken of as divergent. An 
oscillating series in which Sn is tor every value of n numerically 
less than some fixed positive number is said to oscillate between 
finite limits of indeterminaiicy. 

It is easily seen that if the terms of a series have all the same 
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sign, the series is divergent in accordance with case (1), unless it 
is convergent. 

The series 1 + 2 + 34-.. .+n + ..., 1/1 + 1/2 + . .. + !/»+... 

are both divergent, since in each case increases indefinitely with w, and is 
of fixed sign. 

The series 1-2+3-4+5-... oscillates between indefinite limits of in- 
determinancy. For /S'»= -iw, when n is even, and >S^»=i(n+I), when n is 
odd; thus increases in numerical value indefinitely as n increases, and 
LSn= ± 00 . 

The series 1 + 1 - 2 + 1 + 1 - 2 + 1 + 1— 2 + ... oscillates between finite limits 
of indeterminancy. has the v/ilue 1 , 2 , or 0 according as n is of the form 
3r+l, 3r+2, or 3/\ 

The series sina+siii 2 tt + ...+smna+..., where a has any fixed value 
which is neither zero nor a multiide of tt, oscillates between finite limits 
of indeterminancy. In this case 

p . (7l + l)a . a I ( a / , 1 \ 1 a 

=■ Mill - - Sill — cosoc 2 = ^ jeoM - ~ cos ^71 + -J a| cosec 2 

It is thus seen that Sn does not converge to a definite limit, since cos ( 77 +^) a 
has no definite limit when n is indefinitely increased ; but is numerically 

less than, or equal to, | ^ 1 +cos^^ cosec ”, for every value of n. 

* 

193 *^^ The necessary and sufficient condition for the convergence 
of the series Uj + a2 + ... + + ... is that, corresj)onding to each 

arbitrarily chosen positive number r), as small as we please, a value 
n, of n ca?i be determined, such that all the paHial remainders 
after n,, terms are arithmetically less than 

To sliew that the condition is necessary, let us assume that 
the series is convergent, so that S exists. A value n^ of n can 
then be determined, such that 

ai*c all arithmetically loss than -^17. This is an expression of the 
fact that LSn = S, when arbitrary values of 17 are taken into 
account. 

Now 

+ ®»,+2 + . . . + Un,,+m == (S — — (S — fi>n,+wi) I 

and it then follows that, since S — Sf^, S — Sn^+m are both 
numerically less than ^77, + an^+2 + . . . + is numerically 

less than 17; and this holds for all the values 1, 2, 3, ... of m. 

Next, to shew that the condition is sufficient, we have recourse 
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to a principle known as the General Principle of Convergence^ in 
accordance with which a sequence of numbers 8i, 8a, 8n, ... has 
a definite limit, provided that, corresponding to each arbitrarily 
chosen positive number t), a value n, of n can be determined such 
that all the numbers 

are arithmetically less than rj. To see the sufficiency of the 
condition we have then only to observe that Sn^+m — is equal 
to the partial remainder or an^^i + an^^a + ••• + an,,+m. 

If we take m = l, the condition includes that an+i may be 
made arbitrarily small by taking a large enough value of w; it 
follows that a necessary condition of convergence of the series is 
that Lan = 0. This condition is however not by itself sufficient. 

The rapidifcy of the convergence of a convergent series may be 
measured by the least value of n corresponding to a given value 
of 6, which is such that all the partial remainders Rn,m aro 
arithmetically less than e ; that is by the number of terms which 
it is necessary to take in order that the partial remainders may be 
all numerically less than some assigned number. 


In the case oT the geometrical series which converges to the 

value 1/(1 - w), when a? is numerically less than unity, we see that 

1-jr * 




and supposing a? to bo positive, this will be less than t for all values of m, 
if <€ ; in this case a suitable value of n is the integer uc 2 tt greater than 

. The value of w increases os a; increases, thus the rapidity 

of convergence of the scries diminishes as a; increases ; when je approaches 
unity n increases indefinitely ; thus the convergence of the scries becomes 
indefinitely slow. When 47=1, the senes is, of course, divergent. 


194. Let us next consider the case of a convergent series 
ai + aa + ...+an+ ... in which there are an indefinite number of 
positive terms and also an indefinite number of negative terms. 
Denoting by la„| the numerical value of a„, so that |a„| is equal 
to an or to — 0 , 4 , according as an is positive or negative, let us 
consider the series 

I I + I Ua I + I I + ... + |c^»| + 

In case this last series is convergent the original convergent 
^ See the author’s work On (he theory of fanciiont of a real variable, p. 86, 
where this fundamental principle is discusBed. 
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series is said to be absolutely convergent, whereas, if the series 
2|a„| is divergent, the series 2a» is said to be semi-convergent, or 
conditionally convergent, or accidentally convergentT ‘ — 

The series is absolutely convergent, since the series 

l”*+2~*+3~2+... is convergent; but the series is only 

conditionally convergent, as the series + + 3"^+... is divergent. 

A series Oi-a 2 + a 3 - in which the terms are of alternate signs, is 
always convergent (either absolutely or conditionally) if each term is 
numerically greater than the next following, provided also Za„=0. For 

( — l)*‘^n^,n = (<*n + l““®n + 2) + (^n+3“®ii+r)d''**=^^» + l ““(®n+2“"®» + 3) ““•••» 
hence ( — is positive and less than or equal to 0 ^+ 1 . It follows that 
71 may be chosen so great that | | <f» ibr all values of 7w, however small e 

maj' be chosen ; and thus the scries is convergent. 

195. In a conditionally conve^ent series the order of the 
terms cannot in general be deranged without altering the sum. 
Let Sp be the sum of the first p positive terms, and Sf'g the sum of 
the first g negative terms wdlh their signs changed, then if the 
series be ro-arranged so that the sequence of the positive terms 
is unaltered, and also that of the negative terms, but so that of 
the first p-¥q terms, p are positive and q are negative, the sum of 
the series so rc-arranged is the limit of Sp~^S'q, when p and q are 
indefinitely increased. Now the two series Sp, S'q each consists of 
positive terms, hence the limits of Sp and of S'q are each either 
finite and definite or else infinite; by hypothesis they are not 
both finite and definite, as the given series is not absolutely con- 
vergent, hence one at least of the limits Sp, S'q is infinite ; if both 
are infinite the value of L(Sp^S'q) will depend on the two 
sequences of values of p and g. If one only of the limits Sp, S'q 
is infinite, L(Sp — S'q) is infinite and the original series was not 
convergent. If in the original order aj — aj + ^s*** of the series 
the signs are alternately positive and negative, p and g become 
indefinitely great in a ratio of equality, but if, for example, we 
write the series Oj + Uj — a* + Ub -P a, • tt4 + ..., p and g become 
indefinitely great in the ratio 2 : 1, and the limits of S^q — S'q, 
and Sg — S'g when g is indefinitely increased, are in general not 
equal. 

As an example, consider the semi-convergent serie.s + + 

denote its sum by S, then — 

1 1 1 2 .\ 

I \47i- 3 4n - 1 "" 471- 2 4n) ' 
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Let .S" denote the sum of the series 1+^— J+>| + }-i + ... in which the 
order of terms in the series S has been altered, we have 

( 4 ^ + ’ 

hence - 1) 

-f ~ 2/0''-^“"’ 

when n becomes indefinitely groat, we have therefore S* = ^S, This example 
was given by Dirichlet, who first pointed out that the sum of a scmi-con- 
vorgent series depends on the order of the terms. 

196. Riemann has shewn that the terms in a semi-convergent 
series may be so re-arranged that the limiting sum of the new 
scries may have any given value a. 

Suppose a is positive ; take first positive terms, p being such 
that Sp-i < a and 8p>a\ then take q negative terms, q being so 
chosen that Sp — 8'^^ > or, and 8p-‘ 8'q< a; next take p' positive 
terms such that 8p^p>^i--8'q< a, and then g' negative 

terms such that 8p+j/ — < a, and 8p^j/ — > a, and so 

on. Proceeding in this way, we obtain a series such that its sum 
differs from a by less than its last term, hence when we make the 
number of terms indefinitely great its sum will converge to a. 

It can also be shewn that the terms may be so re-arranged 
that the now series diverges, or that it oscillates. 

The convergence of complex senes, 

197. Suppose Zu ^ 3 , ••• ••• to be a sequence of complex 

nuinbei*s ; thus denotes x^ 4 - iyn, where Xn and ijn are real 
numbers. Let 

/Sn = ^i + «2+...+^n, = + 5 n = .Vi + 2/-2 + • • • + J^n ; 

thus 8jii “ 4“ %s 

If 8n has a definite limit 8, itself a complex or real number, 
when n is indefinitely increased, the infinite series 

^1 + 2^2 + ••• +^n + 

is said to be convergent, and S is called its limiting sum, or 
simply its sum. 

The condition that 8 = L8n is that | S — Sn | converges to zero 
as n is indefinitely increased ; thus if 

8 - 8 n = Pn (co.S 0 n + i «i » ^n), 
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we must have Lpn = 0. If 8=^ s + is\ when s and s' are real, we 
have 5 — = pn cos dny s' - s'n = pn sin On it then follows that, if 

Lpn-0, we also have L(s — $n)-0, L(s' -s'n) = 0, or 
converge to s and s respectively. It thus appears that in order 
that the series Zi + Zi + 2 ^ + ... may be convergent, it is necessary 
that the two series + + ..., yi + ya + ya + ... should both 

be convergent. Conversely if these latter series are convergent, 
the series of complex numbers is also convergent, for 

1(5 + is ) — ( 5,1 + i5n)| = |^"“^n|4“|^ 

if now Lsn^Sy Lsn = s\ we can choose a value v^of n so large 
that |5 — 1^' — provided n^n,. It follows that 
\{s + is') — {Sn-\-is'n)\^^i if *, and since € is arbitrary we 
therefore have L {sn + isn) = « + and thus the series of complex 
numbers is convergent. In case the limiting value of either 
of the sums Sa?, is not finite, or in case either of these series 
oscillates, the series Xz is not convergent. 

Suppose Zn — ^ n (cos 6n + i sin dn)> then we sliall shew that the 
series %z is convergent provided the series Sr, in which each term 
Vn is the modulus of the corresponding term Zny is convergent. 
The given series Sr^ (cos On + i sin On) is convergent provided each 
of the series SniCos^ni Sr^siii^n is convergent; now each of the 
numbers rnCos^«, r^sin^n lios between the numbers also 
the number Sn^m-Sn is for either of the series Sr cos Sr sin ^ 
numerically less than the corresponding partial remainder for 
the series Sr. If then the latter series is convergent, so is each of 
the former ones ; hence the series S^n is convergent. 

The converse is not necessarily true ; thus the series 

Srn(cOS0n + ^shl^„) 

may be convergent, whilst Sr^ is divergent. 

If the series Srn formed by the sum of the moduli is convergent, 
then the series Sr,i(cos^n + ^ sin0n) is said to be absolutely con- 
vergent 

For example, the series of which the general term is »'2(0os?i^4-isin 
is absolutely convergent, since the series converges, whereas the con- 
vergent series of which the general term is (cosw^-Pisin w^), (2»r>^>0), 
is not absolutely convergent, since the series is divergent^ 
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Continuous functions. 

198. . Suppose f(z) to be a function of the complex variable 
a: = flf + iy^ which has a single finite value for every value of z which 
lies within any given limits ; this function will then have a single 
value for every point in the diagram, which lies within a certain 
area; this area may be any finite portion of the plane of repre- 
sentation of z, or the whole of that plane. 

Such a function is said to be continuous at the point z^Zu 
if a positive number r) can ahvays he found such that the modulus of 
f (z) — f (zi) is less than an assigned positive number e, taken as small 
as we please^ for all values of z which are such that the modulus of 
z — Zi is less than 17. For each value of e a value of rj must exist 

A function which satisfies this condition at every point within 
any given area, is said to bo continuous in that area. The boundary 
of the area may, or may not, be included. 

Uniform convergence. 

199. Let fn^) be a function of 2; or a? + iy, which is continuous 
in any area ; then if the series 

/i(^) +/a(^) + ••• +/n(^) + 

is convergent, we may denote its limiting sum by F{z). Suppose 

/i(^) +/.(«) + — +/»(«). 

where n is any fixed number, is equal to 8n{z\ then the limiting 
sum off^i{z) + /n+aC-s^) + ••• IS called the remainder after n terms, 
and may be denoted by Bnif ) ; we have therefore 
F{z)^8n{z)^rHn{z). 

Now suppose that, corresponding to any given positive number e, 
however small, a value of w, independent of z, can be found, such 
that for all values of z represented, by points lying in any given 
area, the modulus of is less than e, where m is equal to or 

greater than n, the series is said to converge uniformly for all values 
of represented by points in that area. The integer n will depend 
in value upon e. 

If as approaches indefinitely near any fixed value Zi in the 
area, in order that the moduli of all the remainders Rm{F) may be 
less than e, it is necessary to suppose n to increase indefinitely. 
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then in the neighbourhood of the point Zj, the series does not con- 
verge uniformly and is said to converge infinitely slowly. A 
point Zi for which € can be so chosen that this happens is said 
to be a point in the neighbourhood of which the convergence 
is non-uniform, or sometimes simply a point of non-uniform con- 
vergence in case the series converges at that point itself. For any 
space including such a point it is impossible to assign any fixed 
value of n, such that for all values of z within that space, the 
moduli of are less than the sufficiently small positive number 
e; and thus the series does not converge uniformly throughout 
that space. When z is equal to Zi, the series may be either 
convergent or divergent. 

We may state the matter as follows : 

Suppose that as z approaches some fixed value z^ a positive 
number e can be assigned such that the number of terms n of the 
series /i(^) + ••• which must be taken, in order that mod. 
Rm{^) < €, where m is equal to or greater than w, depends on the 
modulus of z^Zi in such a way that n continually increases as 
mod. {z — z^ diminishes, and becomes indefinitely great when mod. 
(-2 — Fi) becomes indefinitely small, the series is said to converge 
non-uniforinly in the neighbourhood of Zi, 

In the neighbourhood of such a point, the rate of convergence 
of the series varies infinitely rapidly, and when mod. {z~-z^ is 
diminished indefinitely, the series converges indefinitely slowly. 

It should be observed that a convergent numerical series 
cannot converge infinitely slowly; thus when z is equal to z^ the 
convergence of the series /i(-s'i)+/2(-s^i)+ if it is convergent, is 
not indefinitely slow; it is only when ^ is a variable such that 
mod. {z — Fi) is indefinitely diminished, that the series 

/i(^) +/,(«)+... 

converges infinitely slowly. It is consequently more exact to speak 
of the non-uniform convergence of a series in the neighbourhood of 
a point, than at the point itself. The number of terms n that must 
be taken in oixler that the modulus of the remainder Rn{z) may be 
less than the sufficiently small number e, increases as z approaches 
the value Zi, becomes indefinitely great when mod. {z — z^ becomes 
continually smaller, and then, if the series is convergent at the 
point Zi, suddenly changes to a finite value; this number n is 
therefore itself discontinuous in the neighbourhood of such a point. 
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If in any area A we have, at every point of the area, 

I » Cli, I fhr ••• I « •••3 

where ai, ... c/h, ... are fixed positive numbers such that the 
series Oi + aa 4- ... + + ••• is convergent, then the series 

+/.(^) + ... 

is uniformly convergent in the are>a A. This theorem affords a 
test of uniform convergence which is of great value in application 
to particular cases ; it is known as Weierstrass’s test. To prove it, 
we observe that, if € be an arbitrarily chosen positive number, rie 
may be so chosen that fln+i + On +2 + ••• + ^n+w is, for every value of 
m, less than e, where n ^ We. The modulus of 

is, for every value of 2 , not greater than + ..• + «/i+m, 

and is therefore less than c. Since this holds for every value of m, 
we see that the complex series is convergent, and that for every 
value of 2 , |jRnWl<€, provided Therefore the series 

converges uniformly in A. 

By BODie writers, a series is defined to be uniformly convergent in a 
given area., when a number n cun bo found such that for all values of r, the 
modulus of the remainder Iln is less than e. The deiinition given in the text 
is more stringent than the one here meiitioiiod ; it is possible to construct 
series which converge uniformly according to the latter but not according to 
the former definition. 

200. If the functions fi{z), are continuous for all 

values of 2 represented by points lying in a given area A^ then 
the function F( 2 ) which represents the sum of a convergent series 
2 /(f), is a continuous function for all values of z represented by 
points lying in the area A, provided the senes 2f(z) cmverges 
uniformly in the whole area A. 

For we have F{z) = Sn’^lin> ^ being such that for all values 
of .9 to be considered, the modulus of Rn is less than s; let 2 : 
receive an increment Sz, and let SF{2), SSm be the corre- 
sponding increments of F( 2 ), Sn, and iZn* Then, since by supposition 
the moduli of Rn and Rn + SRn are both less than e, the modulus 
of SRn is less than 26. Also since Sn is a continuous function 
of 2 , if the modulus of Sz be small enough, the modulus of S8n is 
less than € ; hence, provided mod. Sz is less than a certain value, 
the modulus of SSn + SRn or of SF( 2 ) is less than Se, since the 
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modulus of BSn + BRn is not greater than the sum of the moduli of 
8Sn and SRn» Now Se can be made as small as we please^ there- 
fore mod. SF( 2 ) can be made as small as we please by making 
mod. Bz small enough ; that is to say the function F(z) is continuous. 

It will bo observed that for this proof, the less stringent definition ot 
uniform convergence, given in the note to Art. 199, is sufficient. 


201. For a value Zi of z, for which the series converges non- 

uniformly in the neighbourhood, the sum of the series is not 

necessarily continuous; in this case the reasoning of the last 

Article fails. The limiting value of the function /n(^)i when z = Zi, 

00 

is /n(^i)» but it does not follow that 2 {fn{z) — fn{z^] converges to 

n 

zero as z converges to z^. We may denote the sum S {/(-^) — 

by F{n,z — ^i), a function of n, and of z-^Zi'^ now the limiting 
value of F(ny z - z^ when z is first made equal to z^, and then n is 
afterwards made infinite, is zero; but if n is first made infinite, 
and afterwards z — Ziis made zero, the limiting value of F{n, z - z^ 
is not necessarily zero. 


As an example of this phenomenon, Stokes considers the real series 

l + bx a;(a;+2)n^+a;(4-a;)n+l-a; 

2 (1 +a:) n (w+ 1) {(n- 1) 1} “*'••• • 


when 07=0, this series becomes 
1 


1 . 2 ^w(n+l) 


+ .... 


Now the general term is 
1 


2a; 


n{n+\) {(n- 1)07+1} (W07+1)’ 

fl . _2 j f 1 , 2 1 

lw'^(w-l)07+lj lw + 1 ''"W07+1J * 


therefore the sum of the series is 3, whatever value difterent from zero x may 
have ; the sum of the series + q— .^ + ... is however unity, and thus the 

sum of the series is discontinuous in the neighbourhood of the value of 07=0. 

^ ^ ; putting this equal to e, we 


The remainder after n terms is — -f-r H 

n+l nx+l 


find 

«»{dJ+2 — €(o?+l) + V{€ (^ + 1) — (o?+ 2)}® — 4€07 (e — 3)}/2€0?, 
which increases indefinitely as x becomes indefinitely small ; thus the series 
converges infinitely slowly when 07 is infinitely small \ this is the reason of th^ 
discontinuity in the sum of the series, 
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The discovery of the distinction between uniform and non-uniform con- 
vergence of series has usually been attributed to Seidel, who published his 
“ Note iiber eine Eigenachaft dor Roilieii wclche discontinuirlicho Functionen 
darstellen” in the TransactioTis of the Bavarian Academy for 1848; the 
theory had, however, been previously published by Stokes, in a paper “On 
the Critical Values of the sums of Periodic Seriesb” road on Doc. 6, 1847, 
before the Cambridge Philosophical Society. Although the theory is in some 
respects stated more fully by Seidel than by Stokes, the latter must bo 
considered to have the priority in the discovery of the true cause of dis- 
continuity in the functions represented by infinite series®. The distinction 
between uniform and non-uniform convergence has played a very important 
part in the modern develoj^ments of the subject. 

Tlie matter is summed up by Seidel in the following theorem : — Having 
given a convergent series, of which the single terms ai*o continuous functions 
of a variable z, and which rcpi'esents a discontinuous function of z : one must 
be able, in the immediate neighbourhood of a point where the function is 
discontinuous, to assign values of z for which the series converges with any 
arbitrary degree of slowness. 


The geometrical sei^ies. 


202. Consider the geometrical scries 1 + ^ + -s:® + ... + 2 “^^, 
where + (cos 0 + i sin 0). We have for the sum of this 
series the valu€ 


1 - 


or 1 "" ?‘”(cos n 0-{-i sin n0) ^ 


put 
then 

the sum then becomes 
1 
P 


l-~z 1 — r(cos^^ + ism6^) ’ 

1 — rcos^ = pcos<^, rsin^ = psin^. 


p = + Vl — 2r cos ^ + r®, 


i (cos ^ + i sin “ j^os (}i0 + 1 sin {nO + ^)j ; 


and when n is made indefinitely great, the modulus of the second 
term in this sum becomes indefinitely small, if r < 1 ; but if r > 1, 
it becomes infinite. Thus the infinite scries 


1 +^ + ^®+.. . 


converges if the modulus of z is less than unity, and its sum is 
then 


“(cos^ + tsin <!>)■ 


1 — r cos 0 i sin 0 


1 — 2r cos + ?•■* 

If the modulus of z is greater than unity, the series is divergent; 


^ See Stokes’ Collected Works, Vol. i. 

® On the history of this discovery see Reitt’s Qcschichte der wiendliehen 
Reihen, 


m T. 


17 
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and if mod. z is unity it is also not convergent, since the sums of 
the two series 2 cos 2 sin n^, which have been found in Art. 74, 
do not approach a definite value when n is indefinitely great. 

We have, by equating the real and imaginary parts of the 
series and the sum, 

1— rcostf , /I « 

r~ ' 2?-c^g+> = 1 + ^ cos 0 + r® cos 2 5 + . . . + cos 72 0 + . . . , 

i — ^^^^4-7--:^==rsin5 + 7*®sin20+ ... +7'’‘sin720+ ...; 

1 — 2r cos a 4- 7-® ® 

these series hold for all values of t lying between ± 1, excluding 
r 1 and r = — 1, for which the series are not convergent. To see 
that this is the case, we need only wTite — f for f in the original 
scries. 

The geometrical series is uniformly convergent for all values of 
z of which the modulus is ^ 1 — 77, where 77 is any fixed positive 
number, arbitrarily small. For the remainder after the first n 

terms is z , and the moduhis of this less than ^ — : the 

1 — V 

series will then bo such that for all values of z of which the 

modulus is ^1—77, 1 (2:) | < e, if 

(1 — 7y)n W 77 4- loff e 

^ — < €, or if 7i> V . 

77 log (1- 77) 

Hence, since it is possible to choose n so that for all values of z of 
which the moduli are ^1 — 77, the remainders after n terms are 
less than e, and since this clearly holds for all greater values of n, 
the series converges uniformly for all such values. 

It has thus been shewn that the geometrical series is uniformly 
convergent in the area bounded by any circle concentric with and 
interior to the circle of radius unity with the centre at the origin. 

Series of ascending integral powers. 

203. We shall now consider the general power-series 
Oo + diZ + ... 4- 4- ...» 

where Oo, Ui, Oa, ... are complex numbers independent of the com- 
plex variable z. Let r denote the modulus of f, and aj, Oi, ... 
the moduli of ao> ®a, .... The series of moduli is 

Of© + + aa 7 ’® 4- ... 4 *an»’’^ + ... ; 
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when this series is convergent the series in powers of z is absolutely 
convergent. If the series of moduli converges for any value of r 
it is convergent for all smaller values of r ; and if it is divergent 
for any value of r it is also divergent for all greater values of r. 
As regards this scries cto + air + , three cases may arise. 

(1) The series may converge for some values of r different 
from zero, and diverge for other values ; there then exists a positive 
number p such that the scries converges when r < p, and diverges 
when r> p. When r = p the series may either converge or diverge, 
as the case may be. 

(2) The series may converge for all values of r; it is con- 
venient to express this by p=oo. 

(3) The series may diverge for all values of r except r = 0 ; 
this may be expressed by p = 0. 

In order to determine the number p in any given case, \vc consider 
the values of On" It may happen that, as n is indefinitely in- 
creased, converges to a definite limit A ; in that case, if s be an 

arbitrarily chosen positive number, as small as we please, ctn^ lies 
between A + e and A. — c for all values of n with the exception of 
a finite number of such values. More generally, it may happen 
that a positive number A exists, such that, for all values of n 

except a finite set, + 6, and such that for an infinite number 

of values of w, On" lies between A. 4- e and A. — e. In either case, the 
number p is equal to 1/A. To see this it will be sufficient to 
prove that the series converges if r < 1/A, and that it diverges if 
r > 1/A. For all values of a except a finite set On»*” < (A + 
where e may be arbitrarily chosen ; if r has a value < 1/A, we can 
choose e so that (A + e) r < 1. All the terms of the series, except 
a finite set of them, are then less than the corresponding terms of 
the geometric series of which the common ratio {A + e) r is less 
than unity ; consequently the series is convergent. If r > 1/A, we 
can choose e so that (A — e) ?• > 1, and thus a^r** > (A — €)“r’* > 1, 
for an infinite number of values of n; the series is consequently 
divergent 

If a„» converges to the limit zero, as n is indefinitely increased, 
the series converges for every value of r. For, in that case, 

17-2 
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o-nV^ < €^r^, where e may be so cliosen that er < 1 ; and this holds 
for every value of n except a finite set of such values. Each term 
of the series, with the exception of a finite number, is then less 
than the corresponding term of a convergent geometric series ; 
consequently the series is convergent. In this case p = oo . 

If On” has indefinitely great values, that is, if no number exists 

which is greater than all the numbers cin^\ the series diverges for 
all values of r except »* = 0. In this case p = 0. For, if r have 
any given value except zero, there are an infinite number of terms 
of the series each of which is greater than unity, and thus the 
series is divergent. 

204. In the last Article it has been shewn that a number p 
exists, which may however be zero, or may have the improper 
value 00 , which is such that the series Wo + + 0 ^ 2 ^*®+ ••• is con- 

vergent for each value of r which is < p, and is divergent for each 
value of r that is > p. 

About the point ^ = 0 as centre, describe a circle of radius p; 
this circle is called the circle of convergence of the scries 

Uq “1“ "h • > 

and its radius is called the radfm of convergence of the series. 

The radius of convergence mayn&e"fimte, or zero, or infinite. 

It will be shewn that the series Uo + Oj z -f + . . . is absolutely 

convergent for any point ^ in the interior of the circle of con- 
vergence, and that it is divergent for any point s exterior to that 
circle. No quite general statement can be made as regards the 
convergence of the series for a point on the circumference of the 
circle of convergence. 

That the series is absolutely convergent if mod. s<p follows 
from the fact that the scries of moduli is then convergent. That 
the series is divergent if mod, z has a value r > p is seen from the 
fact that the necessary condition of convergence £ | j = 0 is not 
satisfied. For |an-s**| = (^/p)"o^nP^; and for an infinite number of 
values of n, Onp^ > (1 pO” > hence if e be so chosen that 

we see that | | > 1, for an infinite number of values of n. 
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205. It will next be shewn that the series + OiZ + + . . 

converges uniformly in any circle of which the radius is less than 
the radius of convergence, and of which = 0 is the centre. Suppose 
p — A to be the radius of this circle, and let pi be a fixed number 
between p and p — k; let p — & = pi — A. The modulus of the 
limiting sum of + ... does not exceed the limiting 

sum of the series 

a„r" + ofn+,r’‘+^ + ..., 

or ttnPi^ (r/pi)« + .... 

Now the numbers a^pi^, an+lPl”■^^ ... are all less than some fixed 
number K, since the series is convergent when r = pi ; thus the 
sum of the series is less than -S' {(r/pi)" + (r/pi)’‘*‘* + ...}, or than 
K (r/pi)’‘(l — r/pi)-' ; and this is less than K(l — hjpiYpilh. If e 
be an arbitrarily chosen positive number, a value Wj of n can be 
determined such that K (1 — A/pi)*‘pi/A < c, for n ^ Wj. Hence the 
modulus of the remainder Rn{^) of the series ao 4 -ai- 2 r + aa- 2 ’*+ ... 
is less than e, for n^ni, and for all values of z such that 
mod. z;^ p^k; therefore the convergence of the series is uniform 
in the circle of radius p — This is true however small the number 
k (> 0) may be taken to be, but it would be incorrect to assert 
that the convergence is necessarily uniform in the circle of 
convergence. 

Denoting by F{z) the sum of the series ao + aiZ + 02 ^:*+ ... for 
values of z of which the moduli are less than the radius of con- 
vergence, it follows from Art. 200 that F(z) is a continuous 
function of z, for all points lying in the interior of the circle of 
convergence. If the radius of convergence is infinite, F(z) is 
continuous for all finite points in the plana 

The series 1 + « + 2 * + 

. z ^ 

I+Y + 2 +g+... 

have the radius of convergence unity; their sum-functions am continuous 
functions of z in the interior of the circle of radius unity. 

z z^ 

The series 1+ rr + + + 

1 1 a\ n\ 

has the radius of convergence infinite ; the sum-function is continuous for all 
finite values of a 

The series l-l-l ., 4 . w 

has the radius of convergence zera 
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206. The convergence of the series on the circle of conver* 
gence itself has not yet been considered ; we may without loss of 
generality take the radius of convergence to be unity. 

It can be shewn that the series a© + ciiZ + + •••, when the 

coefficients are real, converges for points on the circle of conver- 
gence, with the exception of the point the coefficients are 

all positive, and with the exception of the point = - 1, when the 
coefficients are alternately positive and negative, provided in 
both cases the coefficients a©, Uj, Ug, ... are in descending order of 
absolute magnitude, and provided the limit of an, when n is 
indefinitely increased, is zero. 

Let = Ufl + a^z + + ... + 

and suppose the coefficients all positive, then 
Sn(l -z)^ao- an.i5f’* - z {(Oo- tti) + (tti - ag) z + (Uj- 

now the series 

(Uo -- CLi) + (fli - fls) + (aj - Og) + ... 

is convergent (see Art. 194, note), therefore the two series 

a 

{(to - Uj) + (Ui — Ug) COS 0 + (Ug — Oj) COB 20 + . . ., 

(Uo — aj) + (ai— aa)sin 0 + (aa — a8)sin20+ ... 

are also convergent, since the cosines and sines all lie bet>veen 
± 1, thus the series 

{cto ““ ai) 4" {((l Ug) + (ag •• Ug) Z^ "ir ... 

is convergent when mod. £=1; since |a„.i^| has the limit 
zero when n is infinite, we see that LSn{l—z) is finite when 
mod. z^l; hence unless z^l, LSn is finite. 

If the coefficients in the series are of alternate signs, change 
z into — j?, then this case is reduced to the last. 

Whether the series is convergent when z^l, or in the case of 
coefficients of alternate signs, when ^^—1, has not been determined, 
and depends upon the particular series. The series may be only 
semi-convergent on the circle of convergence. 

If the coefficients of the series are complex, we can divide the 
series into two, in one of which the coefficients are real and in 
the other imaginary; the two series can then be considered 
separately. 
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The series l + £ + ^ 4 .^+... 

is convergent when mod. 2 ^: 1 , except when g=l. Thus the two series 
2~casnd, 2~sinwd are both convergent, except that the first is divergent 
when 6 is zero or an even multiple of v. 

207. Suppose F(x) is the continuous function of x which is 

represented as the sum of the series a® + Oi® + Oja?® + . . . , with real 

coeflScients, which converges for real values of x, less than unity. 

Let us assume that the series diverges when a? > 1, but that the 

series a© + Oi + O 2 + ••• > corresponding to a? = 1, is convergent. 

It will then be shewn that the sum of the series cto + + ^^2 + . . . 

is the limit of F{x) when x increases from values less than unity 

to unity as its limit. Thus the continuous function F{x) defined 

for a7 = l by F(X)^ L F {x) continues to represent the sum of 
«=! 

the series when a?=l. This theorem was given by AbeP. 

Let = + + ••• + ttfi; ^o = ao- In virtue of a theorem 

which will be proved in Art. 209, since the two series 
Ctfl “h "h 4* • . . + U-n®” + • • •» 

• l + 47 + a;® + ...+a?”+... 

are both absolutely convergent when a? < 1, their product, formed 
by multiplication, 

5(1 4 S\X 4 5oa/® *4 ... 4“ 4” . 

is convergent, and its limiting sum is J?’(a?)/(1 — a?), the product of 
the limiting sums of the two series. Denoting Lsn by 5 , the number 
n can be chosen such that 5n,5n4.i,5n+2, ... all lie between 5 4-€ and 
5 — where e is an arbitrarily chosen positive number. 

The limiting sum of 5„aj** 4- 5„+ia?”+^ + . . . , for such a value of n, 
lies between (5 + c) a?"/(l — a;) and (5 — e) aj"/(l — a?). Therefore 
F{x) lies between 

{5 4" c) x^ 4’ (1 57 ) (Sq 4 " BiX 4 ••• 4* 
and (5 — e) a?** 4- (1 — x) ( 5 © + 4- . . . + 5«-.ia7^”^). 

It follows that I — 5 1 is less than 

e + I « 1(1 - a:*) + ( 1 - a) (I I + I Si I + . . . + 1 s„_, [ ). 

The number n having been fixed, corresponding to e, we can 
choose a value of a?, say a?!, such that | — 5 1 is numerically less 

than 26, for 1 > a; ^ a^i, since 1 — a? and 1 — a?*^ may be taken as small 

* See Crelle^s Journal^ VoL i. 
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as we please by properly choosing a*. Since 26 is an arbitrarily 
small number, it follows that s is the limit of F(x) for a?= 1. 

If ao, a,, 02 , ... are complex numbers, we may divide the series 
into two parts, one real and the other imaginary, and the theorem 
applies to each part separately ; hence it holds for the whole series. 

Next let F(z) be the continuous function which represents, 
when mod. z<l, the sum of the series Oo + aiZ + Oj-?® + . . . , where 
z is the complex number r (cos 0 + i sin 0). The series may be 
divided into the two parts 

Oo + Oi r cos ^ + Oar® cos 20 -f . . . 
i(oirsin 0 + O2r®sin20+ ...), 

and the theorem holds for each of these two series. Therefore if 
the series Oo + Oi^ 4* + ... is convergent when z = cos 0 + i sin 0, 

its sum is the limit for r = 1, of F{z\ the value of 0 being kept 
constant. The function represented by the series is then con- 
tinuous at the point on the circle of convergence with the values 
on the radius of the circle of convergence through the point. 

In order that the necessity for the investigation in this Article may be 
seen, we remark that a similar theorem would not hold for the series obtained 
by altering the order of the terms in the series cro+aia?+a2^*+... For 
example, consider the two real series 

as long as 1, the series are absolutely convergent, and they have the same 
sum ; when however 07 = 1 , the sums of the series are not equal, as has been 
shewn in Art. 195. The sum of the first scries is continuous up to the value 
07=1, of 07, but that of the second is not so. 

208. There cannot be two distinct series of powers of z, 

do + diZ -h a^z^ + . . . , 

+ hiZ ^ h^z^ .., 

which both converge to the same value F{z) for all points in a 
circle of radius A7(>0). For since they converge to the same 
value for . 0 ^ = 0, we must have — and thus the series 
ai^r + Oa-s®-!- ..., hiZ-^h^z ^ converge to the same value when 
mod. z^k. This is impossible unless the two series 

+ ..., hi’\’hiZ + h^z^'{- ... 

are both convergent and have the same limiting sums for 
< mod. z ^k. The radii of convergence of these two series are 
each B kf and their sum-functions cure both continuous within their 
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circles of convergence. Since their sum- functions are identical for 
each value of z except = 0, in the circle of radius it follows 
from the continuity of those functions that they are identical when 
^ 0 ; therefore Ui = hj. By proceeding in this manner, it can be 
shewn that all the corresponding coefficients in the two series are 
equal, and thus that the series are identical. 

Gonv&t'gence of the product of two series, 

209. Let S, 8‘ denote the limiting sums of two absolutely 
convergent series 

5i + 5a + H" ‘ • + 5» + . • • } 
then it can be shewn that the series 

(Zibi "1“ (^i^a + ^261) + ... + (c&i hn + 4* ... + + ••• 

obtained by multiplying together the given series is convergent, 
and that its limiting sum is SS' 

Denote by Sn the sum of n terms of the product series, and let 
a, )8 be the moduli of a and b respectively. Since the series 8, 8* 
are absolutely convergent, the series of moduli are convergent; 
denote their sums by and let 

A "1" + ®2^i) + • • • + + ®2^n— 1 + . . . + On^i)» 

We have 8n8n - = CtzK + a^bn^i + . . . + Untn ; 

hence mod. {8n8n - Sn) ^ + . . . + an^* 

« 2«2n ^ 

Now (Tn < 2»2» < oTan, because azn contains more terms than the 
product 2n2n, whereas a-n contains fewer; hence the limit of an, 
when n is indefinitely increased, is finite, and therefore since the 
limits of (Tn, Can must be the same, each is equal to ; thus the 
limit of mod. (8n8n — ^n) is zero, or s^88\ 

More generally it can be shewn that it is sufficient for the 
validity of the theorem that the convergence of one only of the 
series aj + Ug + . . . , 5i + 63 + . • . should be absolute, that of the other 
being conditional. In case the two series are both only conditionally 
convergent, the product series ai5i + (ai6a + 0a6i)-f ... is not neces- 
sarily convergent, but it can be shewn that in case it be convergent, 
its sum is the product of the sums of the two given series^ 

* For proofs of these results, see the author’s Theory of functione of a real 
variable, pp. 500, 501. 
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The convergence of double series, 

210 . Let US consider a double sequence of positive real 
numbers 

® 1 , 1 > ® 1 , 2 > ••• ••• 

® 2 , 1 » * 2 , 3 ^ ••• ••• 

•> ••• 

Let US assume that the numbers in each row when added 
together have a definite limiting sum; and let 81,82, ...Sr, ... 
denote the values of this limiting sum for the first, second, ... rth 
rows. Let it be further assumed that the series + • . • + + . . . 

is convergent, and has 8 for its limiting sum. It will be shewn 
that the series cTi,* + aj,# + ... + ar,«+ ... obtained by adding the 
numbers in any one column is convergent, and that if its limiting 
sum be denoted by the series Sj-f aa+28 + .., is convergent, 
and has 8 for its limiting sum. 

That ai,2+ aa,2+ ... + ar,«+ ••• is convergent follows from the 
fact that each term is less than the corresponding term of the 
convergent series ... + .... An integer p may be so 

chosen that the r numbers 

n-p n=p n=p 

2 j— S ^n,it 2 a— 2 0 fn,a» ... 2 ,.— 2 an,r 

na=l 

are all less than e/r. Therefore 2 i + 2 a+ •.. + 2,^ is less than 
€ + «i + Fa+ ... or than € + S; and since this holds for every 

value of r, the series 21 + 23-1-... is convergent and its limiting 
sum is ^ 8, since e is arbitrarily small. Also the integer q may 
be so chosen that the r numbers 

n^q n^q n^q 

Sj— Z 0 [i,n» ^2"“ ^ •• Sr ^ 

n-1 n=l 

are all less than e/r. 

Therefore the limiting sum of the series 2^ + 23+ ... is greater 
than «! + S3 + . . . + ; and as this holds for each value of r, the 

limiting sum is ^ £1 — s. Since e is arbitrarily small, the limiting 
sum of the series 2^ + 2, + ... is ^8; and it has been shewn to be 
^ 8 ; consequently it is equal to 8. 

When the positive numbers are such that each of the 
scries ar.i + ^r,a + ... converges to a number Sr, and so that the 
scries 53 + Sa + ... is convergent, the numbers crr,« are said to be 
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terms of a convergent double series of positive numbers and S is 
said to be its sum. In accordance with the theorem proved, the 
limiting sum of the series is the same whether the summation be 
taken first with respect to 8 and then with respect to r, or in the 
converse order. Thus 

ad «e 00 00 

r=ls^l jr*lr=l 

If the numbers Or.t are no longer restricted to be of one sign, 
then if the numbers | ar,,| are the terms of a convergent double 
series, the numbers or,.,, are said to be the terms of an absolutely 
convergent double series. 

If the double series, of which the terms are Or.t* is absolutely 
convergent, then 

00 OD CO QD 

S S S S Or,.. 

r=l«=l «=1 r-1 

For let = /3r,« — where 7r,« = 0 when is positive, and 

, = 0 when is negative. The series may be regarded as the 
difference of two series of which the terras are the positive 
numbers Pr,e and 7r,«* Since the series of which i8r,» + 7r,« is the 
general term is convergent, the two series of which 7r,# arc 
the general terms are both convergent, and their sums may be 
taken in either order; it follows that the sum of the series of 
which Or.f is the general term may be taken in either order 
without affecting the result of summation. 

00 00 OO 00 

The theorem i S ar,»— 2 !£ a,.,, 

r=l #-l «=lr=l 

is also valid when the numbers are complex, in case the series 
of moduli I is absolutely convergent. For if ar,» = 7r.« + 
the series of which are the general terms are both 

absolutely convergent, whence the result follows. 

The general theorem may also be stated as follows : 

If ai + 09 + 01 + ••• i>e a convergent series of real or complex 
numbers, and if each term Or be expressed as the limiting sum of 
an absolutely convergent series 

^*r,l + + • • • » 

then the given series may be replaced by the series 
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without altering its limiting sum, provided the series 

/Si + iSa + ^8+ ... 

is convergent, where Sr denotes the limiting sum of 
I «r,i I + I ®r,a j + | | + • • • • 

An important case of this theorem, of which we shall afterwards 
make use, is the following : 

If ao + ai^ + aa«® + ... be a convergent series of which the 
limiting sum is F{y,z\ and if Uo, a,, Oa, ... are the limiting sums 
of the absolutely convergent series 

6o.o + 6o.i .y + + . . . 

” 1 " ^ 1 , 2 ^* + 

^2.0 + + 62.2?/" + & 2 . 3 y® + . .. 

then, if the series Aq + A^\z\-\-Ai\z\^+ ... is convergent, where 
Ar denotes the sum of the series 1 6 ,.,o | + 16 r,iy I + | + •••, 

the series 

(60,0 H“ •••) + (^0,1 + "1“ •••) y 

+ (& 0,2 + + + •••» 
which is obtained by substituting for Oq, Ui, a^, in the given 
series, and arranging the terms as a series in powers of y, is 
convergent, and its limiting sum is F(y, z) the same as that of the 
original series. 


The Binomial theorem. 


211 . A very important cose of series in ascending integral 
powers of a variable is the series 
m(m- 


1 +m + - 


2 ! 


1)^ I »i(w-l)(m-2) ^ ^ 

3 ! 


In the particular case in which m is a positive integer, the 
series is finite, and its sum is (1 the ordinary proof of this 
being applicable to a complex value of z. 

We shall suppose to be a complex number, but shall confine 
ourselves to the case in which m is real. In this case On/an+i is 
W “f“ 1 

equal to , the limiting value of which is unity : the radius 

^ n—m 


of convergence of the series is therefore unity. The series con- 
verges absolutely at any point z interior to the circle of radius 
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Riiity, and uniformly in any circle of radius less than unity. 
Denoting the limiting sum of the series by /(wt), and applying 
the theorem of Art. 209 , we find for points within the circle of 
convergence /(wji) x/(»?is) =/(m, + nij), 

and thence /(»ii)/(»Ws) . , ./(m,) =/(»ii + + . . . + m,). 

First suppose m to be a positive fraction pjq in its lowest 
terras, then putting = .•.‘=mq = piq, we have 

therefore /(pjq) is a gth root of /(p), that is of (1 + Let 
1 + r cos ^ cos (f), r sin ^ = 7 \ sin 0, then 

(l+ 2 y = (cosp^ + i sinp(f>), 

and the values of the gth roots of this are 

f q -^cos — h t sin^'* }■ , 

I <i 9 ) 

where s has the values 0, 1, 2, ... 7 — 1. We have 

= + Vl + 2r cos 6 + r*, 

f* Bin 0 

and we may suppose 6 to be that value of tan~* ;r which 

^ l-frcos6^ 

is acute (positive or negative) ; such a value exists, for cos ^ is 

positive for all points within the circle of convergence. We see 

then that f(p/q) is a value of jcos ^ sin^^i^^j, 

and 8 must always have the same value, since we know that 
fiplq) is a continuous function for all points within the circle of 
convergence. 

To find the value of s, put <j> = 0 , then f(plq) is real, and must 
therefore be equal to a real value of 


^ f 257r , . . 2s7r) 

xcos h % sin L 

^ I 9 9 } 

and therefore « = 0, or s = in case q is even; if r is sufficiently 
small, / is certainly positive ; hence s cannot be equal to Jg 
and must therefore be zero. 

We have thus proved that the sum of the series, when m is a 
positive rational number p/q, is the principal value of (1 

that is M t T)di\ 

(1 + 2r cos ^cos + i sin ^ j , 
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where the expression (1 + 2r cos 0 -f- has its real positive value, 

7* sm 0 

and if> is the numerically smallest value of tan”' 1 + rco T i? * 


z = r (cos + i sin 0), 


Next let m be a positive irrational number ; we consider it to 
be defined as the limit of a sequence m,, wia, ... Wr, ... of positive 
rational numbers. It Avill then be shewn that f(m) is the limit of 
the sequence /(wii), ... /(nir), ..., or /(m) = £/(mr). We 
have, for any point js in the interior of the circle of convergence, 

where |i2n(^)| is less than the limiting sum of the convergent 
series 


J\^(i^r+l)...(.V+n-l) „ N(N+l),..iN + ,i) ^ 

iU ~ I'®' (n + 1)! 

where JV' is a positive number greater than all the numbeis 
mu ^21 ••• wv, •••• l^or all sufficiently great values of n, we have 
|lin('2^)!< for I'll® numbers mr, where e is an arbitrarily 
chosen positive number. It is clear that the limit of the sum of 
the finite series 


1 + mrZ + 


fiir (nir - 1) , , 'tnr 1) ... {iHr-n + 2) 

2! (tt-l)!' ^ - 


as mr converges to m, is 






and this is therefore the limit of f(mr)—Rn(^). In accordance 
with the definition of an irrational power given in Art. 186, the 
limit of the principal value of (l+£r)»«r is Since 

ll?n(-r)|<€, for all the numbers Wi, m^, ... ...» 

which must have a definite value, is ^ e. ' - 

It follows that 


\^mz + 


m(/n — 1) , . , m(m — 1)... (m-n + 2) „ ^ 

21 + ' (a-lTi ^ 


differs from the principal value of (1 by a number of which 
the modulus is not greater than e, for all sufficiently large values 



To shew that when m > - 1, the absolute magnitude of On, 
diminishes indefinitely as n increases indefinitely, write s for the 
positive number m + 1, and denote the product of a cerbiin fixed 
number of factors in the expression for | a„ | by A: ; we have then, 
if r is the integer next greater than s, 


I (i» I — /j 




<k 

<k 



1 + s - + 


1 

r + 1 


+ . 



The sum of the first r terms of - + — --r + — ^ + ... is > A, 

that of the next 2r terms is also > and so on ; therefore, for a 
sufficiently large value of n, the sum of the series exceeds a pre- 
scribed multiple of ^ ; and thus the sum of the series increases 
indefinitely as n does so. It follows that | On \ diminishes in- 
definitely as n is increased indefinitely. When m = - 1, the terms 
of the binomial series are alternately 1 and —1, and thus the 
series does not converge. 
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of n; therefore the convergence of the Binomial series to the 
principal value of (1 + f)”* has been established for the case of a 
positive irrational number. 

Lastly, let m be a negative number — Wi. We have then 
/(7/i)/(w,) =/’(0)= 1. Hence /(m)=: l//(mi), or /(m) is the 
reciprocal of the principal value* of (1 + 2 )*^, or is the principal 
vdlue of 

We may state the complete result as follows ' 

The sum of the series 




z"+...+ 


m(m - 1) ... (ni — n + 1) 
n! 


z“ + 


for all values of z of which the modulus is less than unity is the 
piincipal value q/* (1 + z)*", which is 

(1 + 2r cos 0 + (cos m^ + i sin 


tvhen m is any real number, 1 being the modulus and 6 the 

• r sin 0 

argument of z, and ^ being that value of tan’^^ ^ 

lies between ±^Tr 


which 


This result was obtained by Cauchy, and will be found in his 
Analyse Algebrique, 


212. It now remains for us to consider the case when 
mod. ^ = 1. 

Denoting the terms of the series 

-I . . rn(m-l) , m(m-l)(m^2) . 

i+w+__ + 

by a», Oi, Ua, we have cbn+ilctn = ('ni- r?)/(n + 1) ; when n>m 
this ratio is negative, therefore the terms of the series are alter- 
nately positive and negative, after a fixed term; the series is, 
by Art. 194, convergent if the terms diminish in absolute magni- 
tude and become ultimately indefinitely small. This will be the 
case if n — m < n + 1, that is, if m > — 1 ; thus the series is a semi- 
convergent one, if m> — 1, whereas if wi< — 1, it is divergent, 
since the absolute magnitudes of the terms increase indefinitely. 
From the proposition in Art. 206, it follows that the series 

1 -f ^ converges when mod. ^*=1, provided 

2s I 

m>— 1, 



272 


THE THEORY OF INFINITE SERIES 


When 2 : = — 1 , all the terms of the series are, after a certain 
term, of the same sign ; applying the known test 

Zn(l + a„/aH-,)>l, 
the series will be convergent if 

Zn {1 — (n — w — V)ln\ > 1 , or if m > 0 . 

According to the theorem in Art. 207, whenever the scries 


1 + mz + - 




converges on the circle of convergence, its sum is the value of 
(1 + 2 r cos 0 (cos mif> + i sin m^) 

at the point. We may state the complete result as follows : 

The senes 

1 + + ... + ?!&'-■) •" (9 +i) z- + ... 

converges when mod. z = 1 , m is positive, for all values of z; also 
if m is between 0 and — 1 , for all values of z except z = — 1 , in 
which case the argument of z is ir. The series diverges when 
m = — 1, and when m < — 1. For all values of ^ for which the 
series converges, its sum is (2 + 2cos0)^”*(cos ^mff-hism^mff), 
where 6 has a value between ±ir. 

The Binomial Theorem has been considered generally, for complex values 
of m, by Abel, in a memoir published in Crelle's Journal, Vol. l 


The circular functions of multiple angles. 

213. An important application of the Binomial Theorem in 
its generalized form, is the expansion of (cos 0 -^-i sin 0y^, of which, 
by De Moivre’s Theorem, the principal value is cos mO + % sin m0, 
if 0 lies between ±ir. Writing (cos ^ < sin in the form 

cos*”^(l + itan tfy", we have 

cos ^ sin m0 = cos’"^ 

-t - % |m tan g - - '' ^ ' 3^1 "" tan®(?+ ...jl, 

provided the series is convergent ; this condition will be satisfied 
if 0 lies between the limits ± Jtt, whatever be the value of m, 
and also when ^ * ± iw, provided m > - 1 . 




m{m- 


tan® 0 + 
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(1) Suppose m positive, then we have 
s mB = cos”*d |l - ^ tan’^ 

4 1 

L = cos-5 L tan 0 - P 7 2) tan» 0 ■ 


-...} 


+ ••• ( 2 ), 


for all values of m, provided 0 lies between + Jtt, and they hold 
for = + Jtt. These results are an extension of those obtained 
in Art. 61, for the case of m a positive integer, in which case 
there is no convergence condition. 

(2) Suppose m negative, then changing m into — 7ii we have 
cos md = 1 — tan®^ 

^^Mm±ll (m+ 2)(m + 

sin m0 cos™ 0 = m tan 0 — ^ 1) ^ tan'0+ (4), 

which hold fdr all positive values of m, provided 0 lies between 
± ^TT. These results hold for 0= ± ^tt, only if m lies between 1 
and 0. 


214. The formulae (1) and (2) of the last Article have, in the 
case when m is a positive integer, been applied in Chapter vii to 
obtain expressions for cos incf), sin rrKj}, in series of ascending powers 
of sin <l>. We proceed now to find similar expressions, when m 
is not a positive integer. 

We have proved that, when m is an even positive integer, 
cos = 1 — sin* (f) H sin* ^ 


m*(m*-2*)(m*-4*) . 


sin® <!> + ••• ••••*. (5). 


and that, when m is an odd positive integer. 


sin m<l> =* w sin ^ - 


m (m* - 1*) . - , 


sin® <6 — ....(6). 
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These series were obtained from the expressions for eo&mj), 
sin m<f>, in powers of cos <f> and sin (f>, by substituting for powers 
of cos powers of 1 - sin* (f>, expanding each of these by the 
Binomial Theorem for a positive integral index, and arranging 
the result in powers of sin The same series will be obtained 
when m is any positive integer, not limited as to evenness or 
oddness, provided cos^ is positive, which will be the case if ^ 
lies between i^Tr; the powers of 1 — sin*0 will no longer 
necessarily be integral, but the Binomial Theorem is still applicable 
since all the series will be convergent. Since all the series of 
powers of sin* ^ are absolutely convergent, and since the original 
^expression for cos m<l>, sin mcf) each contains only a finite number 
of terms, by Art. 210, we may aiTange the result of the expansions 
in a scries of powers of sin* <f). Thus we see that if m is any 
positive integer, each of the series (5), (6) holds, provided 0 lies 
between + ; the first series does not consist of a finite number 

of terms unless m be even, and the second not unless m be odd. 

Let /(wi) denote the limiting sum of the series 

l + m(t sin <f>) + Yj (i sin ^)* ^ ^ (i sin 0)*+ ... , 

where the series on the right-hand side is obtained by adding the 
series (5) to the series (6) multiplied by i. When w is a positive 
integer, we have /(m) = cos + i sin m0, if tf> lies between 
Now when mi and mj are positive integers, we have 

/(m,) X = (cos + i sin mi <l>) (cos -f i sin 
= cos {mi + ma) H- i sin {nii + wig) ^ 

=/(mi+Wa). 

The product of the two series /(mi), f{m.^ will be of the same 
form, whatever mi, ma may be ; thus, employing the theorem of 
Art. 209, we conclude that the equation 

/(mi) x/(ma) =/(m, + m*) 

holds for all values of mi and ma, since the scries are absolutely 
convergent. We have consequently 

/(^i)/(^2) • • • /(^«) + ma + . . . + w„) ; 

let mis ... ss mq— pi q, where p and q are positive integers, we 
get then 
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hence f(plq) is a value of and is therefore of the form 

pd) + 2s7r . . . p<j> 4- 2fi7r 

cos h I sin-^ , 

9 9 

where 8 is some integer. Now when ^ = 0, we have f(plq) = 1 
hence since the sum f(plq) v&ries continuously as ff> increases 
from — Jtt to + Jtt, we must have s = 0, if if> lies between these 
limits; hence in that case 

, f(plq) == cos ^ -f i 

Next let m be a positive irrational number defined as the 
limit of a sequence of irrational numbers mj, wig, ... nig , .... We 
have then 

Tyt ^ 

/(?»,) = 1 + m, (i sin ^) + -^ (i sin if>)* + ... 

where |ii| itf less than the modulus of the limiting sum of the 
convergent series 

+ I , in 4 1 ... 

(2r+l)I ' _ 

+ (2r + 2)l ' 

N denoting a positive number which is greater than all the 
numbers tUi, w? 2 , .... For each fixed value of r may be so 
chosen that | iJ I < €, where € is an arbitrarily chosen positive 
number, for all the values m,, mg, ... of w,. 

The limit of / (w,) or cos w, ^ + 1 sin as s is indefinitely 
increased, is cos ^ sin 77i0. It then follows that 


■ (i sin (f>)^ 4 B, 


1 4- w(isin^) + ^j(isin ^)*H- ... 

+ — wHp ^ <• "" 

, «i.® (m* — 2*) ... (m* — 2r — 2 1’) , . . . . ^ 

differs from cos + 1 sin by a number of which the modulus 

18-8 


(»■ sin (p)* 
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does not exceed e. Since e is arbitrary, it has thus been shewn 
that for each value of ^ between f^TT, the infinite scries con- 
verges to cos 7n(f> + i sin 

Lastly let m be a negative rational or irrational number — mi. 
Since / (m) x /(mi) = /(O) = 1, we have 

f(m) == 1 /(cos mj^ + i sin mi(f>) = cos vKf) + i sin m<l>. 

We have shewn thus that the two series 

j 1 • o . (^^® — 2®) ... 

cos ni<f> = 1 ^ sm® 9 -I ^ siii^ — (5), 


sin m0 = m sin <^ ■ 


m(m=-P) . 

— sm*^ 

m (7^4^ — 1*) (m* — 3®) 

5l 


sin® 0 — , 


( 6 ). 


hold for all values of 0 lying between + ^tt, whatever real number 
m may be. 

The series (5), (6) converge absolutely when ^ = ± Jtt. For, 
denoting by Or the absolute value of the general term of the first 
series, we have 

(2r + l) (2r + 2 ) ^ . 1 . 1\ (. 

a^+i (27)»-m» * 

therefore Lr (-^— — = i > 

\Or-Vl J 2 


and thus in accordance with a known test, the series is con- 
vergent. The series (6) may in a similar manner be shewn to 
converge. In accordance with Abels theorem in Art. 207, the 
series (5) and (6) converge to the values cos J m7r, ± sin J mir, when 
+ ^tt. 

A similar proof will shew that the two series 


cos m^/cos ^ = 1 — 



sin^ 


(m^-P) (m*- 30 
4! 


sin^ ^ — ... 


...(7), 


sin m6/cos ^ = m sin ^ ^ sin® ^ 

d ! 

+ _i _£v 'sin'0-, 


( 8 ). 


hold for all real values of m, provided ^ lies between ± 
The series (7), (8) are not valid when ^ = ± ^tt. 
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The series (7) terminates only when m is an odd integer, and 
(8) only when m is an even integer. 

215. If we take the series for cos m^+t sin from (.5) and (6), 
and put z=i sin if}, we have, since (cos (f> + isin (j))”* = (Jl + + *)“, 
the expansion * 


(Vl +X“ + ir)”* = 1 + Jrti: + ^ a:* + 


»t (/n’* — 1^) j — 2’) 


^*+.. 


OT(m»-l»)...(m»-2s-3|») 

( 2 s- 1 )! 

, TO* (to* — 2 ») ... (to* - 2s — 2 ’) ^ , 

+ ^ 2 s)! ^ 

In a similar manner we have from (7) and ( 8 ) 

{Ji + Z^+ Zy^jjl + S*= 1 + TOS + - ^ I ^ s*+— s’+ ... . 

, TO (»t* - 2*) . . . (to* - 2s - 2 1 *) 

( 2 s- 1 )! ^ 

(TO*- 1*) (7H»- 3«) ... (to*- 27^11* ) 

+ ■ ( 2 s)! 

It can be shewn that those expansions hold for all real values 
of m, provided the modulus of z is less than unity. By some 
writers, these ex|)ansions are investigated directly, and then the 
series (5), ( 6 ), (7), ( 8 ) are deduced. It is however not easy to 
investigate these series by elementary methods, except when the 
modulus of zjj I + is less than unity ; we should, with that 
restriction, obtain the series for cos sin only when lies 
between + \ir, which is the same restriction that applies to the 
series ( 1 ) and ( 2 ). However, by employing the principle of con- 
tinuity, it is seen that the above expansions are valid in the 
region \z\<l of convergence of the series. 

216. If in the series (5) and ( 6 ), we change </> into — 0 , we 
obtain the following series which hold for values of 0 between 0 
and TT, 

/TT - wi® „ . , m- ('/a® — 2®) , ^ 

cosm ^2 - <^j = 1 - Yi ^ + — ^41 ^ -••• (9), 

sin m ( 2 “ 9 1 = ^ ^ cos® 9 + ( 10 ). 

We^can now find series which express cos sin when ^ 
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has any value'. If ^ = r7r + <^o. where <f>Q lies between + and 
r is an integer, we have 

cos mff> = cos mw cos m(f>o — sin mrTr sin > 
also sin 0 = (— 1)*' sin ^oi thus we have, if ^ lies between (r ± J) tt, 

cos m<}> = cos mrTT ^ sin* ^ 

— sin (m - 1) 7-7r |m sin ^ ^ ^ sin* ^ + ...j . ..(11). 

Similarly 

sin m<l> = sin wirTr ^ si''® <^ + ...^ 

f • j m(m*— 1*) . , , ) 

+ cos(m— l)r7r jmsin^ ^8in*<^ + ... V ...(12). 

From (9) and (10), we obtain in a similar manner 

cosm<l)=QOsm(2r + ^ ^ ^ ^®s* <^ + ...| 

+ cos (m — 1) (2r + 1) ^ |r)i cos ^ - ^Li?!L_D <^ + . . .| 

sin w?<^ = sinm(2r4-l)^|l — ^cos*<^ 4- ...j- 

+ sin (m — 1) (2r + 1) ^ jwi cos <f) — ^ ^ • • • j 

where <f> lies between rir and (r + 1) tt. 


217. Series of some interest may be derived from (5) and (6), 
(7) and (8), by giving vi particular values*. Let <f> = ^tt, we have 
then, writing x for m, in (5) and (6), 


cosi7r^ = l-^ + 


...(15), 


sin^TT-r = a; 


x(x^-V) 

SI 




Again letting m = 2x, tf>= Jtt, in (6) and (8), we have 

6! 


cosj7ra;= l-^ + — 2— — 


+ ... (17). 


sin = i\/3 1® - 


- 1») a?(a-^-P)(jc»-2=’) 


51 


-...J (18). 


^ The formulae (11), (12), (13), (14) were given by D. F. Gregory in the 
Cambridge Mathematical Journal, Vol. iv. 

^ The series in this Article were obtained by Shellbaoli, see Crelle*8 Journal, 
Vol. ZLviii. ; they have also been discussed by Glaishor in the Messenger of Mathe^ 
matics, Vols. ii. and vn. Series equivalent to (15) and (16) are given by M. David 
in the Bulletin de la Soc, Math, de France, Vol. zi. 



^rHE THEORV OE iNFlNitE SEEtES 


m 


Vanous series may be found for powers of tt, by expanding cos^ir^r, 
bin^n-o;, ... in powers of x, and equating the coefficients of the powers of a; 
to those picked out from the above series ; for example from (16) we have, 
by equating the coefficients of 

48 3 *2^5 • 2.4 V 37^7 *2.4.0 V 32^52;+—* 


Expansion of the circular measure of an angle in powers 
of its sine. 


218. If in the expansions (5) and (6), for cos m<f), sin m<^, in 
powers of sin^, we arrange the series as series of ascending 
powers of m, as we are, by Art. 210, entitled to do, since the 
series 


1 + ^, sm» i sin‘ 


m 


. , m (m* + 1®) . - , 

sin ^ sin’ <\> ■ 


are convergent, we may equate the coefficients of the various 
powers of m, to the corresponding coefficients in the expansions 
of cosm<^, 8i»m<^, in powers of we thus obtain from (6) 

, . . 1 sin’ 4> 1*3 sin’ 6 

^ = «n./,42-y- + ^ 4-.- + ... 

1 .3.5... (2r 

^ 2.4.(>...‘2r 2/' + i’“*' ^ 

and from (5) 

... 2 sin* A 2.4 siii*’ 6 

+ 2-4.M2^8in^ 

^3.6...(2 r-l) r 

these hold for values of ^ between ± Jtt, or when <^ = ± Jtt. We 
may also write them 

sin-*fl; = «+lJ + ^5+ (19). 

(sin-* a;)* = a? + 1 . ^ + |! + (20), 


where sin“*a?, in either equation, is the positive or negative acute 
angle whose sine is equal to x. 

The series (19) was discovered by Newton; tho method of 
proof is that of Cauchy. 
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219. By changing x into a; + A in the series (20), and equating 
the coefficients of h on both sides of the equation, which process 
is equivalent to a differentiation with respect to a?, and may be 
justified by employing the theorems of Arts. 210 and 208, we 
obtain the series 


sin”’ X 

Vl — a;^ 


2 2.4 


( 21 ). 


or putting sin ^ for a;, 

2 2 4. 

^/sin ^ cos ^ = 1 + .3 sin- 6 + -- sin* (}> + (22), 

o o , u 

or writing 2<f) = 6, 

d/sm ^ = 1 + 1 (1 - cos 0) + (1 - cos dy + 

which may be written 

6 cosec = 1 -f- i vers 0 + vers® 0+ (23). 

o o . O 


Again, in (22), put tan = and we obtain the series 


tan“’y = 



2 y® 2.4 y*_ 

3.5(1+V7^ 



Expression of powers of sines and cosines in sines and cosines 
of multiple angles, 

220. We shall now shew how expressions of the form 
cos’"5sin’*0 may be conveniently expressed in cosines or sines 
of multiples of 0, We shall in the first instance confine our- 
selves to the case of positive integral values of m and n. Let 
2 r = cos^ + isin^, then = cos 0 — i sin hence 2cos^ = 4 ? + .8r\ 
2i sin = .8: — sr\ and 

(2 cos 0)^ (2i sin 0)^ = (^^ + 0 ”’)”* (z — ; 

if we expand the expression in z, in powers of z and 2 r\ we can 
arrange the result in a series of terms of one of the two forms 
k{^-Vz'~^)f k{z^-‘Z'^), where & is a multiplier depending on m, n, 
and r; now = cos r0 + i sin r5, and .8”*’ = cos rtf — t sin by 
De Moivre’s Theorem, hence 

k (f + .s”**) = 2k cos rtf, 2h («»* — = 2ik sin rtf, 

thus wo have the required expression for cos'" tf sin” tf in a series of 
cosines or sines of multiples of tf. 
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Examplib, 


Express sin^B co^B in series of multiples of B. 

Wq have (2isinS)®(2cos(9)°=(;8-iB”^)®(;?4-e'^)®=(s®-«"2)*(«+«**) 
which is equal to (a;'®-52® + 10«*-10-8“2 + 5«-®-2”“)(a+2“i), 
or a“+2»-5e^-62®+lO^’+lO2;-lO2-VlO5~3+5^“6 + 50-’r.;j-9-g-ii, 
which is equal to 2i (sin llS+sin 9^ ~ 5 sin 7^ - 5 sin 5^ + 10 sin 3^ +10 sin ^), 

therefore sin®^ cos®^ is equal to ~ (sin 11^+sin 9^-6 sin 7^—6 sin 5B 

+ 10 sin 3^+10 sin B). 

This process may also be arranged thus, writing c for cos d, s for sin B^ 
(2c)«=l+e+15+20+15+ 6+ 1, 

(2w) (2c)«=l+5+ 9+ 6- 5- 9- 5- 1, 

(2m)2(2c)®«1+4+ 4- 4-10- 4+ 4+ 4 + 1, 

(2w)3(2c)fl=l+3+ 0- 8- 6+ 6+ 8- 0-3-1, 

(2w)4(2c)o== 1 + 2- 3- 8+ 2+12+ 2- 8-3 + 2 + 1, 
(2w)®(2c)8=l+l- 6- 5 + 10+10-10-10+5 + 5-1-1; 
here the powers of z are omitted on the right>hand side, and a figure in any 
line is obtained by subtracting from the figure just above it the one that 
precedes the latter. 

This very convenient mode of carrying out the numerical calculation is 
given by Do Morgan in his Double Algebra and Trigonometry, 


» 

221. Wo can obtain formulae for (2 cos 6)^ and (2 sin 0)^, 
when m is a positive integer, in cosines or sines of multiples of 0, 
by the method we have employed in the last Article. We have 

(2 cos 0y”’ = + 2 r^)^ = + . . . + 

hence 

2”^“^ cos”‘d = cos mO + m cos {m — 2) 0 cos (wi - 4)d + ... , 

where the last term is 

1 m m! 

according as m is even or odd. 

From 

we obtain similarly 


2 OT -1 ly sin’"^ = cos m0 — m cos (vi — 2) 0 

+ !liL(!^_i}cos (m — 4) 5 -...+(- 1 )' 
when m is even, 


m ! 
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or 1) ^ = sin?nd — msin(m--2)tf 

. m(m — 1) . . • /) 

•+<-*> 

when m is odd. 

These formulae have already been obtained in Chapter vil. 

222. We shall next consider the expansions of cos’^^, sin*"tf 
in cosines and sines of multiples of 6, when m is any real number 
greater than — 1. We have from Art. 212, 

2”^ ( ± cos cos m (^<f> — kir) 

, 771(771-1) (7)1-2) 

= 1 + m cos ^ H ^2l~ ^ 3! 3(^ +... , 

2"* (± cos sin m (i<^ — Ictt) 

. , m(ni — l) . ^,m(m-l)(m-2). ^ . 

• msm^H — ~9in2^+ — ^ ^sin3<^+..., 

where ^ lies between (2k — l)7r and (2k ^ 1) tt. Multiplying the 
first series by cos a, and the second by sin or, and adding, we get 

2^(± cos cos (a — + mkir) = cos a + m cos (a — 0) 


m(7n — l) 


cos (OL — 2^) + 


711 (rti —\)(m — 2) 


cos(a-3^)+..., 


where 0 lies between (2^ — 1) tt and (2k + 1) tt. Let ^ = 20, then 
corresponding to the two cases of k even (= 25), and k odd (= 25 + 1), 
we have 

2tn QQgwi 0 QQQ _ ^0 ^ 2msTr) 

= cos ft + m cos (ft — 20) + — cos (a - 40)+ 

where 0 lies between 2«7r — Jw and 257r + Jtt ; and 
2*" (- cos 0)”^ cos (a - m0 + m 2iTl tt) 

= cos a + m cos (a - 20) + ^ cos (a- 40) + 

where 0 lies between 257r + Jtt and 257r + f7r, 

In these results, put a== m0, then we have 

2*" cos”* 0 cos 2»75'7r 

» cos w0 + wi cos (m - 2) 0 + cos (711 - 4) 0 + ... .(25), 
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where 0 lies between ^sir — ^tt and 2s7r + ^tt ; also 
2”* (— cos 6 )^ cos (2s + 1) TWTT 

= cos md-\-m cos (m — 2) cos (m — 4) 0 + ... (26), 

where 6 lies between 2s7r + Jtt and 2s7r + ^tt. 

Again, put a = mO + then we have 

2m ^jQgm 0 gjjj 2ms7r 

= sin md+m sin (m — 2) d sin (m — 4) ^ + ... (27), 

where 0 lies between 2s7r — and 2s7r + ^ ; also 
2*" (— cos Oy* sin (2s + 1) hitt 

= sinm^ + ?nsin (m — 2) ^ — 1) gin (m — 4) 0 + ... (28), 

where 0 lies between 2s7r + ^tt and 2s7r 4- f tt. 

Next change 0 into 0 — ^tt, and then put a = m^, we then have 

2m sinm 0 QQQ ^2s + i) TT 

= cosmtf — mcos(m — 2) ^ ^ cos (m — 4) ^ ... (29), 

where 0 lies between 2s7r and (2s + 1) tt ; also 
2”^ (— sin Oy^ cos*m (2s + f ) tt 

= cos mO — m cos (?n — 2) 0 cos (wi - 4) ^ — . . . (30), 

where 0 lies between (2s + 1) tt and (2s + 2) tt. 

Lastly, put a = md + \ir, and change 0 into 0 — \ir, we have then 
2 m sinm 0 sin m (2s + ^) TT 

= sin m0 — m sin (wi — 2) 0 ^ sin (m — 4) 0 — ... (31), 

where ^ lies between 2s7r and (2s + 1) tt ; also 
(- 2 sin 0)^ sin m (2s + f ) tt 

* sin — m sin (m — 2) ^ 4- - — sin (?n — 4) - ... (32), 

where 0 lies between (2s 4- 1) tt and (2s 4- 2) tt. 

These series are convergent for all values of 0, if m is positive. 
If m lies between 0 and — 1, the extreme values of 0^ 2sir ± ^tt or 
2s7r, (2s + 1) TT must be excluded, as the series cease to be conver- 
gent for those values of 0. 

Tho eight formulae of this Article wore given by Abel, in his memoir 
on the Binomial Theorem, and appear to have been overlooked by subsequent 
writers. 



CHAPTER XV. 


THE EXPONENTIAL FUNCTION. 


LOGARITHMS. 


The e xpon ential series. 
223. Let us consider the infinite series 


the limiting sum of which we shall denote by E{z\ where ^ is a 
complex number x + iy. If r is the modulus of Zy the series 


is convergent for all values of r, since the ratio of the {n + l)th 
term to the nth is r/n, which diminishes continually as n increases ; 
consequently the original series is absolutely convergent for all 
values of z. This series is called the exponential series, and is 
uniformly convergent in any circle with centre at 2 ? = 0. 


224. If we multiply together the two exponential series corre- 
sponding to and Z 2 , the term of the mth degree in z^ and z^ is 

^ m ^ m-i ^ ^ w-2 2 >ym 

, -^1 llL 4 _ 4 - 


which is equal to (zi -f z^)”^, by the Binomial Theorem for a 

positive integral index. We have therefore for the product of the 
two series, the series 






which converges to £(si + Si). Now by the theorem in Art. 209, 
since the exponential series are both absolutely convergent, the 
product of their sums is equal to the sum of the product series as 
above formed, therefore 

B(gi) X E (z^) = E(Zi + Zt) 


( 1 ). 
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From this fundamental equation we deduce at once 
E{z,) X E{z;) ... X E{z^ = E{z^ + + • • . + 

and thence {E{z)Y=E{nz) (2), 

where n is any positive integer^ 


226. If in the equation (2), we put f = 1, we have 
E(n)^[E{\)]^ 

where E(\) denotes the limiting sum of the series 

1 


It will later on be shewn that the number E(l) is an irrational 
number 2‘718281828459...; it is usually denoted by e. We have 
therefore when n is a positive integer, E (n) = 6^ 

Again in (2), let Js=pjq, where p and q are prime to one 
another, and let n — q, we have then {E(plq)]9 = E(p), hence 
E(plq) must be a ^th root of E(p) or since E(pfq) is real 
and positive, it follows that Eijpjq) is the real positive value 
of which we call the principal value of 

The exponential series is a particular case of the power series con- 
sidered in Arts. 203 — 208. Its radius of convergence is infinite, 
and consequently the series converges uniformly in any fixed circle 
with its centre at the point f = 0. Moreover, in accordance with 
the theorem proved in Art. 200, the function E(z) is continuous 
at any point z. If x be any given irrational positive real number, it 
can be defined as the limit of a sequence X 2 , o{ positive 

rational numbers. In accordance with the definition in Art. 186, 
the principal value of e* is the limit of when the integer m 
is indefinitely increased ; it is known that this limit exists and 
has a value independent of the particular sequence of rational 
numbers employed to define the given irrational number x. Since 
E(z) is a continuous function, it follows that E{x) is the limit of 
E(xm) when m is indefinitely increased. Hence since = E(xtn), 
for every value of m, it follows that when s* has its 

principal value. 

Next if X be any negative real number, since 

E(x)E(^x)^E(0)=^l, 

we have j? (a?) = 1 /c”® = e®, where e®, c“® have their principal values. 

^ Tbis investigation is due to Cauchy, see his Analyae Alg€hri^U€^ 
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We have thus proved that for any real number x, the mm of 
the limiting sum of the series 1 + x + is the principal value 

of e*, where e is defined by E(l)s=e. This is the exponential 
theorem for a real exponent. 


226. We shall now shew that whatever complex number z is, 
the number E{z\ the limiting sum of the exponential series in 
powers of z, is equal to the limiting value of (1 + zlm)^, where m 
has positive integral values, when m is indefinitely increased. We 


have 

(1 + zjmy^ 


+ m ~ H Y\ 


m 


m* 


7n(m— l)...(7>i — 5+1) 2 ^ 

H \ — + 

s ! 


= ! + «+ (l - + ... + (l - (l- 

\ m/2! V m/ V m/ \ m /«! 


Now if a,b,e,.., be any positive real numbers, less than unity, 
we have 

(1 — tt) (1 — h) > 1 — (tt + h) 

(l-a)(l-6)(l-c)>(l-o-h)(l-c) 

> 1 — (o + 6 + c) 


Hence 

(l-a)(l-h)(l-c).. , <1, and >l-(a + 6 + c + ...), 
say = 1 — (d + 6 + c + ...), 

where 0 is some number between 0 and 1. Hence we have 


\ mj \ mj \ m/ ' \m m m/ 

_l _o g(g + l) 

^ 2m * 

where 0t is some number between 0 and 1. 

We have now 

(1 + ^/m)"* = 1 + « + |-j + . . . + 1* + . . . + + B , 

where Jt denotes 


2m I 


l + ^».j-+5*.^+... + 0 S +1 + ... + 0,n-l 


-1»-9 \ 

^Ij- 


The sum of the series in the bracket has a modulus loss than the 
limiting sum of the convergent series 1 + ^ + + . . . ; and when 
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m is indefinitely increased, z^l2m converges to zero. Therefore the 
limiting value o/'(l + z/m)®*, wkeu m is indefinitely increased^ is the 
fundiion E(z). The number e is the limiting value of (1 + 1/m)®*. 


‘227. The theorem proved in the last Article gives us the 
means of finding the value of E{z\ where F = + a complex 
number. We have 


E{x+iy) = X- (l + 

put 1 + xjm = p cos xf), yjin = p sin then 

( X + it/\®* 

1 H 0 + » sin ^)®* = p®* (cos m<l> + i sin nup), 

by De Moivre’s tlieorem. Also 


P 





m* 


$ 


and <l> is the principal value of tan""* • The limiting value of 


p®* is that of 


or of 


«(*){ 


II y* l** 

^ (so + m)*) 


1 +- 


y* 


)4'» 

’ 


in(»jm+xjiijmy 

now suppose that r is a fixed positive number less than n/m -|- x/^/m, 
then the limit of 




m {»/m + xl«JmY) 
is between unity and that of 

or between 1 and ; now r may be made as large as we please, 
subject only to the condition r<h]m’^r x\»jm^ hence the limit of 

+(«+».)■) 

is unity, and therefore that of p”* is E{pi)^ which is the principal 
value of e*. The limiting value of m tan""* — ^ — is that of ~ , 

which is y ; hence we have i ^ ^ y + ' si^y), 

where e^ has its principal value; thus 

E{x + iy) = e* (cos y + 1 sin y). 
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Expansions of the circular functions. 


228. Tf in the last result we put a? = 0, we have 
E (iy) = cos y + i sin y, 

hence cos y + isin y = 1 + iy - 


or, equating the real and imaginary parts on both sides of the 
equation, we have 


cos y = 1 — 
siny = y- 


t 

2 ! 4 ! 

••• + ( + 

( 3 ). 

t 

3!'^6!" 

^^(2s+ 1 ) !■*■••• ' 

( 4 ), 


the series for cos y and sin y expanded in powers of the circular 
measure y ; these series have already been obtained in Art. 99. 

We may also write these results in the form 

cosy = i{A?(iy)-f iS'(-.iy)} \ 




.( 5 ). 


The exponential values of the circular functions, 

229. If ^ is a real number, the expression as defined in 
Algebra, is multiple- valued except when is a positive integer. 
If is a fraction pjq in its lowest terms, e^^^ has q values, the g'th 
roots of 6** ; of these values, that one which is real and positive is 
called the piincipal value of and is equal to E {z). When z is 
an irrational real number, the principal value of ^ is defined, as in 
Art. 186, as the limit of the sequence formed by the principal values 
of e**, 6^-, ... c***, ... , where Zu ^ 2 , ... Zr, Ib a. sequence of rational 
numbers of which z is the limit. We shall in general understand 
c* to have its principal value E {z). 

When z is not a real number, no definition of oF has as yet been 
given, and it is so far a meaningless symbol. 

It is convenient however to give by definition a meaning to 
the symbol e* or At present we give only a partial defi- 

nition of the meaning we shall attach to we define only what 
may be called its principal value, and shall shortly proceed to a 
more general definition, 
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The pHncipal value of the function e* we define to be the function 
E(z), or\ what amounts to the same thing, the limit q/*(l + z/m)*", 
when m is indefinitely increased through positive integral values, 

‘ It should be observed that this definition of the principal value 
of 6®+’*' is such that the function satisfies the ordinary indicial law 

gsc.+iVj X ~ e»i+'*‘2+» ; 

this follows from the theorem (1) of Art. 224. We shall in 
general, when we use the symbol eF, understand it to have its 
principal value E(z) as just defined. 

230. With this iind('rstaTiding as to the meaning of the symbol 
eF^^y, we have, by Art. 227, 

— gos y 'h i sill y), 

and putting ar = 0, e^y = cos y + i sin y. 

The theorem (5) may now be written 

cos y = ^ (e^y + e~'y) \ 

1 . i ( 6 ). 

sm y = (&y — j 

These are called the exponential values of the cosine and sine. 
The student should bear in mind that these theorems (C) are 
nothing more than a symbolical mode of writing the equations 
(3) and (4) which have also been written as in (5). 

The only advantage of the symbol over the symbol E(iy) is that the 
former one reminds us more readily of the l.tw of combination given in 
Art. 224. The theorem (1) is of the same form as that for the multiplication 
of real exponentials ; we therefore hud it convenient to introduce exponentials 
with imaginary indices, for which the law of combination shall be that 
expressed by (i). 

230 The function e* being defined as above, for any complex 
value of z, as the limiting sum of the exponential series 

1+-3 + 2^/2! + z73 ! + ..., 

we see that ^ = 1 + z + -f — : + /x,, where | | is not greater 

^ 9 I 

I ^ |2+1 \jg \S+2 

than the sum of the infinite series ^ + 7 ^ — ^Tr: + '”» It 

(s+1)! (s+2)! 

^ The latter form of the deiinition is that introduced by SchlOmiloh, see 
SSeitschrift fUr Math, Vol. vi. 


H. T. 


19 
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follows that I 1 is less than ^ - |l + ( * | + 1^’ + + ...I 

i ^ I***"* * ^ 

or than ^ In case | £? | < 1, we see that 

I ^(7^! 1^1 1^1’ ■*■•••} 

1 


or 


(«+l) 

\R\< 


i*+i 


(,5+1)! 1-i^r 




We have thus shewn that c* = 1 + 2 : + ~ (1 + %,), 

U| 

where | | < - ~. r ,* and thus ] Ug | converges to zero as 1 2 : | does 

so. In particular, by taking 6‘ = 1, we have the theorem 
e* = l +,^(1 + i^i), where \u^\<^\z\e^^^‘, and thus |i4i| converges 
to zero as 1 2 r I does so. We may express this result in the form 
-1 


L 

i«l»o 


z 


= 1 . 


From the last result wo have L ; — =e* and thus the function e* is 

/l «0 « 


that 


such that it is equal to its own differential coefficient. 

The function e* may be introduced into Analysis by defining it 1 

function u which satisfies the conditions every value of 2, and 

when «= 0 . If it be assumed that there exists a series ao+ai2+a2^®+*- 
which is convergent for every value of c, and such that the derivative series 
ai+2a22+3a32^+... has the same property, both series converge uniformly 
in a circle of any finite radius. Denoting by u the sum of the first series, 

that of the second series is, in accordance with a known theorem, If 

then we can equate the coefficients of corresponding terms; thus 

ai=ao, 2 a 2 = ®i>'->ifln = ®ii-i ; thence we find a„ = cto/^!. It follows 


{ g2 ^ 1 

1+2+—! + ...+ ~! + ...j-; and it is easily seen that this series 

actually satisfies the assumed conditions of uniform convergence. It follows 

that the sum of this series satisfies the condition ~=i£. If 14=1 when 

dz 

gmsO^yre must have ao=l. In this manner wo are led to the series 
l+«+2-,+— +~j +•••• 

with the investigation of which we have commenced in the text of this 
Chapter. 



THE EXPONENTIAL FUNCTION. LOGARITHMS 


291 


Pei'iodicity of the exponential and circular functions, 

231. We have shewn that E (z) = e® (cos y+i sin y ) ; now cos y, 
sin y are unaltered if 2A;7r be added to y, k being any positive or 
negative integer, consequently E{z) — E{z + 2ikir) ; or E (z) is a 
periodic function, of period 2i7r. Since e* = the exponential 

e* is periodic, with the imaginary period 2i7r; also = e* <*+**">, 
or as before defined, is a periodic function of z, with a real 
period 27r. 

We have thus seen that each of the two functions e*, is 
periodic, the first having an imaginary period 2^, and the 
latter a real period 27r. The student who is acquainted with the 
elen^ents of Elliptic Functions will know that it is possible to 
construct fiinctions which have both a real and an imaginary 
period ; such functions are called doubly periodic. 


232. The circular functions cos y, sin y were first introduced 
by means of a geometrical definition, and we have regarded them, in 
the earlier part of this work, as functions of an angular magnitude 
measured in circular measure. We can however drop the idea of 
the angular magnitude, and regard them as functions of a variable ; 
a value of the variable of course measures the magnitude in 
circular measure of an angle by means of which they were defined. 
The main importance of these functions in Analysis is derived 
from their property of single periodicity; it has been shewn by 
Fourier and others that all functions having a real period can, 
under certain limitations, be represented by means of a series of 
these circular functions. It would however be beyond the scope 
of the present work to enter into this most important branch of 
Analysia 


Analytical definition of the circular functions, 

233. It is possible to give purely analytical definitions of the 
circular functions, and to deduce from these definitions their 
fundamental analytical properties, so that the calculus of circular 
functions can be placed upon a basis independent of all geometrical 
considerations ; these definitions will include the circular functions 
of a complex number. 


19—2 
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We can define the cosine and sine of z by means of the 
equations 

cosz = ^ ll!j({z) + E(—iz)] ] 


sin z—-^.{E (iz) — iz)] 


where E(z) denotes the limiting sum of the scries 1 +z+^^ + .... 
In other words, we define cos - 3 ^ as the limiting sum of the 
series 1 —^ + !-,•••» limiting sum of the series 

A ! 4 ! 

^ — + We may regard this then as the generalized 

definition of the cosine and sine functions, and it includes the case 
of a complex argument, which was not included in the earlier 
geometrical definitions. 

For real values of z, the functions cos z, sin z are in accordance 
with the earlier geometrical definitions, because the series which 
they represent agree with those obtained, in Art. 99, from the 
creometrical definitions. 

By employing the theorem £{*=1 + -^ + 2 + ^ + where 
I z 1*'^^ 

1 2Z,| < proved in Art. 230^^^ we see by changing z into 

iz and -iz, letting a= 2 m + l and adding the expressions so 
obtained, that 


I ^ j2in+2 

where | Rm' \ < 2 ) i Particular, we have cos « 1 + J?,', 


where [iJ,'! and cosz= 1 where 

\z^ 

In case [ * I < 1 , we have also | | < 57 J — Wx, and 




Similarly we see that 




^ Z^ 

sin # = ^ + + (-!)"• ^2m + ir ! ’ 
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where |iSm'|< 


2m+3 


(2m H- 3) ! 


; and in particular sin 5 = z + iJ®', where 


liJo'l < and sin ^ i?** + ii/, where | S / 1 < If 


5! 


I a| < 1 . we have also |S,'|< 


234. From the definitions given in Art. 233, we can now 
deduce the fundamental properties of the two functions. We 
have 

cos£: + isin^ = ^( 2 >), and cos 5 — isin^ = i?(— i^), 
hence cos® z + sin® = E {iz) E (— iz) = E (0) = 1. 

Also 

cos + -^ 2 ) = i + iZi) + E(— izi - izft)] 

= i [E{izi) E {iz^) + E{- izi) E (- iz^] 

= i [E {izi) + ^ (- izy^ {E{iz^ + ^(- iza)] + i [E(izi) 

E (— izi)i] [E {iz^ — E (— 1 ^ 2 )} 
or cos {zi + ^a) = cos Zi cos Zi — sin Zi sin z^^ 

Similarly sin {zi + z^ = sin z^ cos z^ + cos z^ sin 

Thus the addition theorems follow from our definition. 


235. Let us now consider the equation E{z) = 1 . ]n the first 
place this equation has no real root except 0 = 0 ; for it is clear 
from the definition of E{z) by means of the exponential series 
that the equation has no positive real root; and it can have no 
negative real root —a? since the positive number x would then 
also be a root, as is seen fi'om the relation E{—x) E{x) = 1 . 

Also the equation E ( 0 ) = 1 can have no complex root a + i/ 8 , 
where | a | > 0. For, if a + were a root, so also would be a — i) 8 , 
and therefore E (2a) = if? (a + i/9) E (a — 1 / 8 ) = 1, which is im- 
possible, since 2 a cannot be a root. 

It thus appears that, in case the equation E{z)^l has roots 
other than 0 = 0, they must be purely imaginary. In order to 
shew that the equation has such a root it will be sufficient to shew 
that the equation j&(i/J) — JS?(— i/9) = 0 , or siny 8 = 0 , has a real 
root other than zero ; for, if ^ be such a root, we have 

and thus would be a root of E{z) = 1. 
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It will be shewn that, if f (/8) denote the continuous function 
^ represented as the limiting sum of the series 


/3 


3! 


61 


1 _ C_ 4- C. j. 

* « I ' K I »7 ! ^ • 


7I 


then/(/8) is positive for all values of such that 0 ^ /3 and 
that it is negative when )8 = 4. From this it may be concluded 
that f(l3) is zero for one value of between 3 and 4, or for an 
odd number of such values ; and in any case that the numerically 
smallest positive root of /(/8) = 0 is between 3 and 4, in case the 
equation has more roots than one. 

If /8 is positive and < V20, each term in the series for /(/S), 
with the exception of the first, is numerically greater than the 

02 04 Ofl 

next following term. We have therefore /(/8) ^ ^ “ 3I + ^ 
for values of ff between 0 and some number greater than 3. 
Denoting 1 — ^ ^ by 'we find that 0(3) = 17/560, 


which is positive, and 0(0) = 1; also the derived function 
0'(^) = -2)8 ^ is negative when /S is between 


> 0. Hence 


^ . 1 1 2/3* V 2.3= 

0 aud3.sinceg^-^+-^>3,--^>yj--yi- 

0(/8) steadily diminishes from 1 to VJjoQO as increases, from 
0 to 3 ; and it follows that /(/9) cannot vanish for values of /8 
between 0 and 3. We have also 

, 4= 4" 4« 4« ^ 8 7 25G ^ 

/(4)<1 g, + gj 7 j + 9!<1 15 15 •"189"^®' 


and therefore, /(4) being negative, there exists at least one root 
of /(/S) between 3 and 4. 

Denoting the numerically smallest root of f{^) = 0 by tt, we 
see that 27ri is a root of E{z)^ 1, and that there is no root of this 
equation with smaller modulus, except z = 0. 

From the present point of view the number ir is defined as the 
number such that E (^iri) = 1, and such that no number, different 
from zero, with smaller modulus exists as a root of E(z)= 1. If 
k be any integer, positive or negative, E(2k7ri)=^ {^(27ri))* = l ; 
and hence 2A;7ri is also a root of the equation E {z) = 1. Also there 
can exist no root 2pir% where p lies between k and A: + 1 ; for in 
that case we should have 

E (2jD7ri — 2k7ri) * E {2pTri) E (— 2/c7ri) « 1 ; 
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and 2(|} — k) iri, which has a smaller modulus than 27ri, would be 
a root of E{z)—ly contrary to the supposition that ^iri denotes 
the root with smallest modulus. 

• It has thus been shewn that all the roots of the equation 
= l are of the form 2kiriy where & is a positive or negative 
integer, and w is a definite mimber which has been shewn above 
to lie between 3 and 4. 

The number tt being thus introduced into the analytical 
theory, we have, for any value of ar, 

E{z 27ri) = E ijs) E ( 27 n) = E \ 

and therefore the function E{z) is a periodic function, with the 
imaginary period 27ri. 

It follows from the definitions of cos z and sin z that they are 
also periodic, their period being 27r ; hence cos 27 r = cos 0 = 1 and 
sin 27r = sin 0 = 0. We have of course not verified the identity of 
TT as here defined with the ratio of the circumference of a circle to 
its diameter. This may however be done by considering the case 
of a real angle for which the period of the cosine or sine is 27r, 
according to either definition of the number tt. 

236. We^have also, E{iTr) x E{iir) = E{iiir) = 1, hence E{iir) 
must equal — 1, since it cannot equal + 1, as iir is not a root of 
E{z)=l\ also ^(— ifr) = — 1, hence we have cos tt = — 1, sin tt = 0. 

Again E^^iir) x E{^iir) — E{iTr)^ — 1, 

and E{\iir) x E{—\ iir) = 1, ^ 

hence E{\i7r) — ±i and jS^(— |i7r)= + i, 

therefore cos ^tt = 0, and sin ^tt = ± 1 ; to remove the ambiguity, 
we remark that if z is real, sin z is essentially positive between the 
values z = 0 and z^tt, as has been shewn in Art. 235 ; therefore 
sin Jtt = 4- 1. Having now obtained the values of the cosine and 
sine of 0, Jtt, tt, 27r, we can, by means of the addition theorems, 
prove all the ordinary properties of the cosine and sine functions. 

The functions tanz, cotz, secz, cosec z will now be defined 
by means of the equations tan 2 : = sin -gr/cos ^r, cot = cos -gr/sin 
Becz = llcosZy cosec 1/sin -r, and we can then investigate the 
properties of these functions in the usual way. 

All the properties of the circular functions investigated in Chapters iv, 
V, and VII, are deduced from the addition formulae and the property of 
periodicity ; it follows that all the properties which are thero proved for real 
ai'guments hold also for complex arguments. 
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237. A very important case is that in which the number z is 
entirely imaginary, and equal to iy ; we have then 

% & — 

co8ijr = i(e' + ^)> sinty = 2(e*'-e-*'), tan^y = t , 

0V _ 1 / 

the expressions \ (e^ + e”*'), ^ (e^ - erv), — are called the 

hyperbolic cosine, sine and tangent of y, and are written cosh y, 
sinhy, tanhy respectively; thus we have 

cosh y = cos iy, sinh y = — i sin iy, tanh y = — i tan iy, 

We shall consider these functions in a special Chapter. 

Natu ral logarithmic 

238. \{u^E{z) which is a single-valued function of the 
complex variable z, we may define z=^E'^{u) to be the logarithm 
of u to the base e ; this system of logarithms is called the natural 
system of logarithms. Since E{z) is periodic with respect to 
the inverse function E‘“^{z) will be multiple- valued to an infinite 
extent ; if log u is one value of z^ the general value Log u will 
be given by Log = log u + 2i7<?7r, since E{z) — E(z’\‘ 2ii7r), where 
h is any positive or negative integer. In particular, the logarithms 
of a real positive number x will be log x + Werr^ where- log x 
denotes its ordinary real logarithm. 

239. Let Ui = E{z^, = E{z^, then since 

E{z,) X E{z^ = E{z^ 4- z^) 

the logarithms of the product are the logarithms of E{zi’\‘Z^, 
that is + 2i7j7r, or we have 

Log + Log i/a = Log {UiU^ + 2ikirc 

We may suppose the expression ^ikir included in Log (wiWa)> hence 
we may write this equation 

Log Ui + Log Wa = Log (t^Wa) 

in which the particular value of one of the logarithms is deter- 
mined when those of the other two are given. 

Now let w = p (cos ^ + i sin where p is real, then by the 
result just proved, we have Log u = Log p + Log (cos ^ + i sin ^), and 
since E(i<l>) — cob <f> i sin <}>, i<h is a value of Log (cos ^ 1 sin 
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and log p + 2ik7r is the general value of Log p, we have therefore 
Log R = log p 4- i (^ + 2k7r) for the general value of Log u, where 
by logp we mean the real value of Logp. 

1/ is restricted to be between the values - tt and tt, we shall 
call log p + the principal value of Log u and shall denote it by 
log u ; we have then the general value Log u given by 

Log u = fop u + 2ik7r, 

where log u is its principal value, and k is any positive or negative 
integer. 

We may write this result 

Log {x + iy) = i log {a? + y*) + i ^tan“^ | + 2k7^ (8). 

The principal value of the logarithm of a real negative number 
— X has not been sufficiently defined, since the argument of such 
a quantity may be either tt or — w ; we shall however suppose, for 
convenience, that for its principal value the argument is w, so 
that its principal value is log x + iir, and the general value of 
its logarithm is log x + {2k + 1) iir. 

The general value of the logarithm of a real positive number 
X is given by Log x s= log x + Log 1 = log x + 2ikir, the principal 
value being logo?. 

The principal value of Log i is \m, hence Log i =• {2k + i) iv ; 
the principal value of Log (— i) is — ^ iri, hence Log(— i) = (2A;— i) iir. 

It is also possible to consider the logarithm of as a single-valued function 
of the modulus p and the argument the latter being supposed to go through 
all values from - oo to + oo , not being restricted as above to lying between n 
and ~ V ; the logarithm of u is then the single- valued function of p and 
logp+t^, and every time 0 increases by 2nr, the logarithm increases by 2t7r, 
and the numerical value of the number u becomes the same as before. The 
student who is acquainted with the theory of Biemann’s surfaces will appre- 
ciate the full force of this mode of considering a multiple-valued function as 
converted into a single-valued one. 


The general exponential function, 

240. If a be any number, real or complex, the symbol a* may 
be defined to mean E(zZopa), whore Log a has any of its infinite 
number of values; when Log a has its principal value log a, we 
shall call E(zfopa) the principal value of a?. 
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Sinee £(,Log«).l + + ..., 

X aS ! 

we have the general exponential theorem 

-*_1 , , A’(Loga)» 

a-l+ j- + 2l +•••» 

and the principal value of a* is given by 

, 2!®(loga)* 

a -.n--yp+ +• •• 

In the case in which a and z arc both real, we have the 
ordinary form of the exponential theorem 

a -1+ + gY +... 

which gives the principal value of a*. 


241. In the particular case a = c, wo have 

Log e = log e + 2i*i:7r = 1 + 2i7c7r, 

and the general meaning of the symbol e* is E{z'Loge) or 
E(z-{-2ikirz)\ the principal value of e* is E{z\ and this is in 
accordance with the definition of the principal value of e® given in 
Art. 229. The general value of e* is therefore 
j&(^)(cos 2fc7r-2^ + i sin 2kirz). 

We shall still continue to use the symbol e* for its principal value, 

242. The general value of a*, as above defined, is equivalent 

to E[z(\ofir + i0 + 2ikTr)], where a = r (cos ^ + i sin 0) = a + ij8, 0 
being between — ir and tt ; writing = a? + iy, we thus have for the 
general value of (a + the expression 

E [x log r — 0y-’ ^kiry 4- i (y log r + + 27rA;a?)} 

which is equal to 

ga;iogr-ay- 2 fcir» {Qg ^ + 27 rArfl?) + i sin (y log r + a?^ + 2irkx)]. 

The principal value of (a 4- i^)*+**' is therefore 

^lOgr-Cy JcQQ (y log ^ ^ ^ { gjn (y log r 4- X0)], 

where r = Va*4-i8*, ^ = tan"^/8/a. 

The value of tan~^/8/a, to be taken, is not necessarily its 
principal value as defined in Art. 38, 

If ra=l, we have for the principal value of (cos^+isin the function 
A{t^(a;4-ty}} which may be written cos(a7+ty)^4‘Sin(a;4-ty}^; this is the 
extension of De Moivre’s theorem to the case of a complex index. 
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243. In order that the equation x a*» = a*»'*’** may hold, 

we must suppose that the values of a®*, a**, are tliose 

corresponding to the same value of Log a ; in that case vre have 

• a*» X a** = [z^ (log a + 2ikir)] x E [z.^ (log a + 22fc7r)} 

= E [{z^ + z^ (log a + 2ihTr)] 

= a^»+^ 

but this will not hold if we take different values of k in the two 
functions In particular, the equation a*» x is 

true of the principal values of the functions. 

244. The expression (a*»)*^* is not necessarily a value of a*^»*^*, 
but every value of is a value of (a*>)**, for 

= E{ziZ 2 Log a) — E {z^z^ (log a + ^ikir)] 

and (a**)*» = E [z^ Log a*»} = E [z^ {zi Log a + ^ik'ir)] 

= E[z^z^ (log a + 2iA?7r) + 2i . k'lrz^^ 

hence the values of are only those of (a*‘)-^ in the case k' = 0. 
If in every case we take the principal values, then the equation 
= (a**)-* holds. 

If we use the symbols a*, c* as equivalent to their principal 
values E{z\o^a), E{z)y as is usually done in practice, then we 
may, as we have just shewn, perform operations in expressions in 
which these symbols occur, according to the ordinary rules for 
indices, as in common Algebra. 


Example. 


If ^ B, C, D, ... he the angidar points of a regular polygon of n sides^ 
inscribed in a circle of radius a and centre 0, prove that the sum of the angles 

TXO 

that AP, BP, CP, ... make 'with OP ie where OP=r, arid 

the angle AOP=A 

We have n {r-ae*' »/}, 

f»0 

henco taking logarithms, 

log (r** — a* cos n$ — la** sin n0) 

“ (tf+^)-i»8in (tf +^)} . 

and equating the coefficient of i on both sides of the equation, 


a^sinn^ 1 ) 

taa-> 

acosfd+— j-r 


a*cosw^-f* 
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cori'esponiliDg values of the inverse functions being taken ; the expression on 

the right-hand side is the sum of the angles OP makes with AP, BP^ ... , 

, ... • . a*8mnB 

hence this sum is tan ' . 

cos 


Logarithms to any hose. 

246. If the principal value of oF is equal to u, then z is called a 
logarithm of u to the base a, and may be written Loga u. Now the 
principal value of a* is E{z log^j a), where log^ a is the principal 
logarithm of a to the base e, and if loge a) = u, we have 
z log, a = Log, u — log, n + 2ihir, therefore 

Loga u = Log, w/log, a = (log, u 4- 2iA7r)/log, a. 

The principal value of Log^ u we regard as log, u/log, a, and can 
denote it by log^ u ; hence the general value is 

Loga u = logtt u + 2zX*7r/log, a, 

a multiple-valued function in which the different values diflfer by 
multiples of 2i7r/log,a. In the particular case a = e, the above 
definition accords with that in Art. 238, giving log, u + 2iX7r for 
the general value of Loge «L 


Oeneralized logaiithms. 

246. We may give the following definition of a logarithm, 
which is more general than that given in the last Article. 

If any value of a* is equal to u, then ^ is a logarithm of u to the 
base a, and may be written [Log^ m] to distinguish it from Log^^ 
as used in the last Article. The most general value of a* is 
E{z‘Loge(^)t and if this is equal to u, we have 

z Log, a = Log, Uj or z (log, a + 2ik'Tr) = log, u + 2ikTr, 

where k and kf are integers. Hence the general value of [Log^ m] is 
Log, w/Log, a or (log, u -f- 2iA?7r)/(log, a + 2iA?V), which is multiple- 
valued to an infinite extent, in two ways. The logarithms Log^ u 
are therefore included as the particular set of values of [Log^t^] 
obtained by putting = 0. We may call [Loga u'\ the generalized 
logarithm of u to the base a. 

247. If a = e, we have [Log,u] - (log, u + 2ikTr)l(l + 2iV7r) 
>hich is the expression for the generalized logarithm of u to the 
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base e. In the more restricted logarithm Log« we have defined 
F to be a value of Logc u when the principal value of e* is equal 
to u, but in the generalized logarithm [Log, m], we consider z to 
be a value of [Log<, u\ when any value of 6* is equal to u. 

The generalized value of [Log* 1] is 2iA;7r/(l + 2ik;ir), and of 
[Loge(- 1)] is (2* + 1) i7r/(l + mir). 

The expression (loge^^+2i^7r)/(l+2t^7r) may be considered from another 

10 Kt<+2t Jb7r 

point of view. The principal value of {j^(l + 2 i^ 7 r)} i+ 2 tFir is^ by the theorem 
(2), E()xi%u-\-^ikn) which is equal to «, hence (logM + 2i^*jr)/(l+2iifc'ir) may 
be regarded as the logarithm according to the definition in Art. 238, of u to 
the base which is the principal value not of e but of ^ 

that we have in fact [Logu] equal to the values of b»ogj 5 (i+ 2 fFir)^ 
differeift values of y. Thus we may regard the generalized logarithms to the 
base e, as ordinary logarithms to the base not e but which though 

numerically equal to e, has different arguments according to the value of if. 


248. The question was at one time fmquently discussed, whether a 
negative real number can have a real logarithm ; thus for example whether 
i can be regarded as the logarithm of -\/e, the fact being borne in mind 
that ^ has the values ± ^Je, The answer to this question depends on the 
definition we take of a logarithm ; if we take the ordinary definition in Art. 
238, that z is a logarithm of u when the principal value of e* is equal to 
then a negative real number can never have a real logarithm ; but if we 
define a logarithm as in Art. 246, that 2 ; is a logarithm of when any value 
of 0 * is equal to then a negative real number may have a real logarithm. 
If r be a positive real number, we have 

rT n _ log »•+ (2^ + 1) iir {log r-|- 2/^^ (2^+ 1) ir^} + t {(2^ + 1) ir - 2ife'ir log r} 
[Log -rj I+iW ' 


and this is real if log r = (2^ + l)l2k'. If therefore r be such that log r is of the 
form (2it+ 1)/2^, where k and kf are integers, a value of [Log ( -r}] is real ; if 
logr is not of this form, we can always find a number ri differing as little as 
we please from r, such that [Log(— ri)] has a real value; for a fraction jo/g' 
in its lowest terms can always be found which differs by as little as we please 
from logr; let logr^sspjq^ if q be even then [Log(— /)] has a real value, and 

2<p+l i_ 

r^Hfi, but if g' be odd, we have r'—e xe 2*9, and can be made as 
near unity as we please by taking s large enough, or log ¥ can be made to differ 

by as little as we please from therefore a number ^^^”=l®g^i 

can be found, which differs as little as we please from logr, such that a 
value of [Log(-ri)] is real. We conclude then that although there is not 
for every value of r, a value of [Log(— r)] which is real, we can always find a 
number ri such that rj— r is as small as we {dease, and such that a value of 
[TiOg(-ri)] is real. 
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The logarithmic series. 

249 . The principal value of (1 + «)”* is E {m log* (1 + e% but, 
by Art. 211, the principal value of (1 + z)”* is the limiting sum of 
the series 

2 ! ^ ! 

provided this series is convergent, which is the case if the modulus 
of z is less than unity, and also if it is equal to unity, provided 
m > 0 ; it also converges on the circle of convergence, except at 
the point = — 1, when 0 > m > — 1. Now it has been shewn in 
Art. 210, that we are entitled to arrange this series in powers of 
w, without altering its sum, provided the series 

. | »t|(|w| + l).. . (|m|+s- 1) I ^ ^ 


is convergent ; and this is the case if | | < 1. 

Since E [m loge (1 + z)] stands for the sum of the series 

, 1 X m*{log,(l ’ 

1 + 7?^ \oge (1 + ^) 4* — ^ 

we are, by Art. 208, entitled to equate the coefficients of powers 
of m in the two series ; hence 

log^ (1 + -^) = -3^ - 4 1)*”' -^^4 (9). 

•9 

This series, which gives the principal value of Log^ (1 4 z\ is called 
the logarithmic series ; it has been proved to hold when mod. 
z<l] also according to Art. 207, the series has still log^ (1 4 z) 
for its sum, when mod. z=l, provided the series is convergent, 
which is the case unless the argument of z is tt. 

249^^^ Assuming that | je:| < 1, the series (9) shews that 

loge (1 + «) = a: - - . . . + (- 1)^» -Z‘ + R„ 

s 

where |i2,| cannot exceed the sum of the convergent series 
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We have thus shewn that when | « | < 1 , 

Iog«(l = ... + 

8 \z\ 

where | v* | < I ' llj Jj > I 1 converges to zero as | z | 

does so. 

In particular, taking «= 1, we have log^ (1 + -^) = ^ (1 + Vi), where 

I g I 

I ^1 1 < i 1 — ^5 I 1 converges to zero as | z | does so. 

1“\Z\ 

This result may be written in the form L — - = 0. 

If m be any positive real number greater than \z\, we have 
f 1 + ~ V" = where | Wi | converges to zero as 


I zim I does so. Hence if m have assigned to it the values in any 
sequence of positive real numbers which increase indefinitely, we 

( j\m 

1 -f- — ) is e*. This theorem has been 

mj 

proved in Art. 226 only in the particular case in which the 
numbers m are restricted to bo positive integers. This restriction 
has here been removed. 


260. Writing z — r (cos 0 + i sin 0), we have 

logg (1 + -s:) = loge (1 + r cos 0 + ir sin 0), 
and this is equal to 

i logg (1 -f- 2r cos 0 + r’) + i tan"^ [r sin ^/(l + r cos 0% 
where the inverse tangent has its principal value ; we have then 
the two series 

i logg(l + 2r cos 0 + r®) = r cos 0 — cos 20 + cos S0 — .. .(10), 
tan“^ {r sin 0/(1 +r cos 0)} = r sin 0—^r^ sin 20 + Jr® sin3^— . . .(11), 

where r < 1, or where r = 1 and 0^ ±ir. 

If we put r = 1, we have 

logg (2 cos ^0) = cos 5 — J cos 2^ + J cos 35 — (12), 

J5 = sin 5 — J sin 25 + J sin 35 — (1 3), 

where 5 lies between ± tt, and cannot equal ± tt. 

If in (11) we change S into 20, we have the theorem 
log cos ^ — log 2 + cos 2^ - J cos 4^ + J cos 

which holds if B lies between ± Jir. 



304 


THE EXPONENTIAL FUNCTION. LOGARITHMS 


Changing B into Jnr - B, wc have 

logsin^— cosG^- ... 

which holds if B lies between 0 and ir. 

The series (13) furnishes an example of discontinuity, owing to the series 
becoming indefinitely slowly convergent as B approaches the value w ; when 
^~ir, the sum of the series is zero, but when B is less than w by as small 
an amount as we please, the sum of the series is ^B. 

Gregory's series, 

261. We have log^ (cos 5 + 1 sin 6) = id, where 0 lies between 
i TT, hence log^ cos 6 + log^ (1 -f i tan 0) = i0, or 

log* cos 4- 1 (tan ^ ^ tan® 0 4- ^ tan'^ 0. . .) 

+ (J tan® 0 — ^ tan^0 4- . . .) = i0, 

provided tan 0 lies between 4 1, which is the case if 0 lies between 
4 Jw, and may equal 4 Jtt ; hence we have, since cos 0 is positive, 

log« cos 0 = — J tan® 0 + tan* 0 — ... 
and 0 = tan 0 — ^ tan® 0 4- ^ tan® 0 — (14). 

The latter series is called Gregory's series, and holds if 0 lies 
between ± ^tt, both limits being included. 

Change 0 into Jtt — 0, then we have 

^TT— 0 = cot0 — J cot* 0 + ^ cot® 0 — . .. 
which holds when 0 lies between \ir and The general expres- 
sions for any angle 0 are 

0 = TiTT + tan 0 — ^ tan® 0 4- ... 
or 0 = (n + ^) TT — cot 04-icot*0 - 

where in the first series n is an integer such that 0 — utt lies 
between ± \nr, and in the second such that 0 ~-mr lies between 
^TT and f TT. 

Gregory s theorem may be also written in the form 
tan”^ a? = a? — 4- — • . • » 

where x lies between 4 1, and tan”^ x has its principal value. 

The series for sin“*a: in powers of x, obtained in Art. 218, may be deduced 
from Gregory’s series. Let sin"* or, then we have 
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if X ia leas than unity, the series obtained by expanding 


2r+l (l-x‘)i&r+» 

in powers of x is absolutely convergent, and the series 


: + * 


kl» 


+ i; 


i “t" ••••■• 


( 1 - 572 )^ 

is convergent if |a7|<-“ ; we are therefore entitled to arrange the series in 

V 2 

powera of a-. We find for the coefficient of ( - 1)* the expression 

JL, /i - ^ (2r+l)(2r~l) (2r (2r- 1) ... 1) 

2r+l I 2 2.4 ^ 2.4.G...2r J’ 

the expression in the brackets is the sum of the first r+1 coefficients in the 
expansion of (1 in powers of and this is equal to the coefficient 

of y*" in (1 — (1 — or (1 - which is equal to 


(-ly 


(2r-l)(2r-3)...l 


2.4.6...2r 

Hence the coefficient of ju the expansion of sin~^^? is 
1 1.3..5...(2r-l) . 


therefore 


2r+l 2.4.6...2r 


... .1 a-s 1.3^ . 

am 14 ;=^+-.-^ 


1..3.5..,(2r-l) 
3.4.6‘..2r 2r+l‘^’ 


this proof only shews that this scries holds for values of s between +l/v^2, 
but by employing tho fact that the sum of the series is continuous within its 
circle of convergence, it can be shewn to hold if a? is between ± 1. 


The Quad mture ^ the circle. 

261^1. The famous problem known as that of “squaring the 
circle,” that is, of constructing a square whoso area is equal to 
that of a given circle, is equivalent to that of constructing a 
straight line of length equal to that of the circumference of a 
given circle. The construction to be employed in solving the 
problem is a Euclidean one, involving only the construction of 
circles and straight lines, in accordance with a Euclidean system 
of postulates. 

The problem may be stated as that of the construction ot a 
straight line whose length is represented by the number tt, a given 
finite straight line being taken to have the length represented by 
unity. The fact, proved by Lambert, that the number tt is irra- 
tional, that is not representable in the form p/q, where p and q are 
integers, is not of itself sufficient to establish the impossibility of 

20 


n. T, 
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constructing the line of length w, because a certain class of straight 
lines of irrational length is capable of Euclidean construction. 
A step of fundamental importance in this connection was taken 
when Liouville^ established the existence of transcendental 
numbers, as distinct from algebraical numbers. An algebraical 
number is one which is a root of an algebraical equation of any 
degree n, with coefficients which are rational numbers; without 
loss of generality these coefficients may be restricted to be all 
integers, positive or negative. A trgoisGeudentqljt^^ is one 
which cannot be a root of any algebraical equation with rational 
(or integral) coefficients. Liouville himself gave examples of 
transcendental numbers, but the first case in which a number, well 
known in Analysis, was shewn to be transcendental, was that of 
the number e, the transcendency of which was established by 
Hermite. Following Hermite, Lindomann® gave a proof that tt is 
a transcendental number. He proved the more general theorem 
that, if e® = y, the two numbers w and y cannot both be algebraical, 
except in the case a? = 0, y = 1. Simplified proofs that e and tt 
are transcendental numbers were afterwards given* by Hilbert, 
Hurwitz, and Gordan. A modified form of Gordan’s proof will be 
here given. 

The proof that tt is a transcendental number is equivalent to 
the establishment of the impossibility of squaring the circle by 
means of any geometrical construction in which straight lines and 
circles are alone employed ; or more generally when any algebraical 
curves may be employed. For any such construction amounts to 
the exhibition of tt as a root of some algebraical equation obtained 
by combination of the cartesian equations of straight lines and 
circles or other algebraical curves. The fascination which the 
problem of “ squaring the circle ” has exercised for centuries upon 
many minds is such that Lindemann’s proof of the impossibility of 
the problem under the assumed conditions is a result of great im- 
portance in relation to a problem of historic interest. 

261 To shew that the number e is transcendental, let us 
assume, if possible, that e satisfies the condition 

Ao + Aje + Age®-!- ... + Ane^ = 0, 

1 LiouviUe*B Journal^ Yol. xvi. 1851. 

* MathematUche Annalen^ Yol. xz. 1883, 

• Ibid, Yol. XLm, 1803, 
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where Aj, Ag, ... An are positive or negative intogera, and Aq is a 
positive integer. In order to shew that this assumption leads to 
a contradiction, it will be shewn that a number K can be deter- 
mined such that 

KAg = To + /o, KAx 6 ^ Ii"\~ f\i KA^e‘‘ = Ta H-y*2, • • . Ts^Ane^ == In 
where /q, / i,/a, ... /» denote positive or negative integers, and 
denote numbers numerically less than unity, and such 
that fi+fa+^^.+fn is numerically less than unity, and where 
/o + /i + . . . + /n is not zero. On multiplying the original equation 
by K, we have the sum of an integer and a number numerically 
less than unity equal to zero, which is impossible. To determine 
the number TT, let us consider the expression 

rpP—\ 

^ = (p - 1) 1 {(1 - ®) (2 - «) (3 - . .{n - a?)} *>, 

where p is a prime number greater than n and greater than -do. 
We may denote when expanded out in powers of x, by 

-h . .. + Cnp^p^Y Denoting by 
<l>'{x)y <f>"{x)j ... ... (a?) 

the successive derived functions of ^ (x), we see that 
^(0), ^+"(0), 

are all multiples of p ; but is not a multiple of p, since 

(n!)P*is prime to p. Also, if m denote one of the integers, 
1, 2, 3, ... n, we see that ... all vanish, and 

(m), ... (771) are all integers divisible by p. 

r-npj-p-l 

Let Kp denote S rlCr 

r=p-l 

or <l> (0) + (0) + . • . + (0) ; 

thus Kp is not a multiple of p, since (0) is not divisible by p. 

It will be shewn that the value of Kp, for a sufficiently largo value 
of the prime number p, is the required number K, 

Since A^ is prime to p, KpA^ is not a multiple of p. 

We have 

rs^np\p-\ 

KpA,^e"* = Am 2 rlCrC™ 
r=p-l 

rs=nj^+p-l I" 

^Afn 2 Cr + r (r — 1) 77 i»’“ 2 -I- ... -p 7- j 
r-y-l I 

+ r + l'^(r + l)(r + 2)‘‘’"‘}' 

20— « 
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Now the limiting sum of — t + . is less than 

“ r + 1 (r+l)(r + 2) 

{ m^ ) 

1 + m + ^ L or than m*‘e ^ ; therefore the limiting 


sum may be denoted by mTdreS*^, where 0 < < 1. We have then 

= il„ {if} (m) + (7 m) + ... + (m)] 


r^np+p-l 

•\‘Ame^ S OrBt'nf', 

the first term on tlie right-hand side is a positive or negative 
integer divisible by and the second term is numerically less 

r-wjo4 jj-i 

than 1 Am, | e®* ^ 1 | or than 

r=p-l 


vnP~^ 

I I (p-l j ! + «0 (2 + »»)... (n + to)}^ 

which cannot exceed 


I “ I ®”‘ (^ 31)1 {(1 + «) (2 + «) • • • (« + »))^. 

By choosing p great enough, the number 

{a (n + 1) (n + 2) . . . (w + n)jP/(p - 1) ! 
may be made as small as we please. Let K bo the value of Kp 
when p is so large that 

{(1 + «)(2 + »)...(n + «)}!’ {\Ai\e + \At\^ + ...+\An\^] 
is less than unity. 

We have then K (-do + diC + A^e^ + ... + equal to the 
sum of an integer which is not divisible by p, an integer which is 
divisible by p, and a number numerically less than 1 ; and this is 
impossible. Since e cannot be a root of an equation 
.do4-.dia?+ ... +iln^® = 0, 

with integral coefficients, it is a transcendental number. 


261 If TT were a root of an algebraical equation with integral 
coofiScients, iir would also be a root of such an equation. Let us 
assume that iir is a root of the equation 

C (a? - tti) (a: - Og) . . . (a? - ex*) = 0, 

with integral coefficients; thus iir is one of the numbers oti , a 2 , . . . a«. 

Since — 1, we have (l + e*»)(l + e^)...(l + e**)=*0; on 
multiplying out the factors, this is of the form 

= 0, 

where is a positive integer. 
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It will be observed that all the symmetrical functions of 
CcLi, ... Cttf are integers, therefore all those of Cfii, C7/8a, . . . C/8n 
are integers. We take 

^ <*) = (^31)! K® - /9.) - A) • • . - A)K 


where p is a prime number greater than all the numbers, A,n,C, 

Denoting ^ (x) by Cp_i 4- + . . . 4- we see 

that <^^(0), ^+*(0),... ^"P+P“^(0) are all integral multiples of p, 
and that (0) is not a multiple of p. Also, if in ^ a, {f> (ffm), 

m—n m-n 

are all zero, and 2 ^+’ (/9„), 

m-1 

fw-n 

2 ^+nP“i are integers divisible by p. 

m=l 

Let 

rsnp+p-l 

A'’;, = 2 r ! Cr = (0) + (0) + ... + (0) ; 

r=p-l 

thus KpA is not a multiple of p. 

f f) r+i 

Also Kp(?m^ S C, S/8m’' + r/Qm*'"* + ■•.+»•! + 

V r=j»-l ( »*+l 

+ (F+ i)‘^V2)+ •••} = + ‘^'('3-) + - 

+ el'».»l S c,A'|/8»r. 

r-p—l 


where the numbers 1 1 all lie between 0 and 1. 

is numerically less than 


2 Crdr\fi'n 

rwj>-l 

2 Ic^llA 

r=i>-i 

or than 


Opfp-, + 1^, |)(;3 + I |)...(y9 + I ADK 

where /9 is the greatest of the numbers | A |> | A |> ••• I A I* 

We now choose p so great that 

{el M + . . . + elft*!} G»p*p-^ {(/S + 1 A |) (/? + 1 A |). • .}»* 

is less than unity. 

Taking the value of Apfor such a prime p as the value of A, we see 
that A(A + eP‘+eP*+ ... + 6^**)^ expressible as the sum of a multiple 
of p, an integer not divisible by p, and a number numerically less 
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than unity; it is therefore impossible that it can vanish. It has thus 
been shewn that tt cannot be a root of an algebraical equation 
with integral coefficients, and it is therefore a transcendental 
number. 


The approodmate quadrature of the circle. 

252. The problem of the quadrature of the circle, which is 
equivalent to the determination of tt, can be solved to any required 
degree of approximation, by taking a sufficient number of terms 
in any one of a large number of series which have been given for 
TT. The simplest series which wc can obtain is got by putting 
^ = Jtt, in Gregory’s series ; we have then 

+ + ... 

which however converges much too slowly to be of any practical 
use for the calculation of tt. 


253. If we use the identity tan~* ^+tan“^^, and substitute 
for tan~^ J, tan"^ ^ their values from Gregory’s series, we have 


This is called Euler’s series. 

Another series may be obtained from the same identity by 
substituting for taii”^ \ and tan~^ ^ their values from the series 


tari~^ X = 




l + ^. 


a? 


2.4 /* a? 


3 l + a;»^3.5 


irhh-} 


which we have obtained in Art. 219. We have then 


1 _ 4 2 2 ^ 2 . 4 / 2 \* ) 

4*" lOf ■'■ 3 *10 ■*'3.6 Uoj 


-I 

lot 


^3 10^3.5 


(fo)’--}- 


254. Other series obtained in a similar manner have been 
used by various calculators. Clausen^ obtained his series from the 
identity = 2 tan”^ ^ + tan”*^ f , using Gregory’s series ; Machin’s 
series is obtained from 

^TT = 4 tan-^ ^ - tan-> ; 

^ See a paper *' On the calculation of w *’ by Edgar Frisby in the Messenger 
€f Math. Vol. IX. 
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l)fxse used the identity 

Jtt = tan“* ^ 4* tfin"* ^ 4 tan“^ | . 

A more convenient form of Machines series was used by Riithorford, 
who used the identity ^tt = 4 tan”^ j — tan“^ 7 *^ 4 tan“^ Hutton^ 
gave the series 


•==24|: 


1 + 2 1 ^ 2.4 
^3 10^3.6 10“ 




f 2 2 2.4/'2\“ ) 

+ -56 |l + 3 • jo6 375 (roo) +•••}» 


this is obtained from the expansion of x tan”’ x in powers of 


14- a;*’ 


by putting a?= J and x — \, and using Clausen's identity. 

Euler has given the series 

28 f , 2 / 2 \ 2 . 4 / 2 \» ) 

10 I’ 3 liooj 376 VlOO j ■'■ ■ ■ ■ j 

30336 , 2/ 144 \ 2.4/ 144 y ) 

100000 1 3 UOOOOoj ■*■ '3.5 UOOOOoj 

which can be deduced from the identity 

. TT = 20 tan-’ 1 4 8 tan”’ 

The value of tt has been calculated by W. Shanks to 707 
decimal places*, 

1 12 3‘- r/- 

Ihe continued fraction - — - ~ - ~ = Jtt was given in 1658 a.d. by 
1 *1" 52+ 52+ .Z + ... 

Lord Brouncker, the firat president of the Royal Society. It is obtained by 
transforming Gregory’s scries l-J+-J-^ + ... according to the usual rule. 

Stern* has given the continued fraction i*** =s 1 + ^^ . 

An interesting account of the history of the subject of the quadrature of 
the circle will bo found in the article “ Squaring of the Circle” in the Encyclo- 
pcedia Britannica^ 9th edition. See also an article hy Glaisher in the Messenger 
of Mathematics^ Vol. iii. “On the quadrature of the circle a.d. 1580 — 1630.” 


Ti'igonomet'i ical identities, 

265. It can be shewn as in Art. 190, Ex. (5), that any identical 
algebraical relation /(a, 6, c...) = 0, between any number of 
quantities a, b, c..., will lead to two con'csponding trigonometrical 

1 Phil. Trans. 1776. 

■ See Proc. Royal Soc, Vols. xxi. xxii. 

* Crelle's Journal t Vul x. See also a note by Sylvester, Phil. Mag. 1869. 
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identities. These will be obtained by giving a, &,c... the complex 
values 

cosa + isina, cos /3 4 - i sin /S, cos Y + isin 7 ... 
and reducing the given identity to the form 

whence we obtain the trigonometrical identities 

/3,7--*) = 0» '^(a,/3,7...) = 0, 
which will involve the sines and cosines of or, ^, 7 ..., 

The work of reduction will usually be shortened by using the 
symbolical forms . . instead of cos a + i sin a, cos /8 4 - i sin y 8 . . . . 


Example. 


From the identity 


(x-b)(x-c) ( x-c)(x-a) (x~a)(x ~b) 

(a-b)(a-c)“*‘(b-c)(b-a)‘^(c-a) (c-b)" ’ 


deduce the identity 


si n (B - /9 ) si n {B - y) 
sin (a - /3) sin (a - 7 ) 


. X sin(^-^y)sm(^-a) . ^ 

2 - a) H — -( — -/ t : (- 2 - /3) 

^ ' siti (p - y) sin {fi- a) ^ 

sin {6 -a) tin ( g-/3) . » 

sin{y—a)tin(y—ff) '• ^ 


Leta:=e''*, a=e*'“, 6 =e^'^, c then we have 


(a-6)(a-c) 


or 


si n - /3) sin - y) 
sin (o-/3)sin (a-y) 


{cos 2 (^ — o) 4 i sin 2 (^ — o)} 


transforming each fraction in this manner and equating the coefficient of 1 to 
zero, we obtain the identity to be proved. 


The summation of scries. 

266. When the sum of a finite or an infinite series 
Oo 4- Gia; 4 4- ... 

is known, we may deduce the sums Si and S^ of the series 
Uo cos a 4 a^x cos (a 4 4 (lic^ cos (a 4 20) 4 ... , 

Oo sin a 4 aiX sin (a 4 0) 4 sin (a 4 20) 4 
For suppose f{x) = ao 4 aiX 4 4 . . . , 

then r*/ («?«♦•) = Si + iSa, 


••• « 
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atid also = Si — 

therefore 

and 
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^2= 


the values of Si, S, thus obtained, can now be reduced to a real 
form. 

Examples. 

(1) Sum the serien 

co«a+xco«(a+i3)4-x*co«(rt+2i3) + ... + x»‘“*CM{a + (n-l)j3}. 

1 


We have 


1-j? 


= 1+^+^+...+^“*. 


OP 


Change x into xe^^ and multiply by e** ; we have then 

^ 1 - (a+ W ^ yii^» (g+ijp) - 1 (. + 

1-xe'^ 

and similarly we have 

therefore the sum of the given series is 

2 1 1 — .re*^ 1 —xe~^ ; 

1 (1 - (1 - JFC “ ^) +c " (1 — (1 - xe*^) 

2 (l-xe^^){l-xe'‘'P) ' 

which is equal to 

cos a-x cos (g - /3) — X ^ cos (a 4- nff ) -f J?* •*“ ^ cos (g-b — 1 /3) 

1 - 2ar cos /8+JP* 

(2) Sum the infinite series 

. . , . x2«i/i(o+2/3) . . x**5w(a+nj3) . 

«na+x«n(o+/3) + 1:2' + ... + 

We have «*=!l+a:+^ + ...+^ + ... , 

put xe^ for X, and multiply by e**, we have then 

^ ^ e*(*+*^) + ... + ~ 

2 ! n ! 

and similarly 

(«+« + ^. -«•+*?) +...+?! .-<(.+»?) + ... . 

21 m 

hence the sum of the given scries is 
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or 

which is equal to 


JL gasco8/5 _g-f (j*Mnj8+oi)|^ 

Zi 

(a+Jf sin ff). 


267. We shall now give some examples of the application 
of the exponential expressions for the circular functions to the 
expansion of expressions in series. 

(1) To expand (1 — 2a? cos ^ + in a series of powers of w, 
where a? is less than unity ; we have 

(1 — 2a? cos 0 4- = (1 — a?e»®)“‘^ (1 — a?e“»®)-*, 

which expressed in partial fractions is equal to 
1 / 

2z sin 0 \1 — a?e*^ 
expanding each fraction in powers of a?, we have 

^ — a (e'* + a’e"* + + . . . + e”** + . . . ) 

2t sin ' 

~ 2i^ + . . . + «-«'» +...), 

which is equal to 

cosec 0 (sin ^ + a? sin 20 + a-’®sm 3^ + ... +a?”‘“^sin7i^+ ...). 

It may be shewn, in a similar manner, that 
I ai^ 

, — ^ 1 = 1 + 2a? cos 0+ 2a?- cos 2^ + ... + 2a?” cos n0 + .... 

1 - 2a? cos ^ + a?’ 

(2) To expand log^ (1 + 2a? cos 0 + a?®) in powers of a?, where a? 
is less than unity ; we have 

loge (1 + 2a? cos 0 + a?®) = loge (1 + a?e»®) + logc (1 + ; 

hence expanding each logarithm on the right-hand side, we obtain 
the formula (9) of Art. 250. 

(3) To expand e®* sin (6a? + c) in powers of a?, wc may write 
the expression 

A Jgic ^ g(a I £b)X _ g— fc ^ 

2% 

If wc expand in powers of a?, we find the coefficient 

of a?” to be 


_£!!!_ V 

1 — a?e“^ V * 
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let 6/a — tan a, then the expression becomes 

A. (^2 ^ J2^iu Jgt(c+n*) « gt(-c+n*) J 

or ~ (a* + 6®)^” sin (c 4* na) ; 

this is the coefficient of a;" in the required expansion. 

(4) Having given sin a? = n sin (x + a), to expand x in powers 
of 71, when w< 1. 

Wc have 6^ — = n 

or 6-^ — 1 = — 1}, 

therefore 6®^ = ^ ; 

taking logarithms and expanding the right-hand side, we have 

2i {x -I- few) = n (e’*« - e“*") + - 6-®*“) + . . . , 

hence a: + Att = w sin a + ^n® sin 2a + ^n* sin 3a + ... , 

where k is an integer. 

If B be tlfe angle of a triangle and be less than A, we can 
expand the circular measure of B in powers of 6/a; since 

sin S = ^ sin {B -h (7), 

we have, since in this case i = 0, 

£ = - sin C-f- i ~ sin 2C + \ sin SC + ... , 
a a* a* 


EXAMPLES ON CHAPTER XV. 


1. Prove that the general term in the expansion of i ' :,"2x cos<^4x® 

powers of £ is - ^ « in general term in the 

. * A+Bz 

expansion of « 

(»+3)sin(w + l)<<»-(»+l)sin(a + 3)<^ ^ ^ . ( 7 i + 2)sinw(fr-wsin(^^ 
TrrrTTT + 4flin3 0 

{Euler,) 
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2. If tan - prove that a?= n sm a +i sin 2a + M siii 3a + . 

1— wcosa’^ ^ • 

n being less than unity. 

3. If cot y = cot 0?+ cosec a cosec Xy shew that 

y =sin X sin a--^ sin 2x sin^ a-f J sin 3^ sin^ , 

A Ti* J. 1 il /l+a\i 


4. If tan \B = ^ i 


2X2 QX® 

^=</» + 2X sin — sin 2<^+-5- sin .3(/) + . 

ifi O 


x=^+r?Y+2 


6. If tan S=x + tan a, prove that 

6=a+x cos® a - Jot® cos® a sin 2a — cos® a cos 3a + cos^ a sin 4a+ . . . * 

6. If (1 +m) tan tan when B and ^ are positive acute angles, 

shew that 

B»(f)-mmn 2(^+|m®sin 40- Jm®sin 60 + .««« 


7. If tan a s cos 2a> tan X, shew that 

X-a=tan®®sin 2a+itan^fi>sin4a+itan®fi)sin 6a+,... 

8. If sin cos (^+a), expand x in ascending powers of n. 


0, Show that the coefficient of x^ in the expansion of (1 — 24? cos d+a?®) 
2 {ap cos yid + ai ap. i cos (p - 2) d + a2«*j»-2 cos (;> - 4) d + . 
where is the coefficient of in the expansion of (1 — a?)"*** 

10 . Provo that «■*= 18 2 T^ .^oirt* 

n=o (2n+2) I 

11. Prove that in any triangle 

h 5® 

log c=log a - - cos (7- cos 2f7- ^^3 cos 3f7- , 


supposing 6 to be less than a. 


12. If the roots of the equation a^-\‘hx+c^0 be imaginary, show that 
the coefficient of a?** in the development of (oar® +6^+0)"^ in powers of x is 

a^”s i n(n+l )^ 
c4"+»sin<J * 

where B is given by & sec d + 2 Vac = 0. 

14 Ti? 9 (l + n)^cos®d+(l-n)*sin®d j, . ... 

18. If expand log.p m a senes of cosines 

of even multiples of d. 

14. Expand log^cos (d+Jn-) in a series of sines and cosines of multiples 
of d. 
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15. Prove that 


4 21 81.343^ ^ 2»-l 13 ^ 


16. Prove that 


I-l + l.l + l.l + l. . 

7^9 15^17 2:r25 


trCVa + l) 
8 


17. Find all the values of - 1)'^“^. 

18. Prove that (a+a s/ — 1 tan V-i jg g yegl number, and 

find its value. 


19. 


If a cos d + 5 sin B—c, where c> V shew that 


8=(4»+l)|+nog.?±^^±*-Un- 


a 

b 


20. From the expression for ^***+1 in factors, deduce that when n is even 

. , sin nB 

tan * 

Itcoswd 

sin 2d - 2 cos - sin d sin 2d - 2 cos sin d 

«:tan“i . ■■ — ■»■ +tan*> 

l+cos2d-2cos-cosd l+cos2d — 2cos -- sind 

n 71 


21. From the identity - -'-v — , — ^<-r~ tt deduce 

cos (d + a) sin (d - /3) - cos (d + /8) sin (d - o) = sin (a - /9) cos 2d, 
sin (d + a) sin (d - /3) - sin (d +i3) sin (d - o) = sin (a ~ fi) sin 2d. 


28. Prove that 

tan-^a . tan^i/S . tan^^y w 2 + ( 11 11 ^ 

where a, ft y are the three cube roots of unity. 

23. Express the logarithms of C'^-di to the base a+5i, in the form A +J5i. 

24. If tan™(itr+JVf)-tan«(iir + i(/>), shew that 

. ,sin^ . _,sinA 

m tan-i _ v tan-^ — , 


25. In any triangle, shew that 

a!^ cos nJ?+ 6* cos =c*— na6c"”2 cos (-4 — J5) 

+ o‘ 6»«-« cos 2 (il - 5) - , 

n being a positive integer. 

26. If log* loge log* {a’\riP)=p+iq, 

then J log^ (a* +i3*)b 

and q ajji gjjj _ tan ” ' ^ . 
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27. Shew that the coefficient of lu the expansion of ^cobx in 

- . 2^^ nir 

ascending powers of x is 

28. Prove that 

. ■ — — 2X + ... + ( — 1)** 2 sec® 2X tan X (1 -f n cos 2X) cos 7i $ + •••• 

^ 1 “T* 6 cos o j 

where 2X is the least positive value of sin‘~^d. 

29. Prove that the series 

1 1 


1 . 3. 5 ... (2m+l) 3.5. 7 ... (2/a + 3; 

A„w+n, 

'C\ 


+ ... ad inf. 

can be expressed in the form ^ where are whole 

numbers, and j _i o r n r 

Afn—l 3. 5 ... (2?/l— 1), 

30. Prove that 

sin" B cos tk/) = sin" 0 cos + n sin"“ * cos (?i - 1 ) ^ sin (^ — 0) 




1 ! 


sin" “ ® ^ cos (n — 2)B sin® (d - ^) 4- . . . + sin" ($-- 


n being a positive integer. 

31. Prove the identity 

^ cos 2a 


sini(a-/3)8in J(tt-y) smi(a-5) 
32. Prove that 


— -jr=8 sin J (a+^’i-y +S). 


1.1 1 1 . 

^+3‘6"7+-‘ 


TP 

272 * 


33. Beduce tan'^ (cos B-{-t sin B) to the form a + bi, and hence shew' that 

cosd— ^cos3^+icos5^ — + ^, 
o o 4 

the upper or lower sign being taken, according as cos B is positive or negative. 

34. Prove that one value of Log« (1 + cos 2B-{-i sin 2B) is log^ (2 cos B) 
when B lies between and ^ir. Deduce Gregory’s series. 

Prove that one value of sin”' (cos sin B) is 

cos“ Wsin d + i log* ( Vsiu 6^ + Vi + sin B), 
when B lies between 0 and ^ir. 

35. Find the sum of the series 2 A,* e(®" + *)» sin (2a + 1) y in which 


^.=5 


1 


~2a+l 27i— 1 2/t + 3’ 

36. In any triangle, shew that if a <e 
cosail If,, a D.a(n+l)a* .. 

~lr — 

, a(a+l)(w+2) a* 
^ 3! 


cos 3H + .. 
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87. Prove that 

rtan-> (1 + 4 )**+} ( 1 + J + 

where X lies between ± 1. 

38. If i«=log,tan ^^+^j?^=jF+a3^+a6jp5+..., 

prove that x«=u- agW® + - ..m 


39. Rationalize tan 

40. Prove that 




(m- 1)! (»+l) ! ■*■ (n-2)l (n+2) ! 


008 2 a? 


4-...+ 


cos no? _ 2*“ * (1 + cos a*)" 


( 2/01 


( 2/0 1 


2 (»!)•• 


41. If m IS a positive integer, and 

iS=l +ncos® (9+ ... cos’-‘ (9 cos (r- 1) + .... 
prove that 

aSsin* d ={1 +( - 1)"} ( - l)i“ cos »jd+ {1 - ( - 1)“} (- 1)4 <”•*> sin n6. 


42. Prove that the expansion of tan tan tan ... tan a?, (91 tangents) is 

*+2^|^+4/i(5»- 1) (176»a-84«+ll)^j+ .... 

43 . If tan (i a - ^) = tan^ J a, then show that 

. ^=j73Sino-^^3,sin2a + 3-^sin3a-.... 

44. Shew that, if tan ^ < 1, 

tan-* 6-^ tan* J tan® ^ = sin® sin* J sin® •••« 

45. Prove that, n being a positive integer, 

, ,w(m-1)(w- 2) , 9j(w-l)(w-2)(7i-3)(w-4) (?^-6) , 

1 + +... 

- g {2" + ( - 1 )" . 2 cos . 

46. Shew that the equations 

a?* sin 2a +y®sin 2)3 sin 2y - 2.yz sin 0 + y) - sin (y + a) - 2a'^sin (a 4)8) = 0, 
a?®cos 2a 4y*cos 2)3 4^* cos 2y - 2yz cos 04 y) - cos (y 4 a) - cos (o 4/8) *0 

are satisfied by any of the following values ; 

x\y\z\\ sin® i(fi-y): sin® J (y - o) : sin® i (o - /3) 

: : sin® i O - y) • cos® 'J (y - a) : cos® i(a^fi) 

: : cos® i O - y ) : i (y - «) • cos® i (a - )8) 

;:cos® JO“"y) • cos® J(y-a) : sin* J(a--i8). 
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47. If ^ 1 ) ^ 2 ) ^4 are distinct values of B which satisfy the equation 

a cos 2^+&sin 2d+cco8 Bin d+«=0, 

shew that 

a — c _ — rf _ 0 

cos « sin a ““ 2 cos (« - d) ~ 2 sin (a - “ 2 cos (dj + ^ 2 "^s“^ 4 ) ’ 

where 2 a=di+d 2 + d 3 +^ 4 . 

48. Prove that 

( «. 1 )J » tan" d= 1 — n sec B cos B+^-^ sec^ B cos 2d— ... (n even), 

( — tan" B = n sec B sin B — sec® B sin 2d + . . . (?i odd). 


49. If sin“^ j;«ai^+a 3 ^ + ..., shew that the sum of the series 
«3a;®4-a9«»®+ai6^“+“- is J{cos“^(\/l+a’®+a7* — iJF®)+siu“^a7}. 


are the n roots of the equation .r"+jpiJ?"“^ + ...+^„=0, 

prove that 


50. If a, /3, y .. 

re that 

. . asind . /3sind . 

tan“® ^ — +tan-i~^— — + •.. 

acosd— a; /Scosd— a? 

. I Pisind.a?"-i+^2 s 

<rA _L. /) 4«n — 1 i 


sin 2d . 


51, If (1 — c) tan d = (1 + c) tan then each of the series 

csin 2d-Jc®siu 4d+ Jc®sin 6d — 
osin 2<^+ic®sin4<^+ic*sin 60 + ... 
is equal to d— where d and ^ vanish together, and c<l. 


52. Prove that 

cos^fT+^cos §ir+Jcos §7rH-... ad inf,^0. 

53. Shew that the series 

.1. 0.1-3 ^ . 1.3.5 . 

coB*+^cosa»+^-^oo8 64;+2^g-^cos7x+... 

assumes the following values, 

(1) sin”^(cosia7— sin Ja;), when 7r>a?>0, 

» 

(2) — sin“^ (cos Jay+sin^a;), when 27r>ar>ii. 

54. If o*=cos®d— Jcos®dcos3d + Jcos®dcos5d — 

shew that tan 2c — 2 cot® d. 


55. Shew that 

^aoQB^ gjjj (asin sin (a sin 2^)+ sin {a sin (n — 1) i9} "*0, 
if 3=2ir/». 

66. Prove that 

Bind. sin d-^sin 2dsin®d+|8in3dsin®d- ..,*»cot"* (l+cotd+cot*d). 
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57. Prove that 

log (cosec^) = 2 (cos* a? - J sin* 2:r +i cos* 3^- J sin* 4r 4- ). 

68. Prove that 

69. Shew that the sum of the series 

l~ 5 Cos^+ — cos2^-- - - cos3^+ is -^4:^-^, 

2 2.4 2.4.G V2cosJ^ 

where B lies between +ir. 

Sum to infinity the series in Examples 60—71. 

60. cos^- Jcos3d+lcos5^~ 

^ cos 2d cos4d 

^ 21 ^ 4 1 ■“ 

«« >1 . cosec d . coscc*d . 

62. cosdH — j-j — coa2dH g-j — cos 3d + 

63. cos d cos 2d 4- cos 2d cos 3d 4-^, cos 3d cos ^ + 

64. sin d - ~ sin 3d 4- ^ sm 5d - 

cos d f cos 2d , cos 3d , 
r.2.3 + 2T374 + 3':476+ 

«« — . C08(o+2/3) . cos(a+4(3) C0B(o+e/3) 

DO. coso4" g"! r gj t S”! 

67. cos d cos <#) *" i cos 2d cos 2</) + J cos 3d cos 30 - 

^ . tan*asiu3ar . tan3aBin4^ , 

68. tanosin2j74- gj h + 

g2co8« gScos® 

69. 1 4-6®®® ® cos (sm d) H — cos (2 sin d) H — yp- cos (3 sin d) 4- 

70. sin d . sin d - i sin* d . sin 2d 4-^ sin* d . sin 3d - 

71. «i sin* a - i w* sin* 2a 4- sin* 3a - where m < 1. 


H. T. 
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CHAPTER XVI. 


THE HYPEBBOLIO FUNCTIONa 

268. The hyperbolic c osine, sine , tangent, fee ., have already 
been defined in Chap, xv, by means of the equations 

coshu»i(e“+er^), sinh« = J(e“— e~“), tanh u — sinh it/cosh u, 

coth»=l/tanhu, sech u = l/cosh u, cosechu = l/sinhu, 

where the exponentials «*, (T* have their principal values. The 
hyperbolic functions are expressed in terms of circular functions 
of tu, by the equations 

coshu = costu, sinh u s—t sin ttt, tanh u » tan tu, 
coth test cot tu, sechussectu, cosech test cosec tu. 


Belatiom between tiie hyperbolic fumdem. 

259. We have, at once firom the definitions, the following 
relations between the hyperbolic functions 


cosh* u — sinh’ « = 1 (1), 

sech* » + tanh* tt s 1 (2), 

coth* u — cosech* « * 1 (3). 

These correspond to the relations 


cotPd+sin*^ si, sec*^— tan’^si, cosec*^— cot’^sl, 

between the circular functions, and are at once deduced fixtm them 
by putting 6»iu. By means of the relations (1), (2), (3), oom> 
bined with the definitions, any one hyperbolic function can be 
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expressed in terms of any other one. The results are given in the 
following table. 


sinh 


coshi«= 


tanht«= 


cothM= 


Becht£= 


cosech 


sinhti^dr 

COShlfesjT 

tanh«i=a7 

coth?/=a: 

sech terror 

coscchu»=j? 


1 

X 

1 

\l\-3? 

1 

X 

Vl-a.-* 

»Jx^— 1 

X 

X 

VT+^ 


1 

X 

1 

vr+P 

X 

Vi-** 

V«*-i 

X 

X 

X 



1 

s/l~^ 

1 

ViT^ 

X 

X 

X 

sl\ ^x'^ 

V^+i 

X 

1 


1 

VT+ar^ 

X 

V.r=*-T 

X 

X 

Vi^ 

1 

1 

V 1 - 



X 


X 

X 

X 

Vl+JT* 

1 

1 



X 


X 

■ ^ 

1 

X 

Vi-** 

X 


The addition formulae. 

We have 

cosh {u ± v) = cos i (u±v) — cos iu cos iv + sin iu sin iv ; 

hence cosh {u + v) = cosh u cosh v ± sinh u sinh v (4). 

Similarly we have 

sinh (u ± w) = sinh u cosh v + cosh u sinh v (5). 

These are the addition formulae for the hyperbolic cosine and 
sine; they may, of course, be verified by substituting the expo- 
nential values of the functions. From (4) and (5) we deduce 

tanhu + tanhv 



... , . coth u coth » ± 1 

«,th(«±.)- 

261. Since 

sinh (m + v) + sinh (u — v) = 2 sinh u cosh r, 
sinh (m 4- v) — sinh (w — v) = 2 cosh u sinh v, 
cosh (w + v) + cosh (m — v) = 2 cosh u cosh v, 
cosh (li + v) — cosh (u — v)=2 sinh u sinh v, 


21—2 
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we have, by changing w, v into | (u + 1 ;), ^{u^v) respectively, 
sinh u + sinh v = 2 sinh \ (xi + v) cosh i (w — v) 
sinh u — sinh v = 2 cosh J (w + 1 ;) sinh J (w — v) 

cosh u + cosh V = 2 cosh J (t^ + v) cosh J (w — w) 

cosh u — cosh t; = 2 sinh ^ (m + v) sinh J {u — v) 

which are the formulae for the addition or subtraction of two 
hyperbolic sines or cosines. 


Formulae for multiples and suhmultiples. 


262. From the formulae (4), (6), (6), and (8), the relations 
between the hyperbolic functions of multiples or submultiples 
may be deduced, as in the case of the analogous formulae for 
circular functions. We find 


sinh 2u = 2 sinh %i cosh Uy 

cosh 2 m = cosh® u + sinh® m = 2 cosh® m — 1 = 1 + 2 sinh® m, 


, , ^ 2tanhM 

tanh 2 m ==--—7 — i..-, 

1 + tanh® M 

sinh 3 m s= 3 sinh m + 4 sinh* m, 

, , ^ 3 tanh u + tanh* 

tanh 3 m = — T-r~o-z — a — > 

1 + 3 tanh® m 

- , /l + cosh u . , 

cosh 4 m = >y/ 2 , sinh 

, , 1 /cosh M — 1 sinh u 

tanh4M= w ^ 


cosh 3m = 4 cosl^ M — 3 cosh m, 


- /cosh M — 1 

i« = V 


cosh M + 1 1 + cosh u ' 


Seizes for hyperbolic functions. 

263. We have 

= cosh M + sinh m, = cosh u — sinh u ; 
thus the series for cosh m, sinh m, in powers of m, are 

coshM = l+^ + ^+..., 


. , M’ M* 

8inhM = M + gj + ^i + ..,. 

As in Art. 233, we see that coshw = l + i2, sinh«.= «+^> where 
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Also the principal value of (cosh u ± sinh u)^ is always 
cosh mu ± sinh mu, 

whatever m may be ; this corresponds to De Moivre’s theorem for 
circular functions. We may express the theorem thus 

cosh mu = J {(cosh u + sinh u)^ + (cosh u — sinh u)^]^ 
sinh mu =s i {(cosh u + sinh u)^ — (cosh u — sinh m)"*}. 


264. We obtain from the last expressions, by expansion, 

sinhmM=mcosh”*'‘^tAsinhw+^^-^^^^^ — — ^cosh"*'^usinh*a+ . . 

o ! 

cosh mu =i cosh*" u + — cosh*"^ u sinh* u 

4! 


As in the case of circular functions, we can deduce from these ' 
series the expansions of sinh mu, cosh mu in powers of sinh u ; it 
is however unnecessary to repeat the work of collecting the various 
coefficients, as we may obtain the result at once by substituting iu 
for d in the Jprmula of Art. 214, Chapter xvi. We thus obtain 


• • 1- m(m*--l*) . 

sinh mu = m sinh u + sinh® u 
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O 1 


1 - - m* . m*(m* — 2®) . , . 

cosh mu =1 + 21 ^ 4l w + . 


which series hold for all values of m, provided they are convergent, 
which is the case if sinh u ^ 1. If we put sinh %i = 1, we find 

n == log (1 + V2). 


265. From the series for sinh mu we deduce, as in the case of 
the circular functions, a series for u in powers of sinh m. Equating 
the first powers of m, we obtain 


u = sinh ^ ^ • 3 sinh®«4 + ^ sinh® ^ sinh^iA+ .... 


This series is convergent if sinh % ^ 1, or if u ^ log (1 + V-)- 
In particular, we have 


log(l + V2) = l- 


1 1 r^3 1 

2’3'^2.4*5 


1.3.5 1 
2.4.6’7‘^ 
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Periodicity of the hyperbolic functions. 

266. The functions coshte, sinhu have an imaginary period 
27ri, since = e*"*"*^. We have therefore 

cosh u = cosh (u + 2iirk), sinh u = sinh (w + 2i7rA;), 

where h is any integer. Since 6^+*^ = — c*, we 

have cosh (u + iir) = — cosh sinh (u + vn) = — sinh u ; therefore 
tanh (a + iir) = tanh w, or the period of tanh u is itt, only half that 
of cosh sinh u. We find the following values of sinh u, cosh w, 
tanh u corresponding to the arguments 0, jTri, iri, |7ri. 



0 

iirt 

iri 

ini 

sinh 

0 

i 

0 


cosh 

D 

0 


0 

tanh 

0 

00 X t 

0 

00 X l 

coth 

00 

0 

00 

0 

sech 

1 

00 

-1 

00 

cosoch 

00 

— * 

00 

1 ^ 


Just as the circular functions are the simplest single periodic 
functions with a real period, so the hyperbolic functions are the 
simplest singly periodic functions with an imaginary period. 

Area of a sector of a rectangular hyperbola. 

267. Let Q be a point on a rectangular hyperbola of semi- 
transverse-axis a and centre 0, and let QN be the ordinate of Q. 
We have then, from the property of the rectangular hyperbola, 
0N^ — QN^ = a^; if then we let OiV^= a cosh w, we shall have 
i7Q = asinhti, where we assume to be positive or negative 
according as the ordinate NQ is measured positively or negatively. 
We proceed to consider the area OAQ bounded by OA, OQ and 
the arc AQ of the curve. As in the case of a circular sector, con- 
sidered in Art. 12, we inscribe in the arc AQ an unclosed recti- 
linear polygon APiP^P^...Pr...Pn^iQ, and we define the measure 
of the area OAQ bounded by OA, OQ, and the arc AQ, as the 
limit of the measure of the area of the closed polygon 

0AP,...P„.,Q0, 
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provided this limit exists, when the number of sides of the in- 
scribed polygon is increased indefinitely in such a manner that the 
limit of the greatest side converges to zero, provided also this limit 
hi^ a unique value for all sequences of polygons subject to the 
prescribed condition. Let Ur be the value of u corresponding to 
the point and let Or denote the circular measure of the angle 
PrOA \ le^tt and 6 correspond to the point Q. 



We have tan = tanhw^; hence we find 

cosh Hr 
(cosh 

From these values, and the corresponding expressions for sin^r-fii 
cos Of^x^ we find that 

sin(tfr+i-^r) = 

Now OPr » d (cosh* Ur + sinh* Ur^ = a cosh^ 2t/r, 

and OPr+i = a cosh* 2ur^i ; 

hence 

A OPrPr+l « i OPr . OPr+i Sm (5^+1 “ Or) = sinh (Mr+\ - Hr). 

The measure of the area of the rectilineal polygon bounded by 
Oil, OQ and the sides of ilPiPj...Pn-,Q is therefore 

r=n -1 

Jo* 2 einh («r+i — 

r»0 


sinh {Ur^x — Hr) 
(cosh 2Mr cosh 2ier+i)^ 


sin^r** 


sinhtir 
(cosh 2Ur^ * 


and cos^r = 


where tio“0, — 
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This measure is equal to 

r»0 

in virtue of a theorem proved in Art. 263, where all the numbers 
are less than 1/6. 

The length of the side PrPrn 

a {(cosh Ur+i — cosh UrY + (sinh Ur+i — sinh 
which reduces to 

2a cosh^ (ur + Ur+i) sinh ^ — Ur). 

Also Ur^i — Wr < sinh — Uf ) ; therefore the ratio 
(UrJ^i-Ur)IPrPr^l 

is < a“^ cosh i(Wr+i — t«r)/c 0 sh ^ (Ur + t«r+i) < a“* cosh 

Since now — w^)/PrPy+i is less than a fixed number inde- 
pendent of r and of the particular polygon, we see that in any 
sequence of polygons the greatest of the numbers — Ur in one 
of the polygons converges to zero as the greatest of the sides 
PrPr+i does so. In the polygon we may therefore suppose 

for all values of r, whore ti^ converges to zero as the number of 
sides is indefinitely increased. 

We now see that the measure of the area of the rectilineal 

n-l 

polygon differs £rom S (Ur-i-i ~ ^)> or iaX by a number less than 

r«0 

w-1 

r=o 

and this converges to zero when rjn does so. It has now been 
proved that \a^u is the unique liiUit of the measure of the areas of 
the rectilineal polygons in any sequence subject to the prescribed 
condition. Therefore the area of the sector OAQ bounded by 
OA, OQ and the arc AQ of the rectangular hyperbola is \a?u. 

The area of any sector of which the extremities arc represented 
by u, u' is clearly measured by -- u*). 

It should be observed that, to represent points on the other branch of 
the rectangular hyperbola^ u must be changed into in ~ since 

cosh {in - 1«) s* - cosh w, 
and sinh {in - » sinh 
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268. If we describe a circle' of radius OA = a, and let P be 
any point on the circle, MP its ordinate, then denoting the angle 
POA by 0, we have area OAP » Let PN be the tangent 
at P, we have then 

OM a cos MP = a.sin 6^ NP = a tan 0, MA = a vers 0. 



From N draw NQ perpendicular to OA and equal to NP^ then 
OJV'* — JV‘Q* = a*; therefore the locus of Q is a rectangular hyper- 
bola of semi-axis a. Now denote the area of the sector OAQ 
by JaX then as we have proved in the last Article, we have 
Oi\r= a cosh w, iVQ = asinhw. Thus we see that, just as the 
ordinate and abscissa of a point P on the circle are denoted by 
asind, acos^, respectively, where \a?0 is the area of the circular 
sector OAP, so the ordinate and abscissa of the point Q on the 
rectangular hyperbola are denoted by a sinh w, a cosh t/, re- 
spectively, where is the area of the sector OAQ Thus the 
hyperbolic sine and cosine have a property in reference to the 

1 The figure in this Article is taken from a tract by OreenhiU entitled 
Chapter on the Integral CalculuB.’* 
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rectangular hyperbola, exactly analogous to that of the sine and 
cosine with reference to the circle. For this reason the former 
functions are called hyperbolic functions, just as the latter are 
called circular functions. 


269. We have, from the figure of the last Article, when we 
consider the point Q on the rectangular hyperbola, corresponding 
to the point P on the circle, 

a tan 6 a sinh and a sec 0 = ON = a cosh u ; 

therefore the arguments 6, u, for corresponding points, satisfy the 
relations tan 0 = sinh u, sec 0 s cosh u. Since 


tanh 


sinhu 
1 + coshu* 


we have 


tanh 


tanfl _ sinfl 
l +sec d l + <^0 ■“ 


or 0 and u satisfy the relation tanh = tan \0. 

Since A sector OAQ< LOAQ^ we have 
tanh u < t£<Binh u. 

It follows that the limits of ^2^, when :• is indefinitelj 

diminished, are each unity, since cosh 0=1. 


270. We have 

= cosh u 4* sinh u = sec 0 + tan 0 ; 
therefore u = log« (sec 0 + tan 0) = log^ tan (Jtt + \0). 

Various names have been given to the argument 0\ it is called by 
Cayley the Oudermannian function of u, and denoted by gduy so 
that 0^gdu,u= gd“^ 0 * log tan {\ir + ; this name was given 

in honour of Gudermann, who however called the function' the 
longitude of u. By Lambert, 0 was called the transcendent angle, 
and by Hoiiel* the hyperbolic amplitude of u (written amh u). A 
table of the values of logtan(i7r + ifl) for values of 0 from 0® to 
90® at intervals of 30', and to 12 places of decimals, is to be found 
in Legendre’s Thdorie des Fonctions Elliptiques, Vol. ii. Table IV. 
The table which we give at the end of the Chapter, for intervals of 
one degree, was extracted* from Legendre’s table by Prof. Cayley. 

' See Crelle'i Journal for 1833. 

* See ** Thdorie des Fonotions oomplexes.** 

• See the Quarterly Journal, Vol. xx. p. 220. 
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The table enables us to find the numerical values of the hyperbolic 
functions of u, by means of the relations 

sinh u = tan 0, cosh u = sec 9, 
using a table of natural tangents or secants of angles. 

Those who desire further information on the subject of the hyperbolic 
functions and their applications, may refer to Laisant's “ Essai sur les Fonc* 
tions Hyperboliques ’’ in the Mimoires de la Soci^ti des Sciences de Bordeaux^ 
Vol. X., also the treatises ^*Die hyperbolischen Functionen” by E. Heis, and 
'*Die Lehre von den gowohnlichen und vcrallgemeinerten Hyperbol-funk- 
tionen’’ by Qunther. 


Expressions for the circular functions of complex arguments. 


271. The circular functions with a complex argument may, by 
the use of the notation of the hyperbolic functions, be conveniently 
expressed in the form a + where « and are real quantities. 
Th us sin {x + iy) « sin a? cos ty + cos a? sin iy ; 

hence sin (x + iy) = sin x cosh y + i cos x sinh y (9). 


Similarly we find 

cos {x + iy) — cos x cosh y — i sin x sinh y 

X / . • \ 8in(a? + iy)cos(a?-iy) 

, Also tan (a? + %y) = — ) — ^ , 7 ^ 

^ cos(a; + ^y)cos(a? — ty) 


hence 


.( 10 ). 


tan(j? + iy)! 


8in2a7 + sin2ty 
"cos2a; + cos2iy 

sin2jP + 2 8inh 2y 
’ cos 2a? + cosh 2y 


.( 11 ). 


The inverse circular functions of complex arguments. 

272. We shall first consider the function sin~^ {x + iy). Let 
sin** (a? + fy) = a + ifi, then 

a? + iy = sin (a + iy9) = sin a cosh /3 + i cos a sinh /3, 

or a? = sin a cosh ys=cosasinh^; we have therefore, for the 
determination of /3, the equation a;*/cosh*)8 + y*/sinh*/8= 1, or 
sf (cosh* - 1) + y* cosh* 3 =* cosh* /3 (cosh* iS - 1). 
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If we solve this quadratic for cosh®/8, we find 

cosh*)8 = i + .y* + 1) i + y® + 1)* ^ i 
therefore cosh /8 = ± ^ Vic® + y® + 2^ + 1 + \*Ja^ + y® — 2a? + 1, 
and since cosh ^ is positive^ wo must have, if a? is positive, 
cosh /8 = ^ V(a? + 1)® + y® i ^ V(a? — 1)® + y®. 

The corresponding value of sin a is 

a?/cosh)8 or jV(a? + 1)®+ y* + l)® + y®; 

now cosh /9 > 1 > sin a, hence we have 

cosh /8 = J V(a? + 1)® + y® + i V(a? — 1)® + y® = u, 

Bina = iV(a?+ l)® + y® — iV(a? — l)® + y®= v. 

These are the values of cosh y8, sin a, whether a? is positive or 
negative. 

The quadratic cosh /8 = gives /8 = + log {u + \/a® — 1 } ; we 
have therefore 

sin~' (a? + iy) = + (— 1)* sin“* v±i log [u + Va® — 1 } , 

where h is an integer, and sin“* v is the principal value of a, which 
satisfies the condition sina = v. To deter mine the ambiguous 
sign, put a? = 0, then sin”Wy = &7r±ilog(VlH-y®-t-y); hence 

iy = ± cos kir sin [i log (Vl + y® + y)] 

hence the ambiguous sign must be that of (— 1)*, or 
sin"* (a? + iy) = Ajtt + (— 1)* sin"* v + {—iy i log [u + Vt<® - 1}. . .(12), 
where w = ^ \/(^ + 1)® + y® + J V(a7-l)®+y®, 

and i; = iV(a?+ l)® + y®— iV(a7— J)‘* + y®. 

If we consider sin"* v + ilog {w+ Vw®— 1} as the principal 
value of sin"*(a? + iy), and denote it by sin"* (a? + iy), the general 
value is A;7r + (— l)*sin"*(a? + iy), which is the same expression 
as for real arguments. 

A special case is that of a? > 1, y = 0 ; in this case = a?, v = 1, 
and the principal value of sin"* a? is ^tt + i log {a? + Va;® — 1 }. We 
know a priori that sin"* a? can have no real value when a?> 1. 
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273. Next let cos"* (a? + iy) = a + iP, we have then, as in the 

last case, ar = cos a cosh y = — sin a sinh and we find, as before^ 

cosh as J V(a? + ly + y* + i V(a? — 1)* + y* = 
cos a = i V(a? + 1)* + y* — J V(aj — 1)* + 1 /® = V ; 
hence cos"* (x + iy) = 2k7r + cos"* v±i log {u + Via® — !}. 

To determine the sign of the last term, we put a? = 0, then 
iy = cos [± i»r*± i log (y + Vy* + 1)] * T sin {± * log ^ + V^T 1)} 

=(T)(±iy); 

hence we see that the second ambiguous sign must be the opposite 
of the first, or 

cos“* (a? + iy) = 2AMr + {cos"* v — i log (t^ + Via® — 1)} . . .(13). 

If cos"*t; — ilog(i^ + Via® — 1) denotes the principal value of 
COS"* (a? + iy), then the general value is 2i7r + cos”* (a? + iy). 


274. Let tan"* (a? + iy) = a + i/8, then 


hence 
we have 


sin 2a 4* i sinh 20 
^ cos2a+cosh2j8* 

sin 2a _ sinh2j9 

cos 2a + cosh 20* ^ ^ cos 2a -f cosh 20 * 


cosh® 20 — cos* 2a cosh 20 - cos 2a 


sin* 2a 4- sinh® 20 

(cos 2a 4- cosh 2/8)® ” (cos 2a 4- cosh 2/8)* cosh 20 + cos 2a* 
2 cos 2a 1 , . « . « 2 cosh 2^ 


or 1 — a?® — y® = 
therefore tan 2a = 
Since 


and 1 4-a?*4-y* = 
cosh 20 4- cos 2a ^ 

^ — -j, and tanh 20 = 


cosh 20 4- cos 2a’ 

2y 


1 4*a;* + y*’ 

have ^ 

-a^ + (y-ir 


1 — a;® — y® 

— e"*^ 2y 

— ^ we 

+ l + a? + y^’ 

hence the values of tan“* (« + iy) are given by 

tan-H» + ty) = *7r + i tan- + i i log { .-(14). 


The inverse hyperbolic functions. 

276. If sinh a — z, then a is called the inverse hyperbolic sine 
of z, and is denoted by sinh"*^, A similar definition applies to 
cosh"*^ and tanh"*^. 
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If F 8= sinh a == — t sin la, we have iz = sin la, or a ^ sin““* {iz). 
Similarly if f « cosh a == cos ta, we have a = icos“^2r; we find 

also if j0r =s tanh a, a = i tan"** {iz). We have therefore the inverse 

hyperbolic functions expressed as inverse circular functions by the 
equations 

sinh“^ ir =a — t sin“' {iz\ 
cosh*"^ z^^i cos“^ (z), 
tanh““* z^--i tan“' (iz). 


276 . By means of the expressions we have found for the 
inverse circular functions of a complex argument, we may find the 
values of the inverse hyperbolic functions. We shall however find 
the expressions for them independently. 

(1) If = sinh a, we have e* — = 2^ ; solving this as a 

quadratic for e*, we find e^^z±\/l-\-z\ 

hence a — 2ikTr + loge{z+\/l + z^) or 2i/tf7r + log«(-2f — 
both values of a are included in the expression 
ikir + (— l)*log(^f + Vl +«*). 

Thus the general value of sinh^^y is zA:7r+(— l)*loge(F+ Vl + .8?*), 
and its principal value is log« (jg: + vT+i*) ; this principal value is 
the one which is usually denoted by sinh"'*^. 

( 2 ) If = cosh a, we have e* + 6^* = 2 -gr ; hence we find 

e« = 2;± Vjg® — 1, thus a = 2ik7r ± loge {z + — 1), 

hence 2iA:7r±loga(-gr + V^-1) is the general value of cosh“*^; 
the principal value, which is the one generally understood to be 
denoted by cosh“^2:, is log« (jg? + — 1). 

6** 1 1 I j 

(8) If jf = tanh«, we have ^ =g, or = ^ , hence 

a = ikir + Jloga ^ general value of tanh“^4r, the 

principal value being Jlog« Q g )* 


(4) We find for the principal values of coth“*F, sech“*F, 
cosech**^ ;gr, the expressions 

1+vr^ , i+vr+«» 

T 1 log, 


log*' 


respectively. 
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The solution of cMc equations. 


277. .We have shewn, in Art. 117, that when the roots of 
the cu bic + + r = 0 are all real, q is negative, they 

are V— sin 0, V— sin {0 + f tt), V— f g sin {d + Jtt), where 

We shall now shew how to solve the cubic 

in the case when two of the roots are imaginary. In this case, the 
condition 27r* + 43 * > 0 is satisfied. 

(1) Suppose q positive; consider the cubic 
4 sinh‘ u + 3 sinh u = sinh 3u, 


let ^ = a sinh u, then x satisfies the equation 

/c* + Ja® . a? — Ja* sinh 3^6 ~ 0 ; 

this will coincide with the cubic a^+ga? + r=0, if g==}a*, 

/27 

rs= — ^a*sinh3t4, or sinh 3tA = — 4 — j . 

Now the roots of the cubic 4sinh®u + 3sinht4 = sinh3u are 
sinhti, sinh(ii4-Jwi) and sinh (u + jTri), hence the roots of the 
cubic + ga? + r = 0 are 

’V|g sinh u, Vf g sinh {u + 1 wi), Vjg sinh (w 4- jTrt), 
or Vj g sinh w, V^g (— sinh w ± i ^3 cqsh u), 

where sinh3w = — J ^27 We find the number 3u from a 

table of hyperbolic sines, when the numerical values of g and r 
are given, and then sinh t£, cosh u from the same tables ; thus the 
numerical values of the roots will be found. 


(2) When g is negative ; consider the equation 
4 cosh* u — 3 cosh u = cosh 3 m, 

we find, as in the last case, that if g = — f a®, r = — J a* cosh 3m, the 
cubic which a cosh m satisfies is a^ + gd7 + r = 0; thus the roots 
required are 

V- |g cosh M, V- Jg cosh (m + f irt), V- |g cosh (m + 
or ^ cosh m, V— Jg (— cosh m ± V3 sinh m), 

whore cosh 3m * — J 27 . Hence, as in the last case, we can 
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employ tables of hyperbolic functions to find the numerical values 
of the roots of the cubic, when the values of q and r are given. 

278. Table of values of u for given valves of 0. 



e 

«=log,tan(J»r+i^) 


B 


or 

'O 

•0 

46" 

*8028515 

•9062755 

V 

*0174533 

•0174542 

47" 

*8203047 

•9316316 

r 

*0349066 

*0349137 

48" 

*8377580 

*9574669 

sr 

*0523599 

*0523838 

49" 

*8552113 

•9838079 

4“ 

*0698132 

*0698699 

50* 

*8726646 

1 -0106832 

5* 

*0872665 

•0873774 

61" 

•8901179 

1*0381235 


•1047198 

*1049117 

52" 

*9075712 

1*0661617 

7“ 

’1221730 

*1224781 

^3" 

*9250245 

1*0948335 

8* 

*1396263 

*1400822 

54" 

•9424778 

1-1241772 

9** 

•1670796 

*1577296 

55" 

*9509311 

1*1542346 

10" 

•1745329 

•1764258 

56" 

■9773844 

1*1850507 

ir 

*1919862 

•1931766 

57" 

•9948377 

1*2166748 

12" 

*2094395 

•2109867 

68" 

1*0122910 

1*2491606 

13" 

*2268928 

•2288650 

59" 

1-0297443 

1*2825668 

14" 

•2443461 

*2468145 

60" 

1-0471976 

1*3169579 

15" 

*2617994 

*2648422 

61" 

1*0646508 

1*3524048 

16" 

*2792527 

*2829545 

62" 

1*0821041 

1*3889860 

17" 

•2967060 

*3011577 

63" 

1-0996674 

1*4267882 

18" 

•3141693 

*3194583 

64" 

1*1170107 

1*4659083 

19" 

*3316126 

*3378629 

65" 

1-1344640 

1*5064542 

20" 

•3490659 

*3563785 

66" 

11619173 

1*5485472 

21" 

•3665191 

•3750121 

67" 

1*1693706 

1*5923237 

22" 

•3839724 

•3937710 

68" 

1-1868239 

1*6379387 

23" 

•4014257 

*4126626 

69" 

1-2042772 

1-6855685 

24" 

•4188790 

*4316947 

70" 

1*2217305 

1-7354152 

26" 

•4363323 

*4508763 

71" 

1*2391838 

1-7877120 

26" 

•4537866 

*4702127 

72" 

1*2566371 

1*8427300 

27" 

•4712389 

•4897154 

73" 

1*2740904 

1*9007867 

28" 

•4886922 

•5093923 

74" 

1*2915436 

1*9622572 

29" 

•5061455 

*5292527 

75" 

1*3089969 

2*0275894 

-80" 

*5235988 

*5493061 

76" 

1*3264502 

2*0973240 

31" 

*5410521 

*6695627 

77" 

1*3439035 

2*1721218 

32" 

*5585054 

*6900329 

78" 

1*3613568 

2*2528027 

33" 

•5769587 

•6107275 

79" 

1*3788101 

2-3404007 

34" 

•5934119 

*6316581 

80" 

1*3962634 

2*4362460 

35" 

•6108652 

*6528366 

81" 

1-4137167 

2*5420904 

36" 

•6283185 

•6742766 

82" 

1*4311700 

2*6603061 

37" 

•6467718 

•6959880 

83" 

1*4486233 

2*7942190 

38" 

•6632251 

•7179880 

84" 

1*4660766 

2*9487002 

39" 

•6806784 

•7402901 

86" 

1-4835299 

3*1313013 

40" 

•6981317 

•7629095 

86" 

1*5009832 

3*3546735 

41" 

•7165850 

•7868630 

87" 

1*5184364 

3*6425334 

42" 

•7330383 

•8091672 

88" 

1*5358897 

4-0481254 

43" 

•7504916 

•8328406 

89" 

1-5533430 

4-7413488 

44" 

46" 

•7679449 

•7853982 

•8569026 

•8813736 

90" 

1 

1*6707963 

00 
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EXAMPLES ON CHAPTER XVI. 

1 Prove that 

8 6inh nx sinh* a? = 2 sinh (n + 2) ar - 4 sinh na? + 2 sinh (» - 2) 

2. If cos(a+O)«cos^ + isin0, shew that 8in^= ±sin*a=* ±sinh*/3. 

3. If cos(^+t0)coa(a+i/S) = l, prove that tanh*0 coah2^=sin*a, 

and tanh* cosh® 0 = sin® 6 . 

4. If tan;y=tana tanh/2, tan^sscot a tauh^ 

shew that tan (y +«) = sinh 2/3 cosec 2a. 

5. Reduce to the form A+iA 

6. If log< sin ( 6 + e0) = a -f i)3, 

shew that 2 cos 2d ~ 2 cosh 20 - 4e^y 

and cos (d — /3) = cos (d +^). 

7. If tan (a?+iy) = sin (w + iv\ shew that coth v sinh 2y = cot u sin 2a?. 

8. Express {cos (d + 10) + i sin (d ~ t0)}*'*'*^ in the form A + iB. 

9. Prove that 

10. If t«=cosa^Jcos3a+}cos5a- 

v= sin a - J sin 3a+i sin 6a 

prove* that u = Jir, when 0 ^ a < -Jir and cosh 2v— sec o. 

11. Prove that the sum of the infinite series 

, , cos 4d , cos 8d , oos 12d , 

41 8! 121 

is {cos (cos d) cosh (sin d) + cos (sin d) cosh (cos d)}. 

12. Prove that 

“-•(-I)"sin(2m+l)nd / iix i. / • 

n!. Wl ^n8 2 ^S,{c<«(oos|rt?)oo8h(smptf)}+cos„, 

where a is the unit of circular measure. 


. 13. From EulePs theorem 

sin a? . , 

— cos ^a? cos Ja? cos J ar. 


deduce that 


(X) 

( 2 ) 


, 1 i ^ tH T + 

log,af a;-l 2 l+a?* 4 l+a?* 8 l+a?* 

i =acosech» a?+ i sech® | sech® j sech® i a? + 


P. T. 
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The convergence of infinite product. 

279. Let ...Zn, ... be a sequence of real or complex 
numbers formed according to any prescribed law, and consider the 
product = ... z^oi the first n of these numbers. 

If Pn converges to a definite limit P, different from zero, as n 
is indefinitely increased, P is said to be the limit, or limiting 
value, of the infinite product ZjZiZ, and that infinite 
pi-oduct is said to be convergent. 

It is convenient to exclude the case of those products for which 
P« converges to zero from the class of convergent infinite 
products. 

If P„ = 1 P„ I (cos On + i sin ^„), where | Pn | denotes the modulus 
of Pn, it is necessary and sufficient for the convergence of the 
infinite product that Itoth | Pn | and dn should converge to definite 
values as n is indefinitely increased. In case |Pn| increases 
indefinitely, as » is indefinitely increased, the infinite product is 
said to be divergent. In other cases in which the product is not 
convergent it is said to oscillate, but oscillating products are 
frequently spoken of as divergent. 

The necessary and sufficient condition that the infinite product 
ZiZt ... ... should converge to a definite value (other than zero) 

is that, corresponding to each arbitrarily chosen positive number.e, 
an integer n can be so chosen that | — 1 1 < e, for all 

values 1 , 2 , 3 , ... of r. To shew that this condition is necessary, 
let us assume that P« converges to P, a number different from 
zero. All except a finite set of the numbers |Pi|,|Pa|,... |Pn|... 
are greater than | P | — 17, where 17 is an arbitrarily chosen positive 
number such that | P | — 17 > 0 ; also none of these vanishes, there* 
fore there exists a positive number h which is less than all the 
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numbers |Pi|, jPaj, ... |Pn | .... Since Pn converges to a definite 
limit, n may be so chosen, corresponding to €, that | P„+y — P„ | < if, 
for r = l, 2 , 3, .... 

‘Hence we have | Fn+i^n+a ... -s^n+r— 1 1 < ••• ^n| < ^, and 
therefore the condition stated is necessary. 

To shew that the condition is sufficient, let us assume it to 
hold. For an assigned value of f, n can be so fixed that 
^n+i^n +2 ••• ^n+r " 1 4“ Pn,r» where j pn^r | ^ fur t* = 1 , 2 , 3, .... AVe 
have then Pn^ = P„ (1 + pn,r), and therefore | P„+r | < | P» | (1 4- e), 
for all positive integral values of r; it follows that all the numbers 
|Pi|, I Pa |, ... |Pn I ... are less than a fixed positive number \. 
From lzn+ 2 ^n+ 2 ---^n+r-ll<€, we have ] P„+y- Pn | < Xe, for 
r = 1 , 2 , 3 , ..., and since Xe may be chosen as small as we please 
by choosing € small enough, we see that Pn must converge to a 
definite limit. 

A convenient method of considering the convergence of the 
infinite product 2 ^ 1 2 ^ 3 ... ..., is to consider the series 

loge Si + log,, ... 4-log5^rn 4- .... 

If this series is convergent the infinite product converges to a 
value other than zero, and conversely. If the infinite product 
converges to zero, the series diverges to — cjo , and for this reason, 
as before, we exclude this case. 

yo prove that the convergence of the infinite series and of the 
infinite product are equivalent, we observe that the nccessaiy and 
sufficient condition for the convergence of the scries is that n can 
be so determined, for each c, that 1 loge(^^u+i' 8 ^»+a ... - 8 'n+r)| or 
|loge(l4-p„.r)l<€, for r = l,2,3,.... 

If this condition is satisfied, we have, on employing the 
theorem \^-‘\\<\z\(l+^\z\e^*^) established in Art. 230 
|pn,rl< €(1 4 -ice*). If now 17 be an arbitrarily chosen positive 
number, e can be so chosen that €(l 4 -ice*)< 97 , and thus n can 
be so chosen that |pn,r| or | en+i^n+a ... ^n+r — 1 1 is <^ 7 , for 
r = 1 , 2, 3, ... ; therefore the infinite product is convergent. Con- 
versely let us assume that n can be so chosen that | /£>»,r | < c, for 
r = l,2,3, .... It has been shewn in Art. 249<*^ that if le’l<l, 

I log. (1 +«) 1 < I a I (1 + i 

therefore j log, (1 + pn,r) | < e j ; 


22—2 
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or log,(*„+,a’„+, ... ««+,)< 17, provided e ^1 + i < V, 'f ^ 

is prescribed, € can be so determined as to satisfy this condition. 
Therefore the condition of convergence of the series is satisfied. 

280 . Suppose iij, ••• ••• to be a sequence of real positive 

numbers each of which is less than 1 ; it will be shewn that the 
infinite products 

or n(l+w) 

1 

and (l~Wi)(l-Wo)...(l-w„)... or 11(1 -w) 

1 

both converge, or not, according as the series + t/j + . . . + Wn + . . • 
is convergent or divergent. 

Since 

(1 + Wi) (1 + tta) . . . (1 + > 1 + + ••• + , 

it is clear that the product 11 (1 + u) diverges if the series 
Ui + 1^2 + . . . does so. Also 

ri -.,)(i-i~(i -;5 > (» + ”.) 0 + »■) • ••■(1 + ».). 

hence if diverges the product (1 — Wj) (1 —Wa) ... (1 — con- 
verges to zero, and is therefore considered as non-convergent. 

Next, if converges, let € be an arbitrarily chosen positive 
number less than 1, then n can be so chosen that 

+ ^n+2 + • • • H" 

for r = 1, 2, 3 , . . .. We have, as in Art. 226 , 

(1 — t^n+i) (1 ^n+a) •••(!■” ^n+r) 

> 1 — (t^n+i H" ^n+a + • • • + ^^n+r) > 1 

and therefore | (1 - Wn+i) (1 - t4n+2) ... (1 - Wn+r) - 1 1 < e, and thus 
the condition obtained in Art. 279 for the convergence of the 
infinite product 11 (1 — u) is satisfied. 

Also 

(I + lln+i) (1 + ^^u+a) • • • (1 + ^n+r) 

1 J_. 

(1 - «n+i)(l (1 - ttn+i-) 1 - e’ 

andthu 8 |(l 4 M»n)(l+«n+s)*“(l + «f»+r)-ll< If 1J be 
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arbitrarily assigned, we can determine e so that 6/(1 — 6)< >7, and 
thus n can be so determined that 

1(1 +l/n+i)(l +Wn+a) ... (1 +WH+r)~ 1 | < Vs 

for'r »‘ 1 , 2 , 8, .... Hence the product 11(1 + ^) is convergent. 
It is clear that the condition that should all be 

less than 1 can be replaced by the wider condition that all except 
a finite set of these numbers are less than 1. For we can remove 
a finite set of factors in 11 (1 + u) or in 11 (1 — u) without affecting 
its convergence. 

281 . Next let us consider the infinite product 
(l + «i)(l +1^) ... (1 

where Wi,Wai ... Wn, ... are complex numbers. We shall shew that 
if the series of moduli of Wi, Wa> ... ...» the series, 

|Wi| + |w 2 | 4 -... + |?«n| + ..., 

is convergent, then the infinite product is also convergent. In 
this case the infinite product is said to be absolutely convergent. 
We see that 

|(l+W,g)(l +ttn+i) ... (l+^^«+r)-l I 

since the modulus of the sum of any set of numbers cannot exceed 
^hefsum of their moduli. Now if the series 2 | is convergent, 

the infinite product TI (1 + 1 w [) is convergent, in accordance with 
what has been shewn in Art. 280 ; it follows that, coiTesponding 
to any assigned 6, n can be so determined that 

(1 + I Wn |)(1 + 1 Wn+i I) ... (1 + I W«+r 1)- 1 < 6, 

for r * 1 , 2 , 3 , ... . It follows that 

1 (1 + (1 + ••• (1 + W »+ r ) - 1 1 < €, 

for all positive integral values of r, and therefore the product 
n (1 + w) is convergent. It may happen that 11 (1 + u) is con- 
vergent whilst the series 2 1 | is divergent ; in this case 11 (1 + w) 
is said to converge non-absolutely, or to be semi-convergent. 

It follows firom the above theorem that the infinite product 

(1 + aiZ) (1 +tta^)...(l 4 *an 2 :)... 

is convergent if | Ui ) + 1 a, | + ... 1 a» | + ... 
is a convergent series. 
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Let bi, bt,bt, ... bn, ... be a sequence of real numbers all of -the 

same sign, and let L &» — 0, but suppose the series 
*=00 

“f" 4* • • • "1“ “f* • « • 

to be divergent. It will be shewn that the infinite product 
n (1 + ibn) is not convergent. To prove this we see that 
1 4 * ibn = (1 + bn^)ie^*^*, when tan ^n — \K\» and the upper or lower 
sign in ±i<f>n is taken according as bn is positive or negative. 
If ri be an arbitrarily chosen positive number less than unity, we 
have <f)n > (1 — 17 ) tan (fyn, for all sufficiently large values of n ; and 
therefore 2^n cannot converge. It follows that 11 (1 + ibn) cannot 
converge, although n(l + 6 n*)^ will converge in case the series 
26n® is convergent. It is clearly sufficient for the validity of the 
theorem that all the numbers bn, with the exception of a finite 
set, should be of the same sign. 

If ^ be a complex number x + ty, and the numbers ai , 03 , . . . Un, . . . 
be all positive and such that Sun is divergent, the product 
n (1 + Onz) is certainly divergent if the real part of z is positive. 
For the product of the moduli of the terms 1 + is greater than 
n (1 + anx), and this is divergent when x is positive. 


The product 07 is a real number, does 

not converge in case p ^ 1, but converges if p>l. For 2 ~ is divergent when 
p < 1, and is convergent if p > 1. 

The product ^I+jj ^1+0... ^1+^^... is certainly divergent if the real 

part of z is positive, and it does not converge if the real part of 2 is zero. 
When the real part of z is negative the product converges to zero, and is 

therefore considered as non-convergent For log, + 0 * ^ ’*’*^**^* 

where | Vn I Is less than a fixed number for all sufficiently large values of n ; the 

real part of S log« consequently diverges to — oo when the real part of z 

is negative, whence the result follows. This depends on the facts that 2 - is 

a 

diveigent and 2 ^ convergent 
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Expressions for the sine and cosine as infinite products, 

282. We shall now find expressions for sin x, cos a? as infinite 
prodiicta> involving the circular measure x\ we first suppose x to 
be real and positive. 

We have 

Bin « as 2 sin g sm — ^ 

. X . a? + 7r . x + iir , x-^Stt 
= 2* sin 7 sin — — sin — - — sin — ^ — , 

4 4 4 4 

and continuing this process, we obtain 

« on-i ® ® + TT . a? + 27r . a? + (?i — 1) tt 

sin a?s= 2*^ * sin - sin sm ... sin — , 

n n n n 

where n is any positive integral power of 2 ; hence 

sin X ss 2*^1 sin ~ cos - fsin* - — sin* — ^ 
n n\ n nj 

/ . , 27r • ^is\ / . , n — 27r - ^x\ 

(sin* - - Bin* (sin* - - sin* -) ; 

since L sin x cosec - = w, we have 


on_i • o'”” • «27r . .n — 27r 

n = 2^ ^sin* — sm* — ...sm*- ^ 

n n 2n ^ 


henpe, by division we find 


. X X 

n sin — cos — 
n n 


= 1 - 


sm* - 
n 


. 27r 

sm* — 
n , 


. „7i- 27r 


This is the particular case of the theorem (19), of Art. 87, 
when n is a power of 2. We might, of course, assume the general 
theorem. 

Let J (» — 2) = r, then if m be any number less than r, we have 


/ sm* - 
« . . X xl ^ n 

smBsnsm-cos-l 1-—— 
n n\ . -TT 

V sm* - 

\ w, 


where 


1 - 


sin* - \ / sin* ® 

1 1 

. , m + Itt / I rw 

\ ““ IT. 
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Now, n being taken greater than 2a7/7r, m may be so chosen 
that a? < (m + 1) TT, then R is positive and less than unity ; also, as 
in Art. 226, R is greater than 


. — sm*- <( 
n\ 


.m + lw , , .rw) 

cosec* + . . . + cosec* — V 

n n I 


Now we have shewn in Art. 96, Ex. (1), that if 5 < ^tt, 

.• sinfl sin Aw 

tten 

1 • m ft A utt « • A a? aj* 

hence, if P < h > cosec* — < j also sin* - < — , 
^2 n 4p* n n* 


-V4- 


.. T. . 1 1 1) 

he»oe + + 

»■ [ 1 I L + _i_l 

4 (m + 1) (m + 1) (in + 2) (r — 1) r) ' 

4 \m r) 4r?i 

0r* 

Since jR is between 1 and 1 we may put 

where 0 is between 0 and 1 ; we have then 



where m is any number less than \n, such that a? < (m + 1) w. 

Now let n become indefinitely great, m remaining fixed, we 
have then, since each sine in the product may be replaced by the 

corresponding circular measure, and since cos - has the limit unity, 


“•"'(* - s)(‘- ^)-(‘ - 


where 0i is the limiting value of 0, when n is indefinitely in- 
creased, and is thus such that 0 ^ ^ 1. 
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•Now by increasing m sufficiently, we may make the factor 
1 — as nearly equal to unity as we please, hence we have the 
expression 

* (i - 3 (' - (' - &) 

for sin a? as an infinite products The restriction that x should be 
positive may clearly be removed. 


283. From the formula (17), in Art. 86, if n is even, 


cosa; = | 1 — 


ill 


... 


• « ^ 
sin* - 
n 


we may shew that 

where m is fftiy finite number such that 2ic<(2m4-l)7r, and 0 is 
between 0 and 1 ; hence we obtain for cos x as an infinite product, 
the formula 

- (i - 3) (' - *3 0 - fe) <*>■ 


284. On account of the importance of the formulae (1) and 
(2), we shall give another proof, taken from Serret’s Trigonometry. 
Taking the formulae 


X ” 2 ) / 

sin == n sin - cos - JJ 1 — — ■ ■ 

” ” V 

\ n. 


-v 


1 The investigation of this Article is due to Sohlomilob, see his Cxmpmdium 
ditf hdherm AnalytU, Vol. i. 
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which hold for even values of n, we transform them hy means of 

the formula 1 — = cos* a fl — the forms 

8m*/8 V tan*i8/’ 


a: 

6in a? = n cos^ - . tan - 11 

n n r^i 


X 

cos ^ = cos"-. II 
n r=l 



Now it has been shewn in Art. 96, Ex. (1), that as 0 increases 
from 0 to J w, diminishes, and increases, hence 

/ sin^\ / tan* a\ 

\ '^sin*)8/^\ V *^tan*4/ 

where the absolute value of each expression is to be taken. 

Suppose n so large that ± xjn < Jtt, then ± sin - < ± - < ± tan 


n 


OS mm 

and ± cos - < 1, the signs being so taken that each expression has 


n 


its arithmetical value; the two expressions for sin a? shew that 

r=i(n- 2 )/ \ 


X r^hin- 2 ) / 

and + sin a? > i cos" - . « 11 ( ! 

n r=i \ 


1-— 

r^iry * 


and the two expressions for cos x shew that 

wd ico8*> ±oos"- 3 (l — == — 

«r-i\ 2r-l|»7rV 

now we know that cos" - = 1 — €n, where en is a number which con- 
n 

veigea to zero as » is indefinitely increased ; we have therefore 
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where dn, numbers which converge to zero when n is in- 

definitely increased ; we thus obtain the expressions (1) and (2). 

If wo had used tho formulae 



which hold for an odd value of n, 
and the formulae 



obtained from them, similar reasoning would have led to the same results. 


286. shall next consider the case of a complex variable 
we find, as in Art. 282, 



where n is an even integer, and r = — 2) ; we have to determine 

limits for the value of R. Let p denote the modulus of sin 

n 

%en as in Art. 281, since the modulus of the sum of any numbers 
is less than the sum of their moduli, we see that the modulus 
of (ii — 1) is less than 
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Now we know that > 1 + -4/)* if A is any positive number, 
hence the modulus of JS — 1 is less than 


_ / „ m + lir « 

p® ( COSCC-* + ... + COBCC® 


and this is less than 

{(nT^ if 4_ 

.11 

or than • <”* ”*+2 ’>-1. 

therefore the modulus of (72 — 1) is less than 


Jp3„3 


or than e — 1 ; 




thus the modulus of (i2 — 1) lies between zero and e — 1. Now 


p* = sin* - cosh- ~ + cos* - sinh* ^ = sin* - + sinh* ^ , 
n n n n n n 


hence the limiting value of p*n* is a^-hy\ therefore, the limit of 
the modulus of {R — 1), when n is increased indefinitely, lies between 

g:^4-yg * 

zero and e — 1 ; now e ^ may be made as near unity as we 
please, by taking m large enough, thus | i2 — 1 1 may be made as 
small as we please, by taking m large enough. When n is in- 
definitely increased, each of the sines in the expression for sin z 
becomes ultimately equal to its argument, therefore 


sinz — 





The formula 
cos^ 





4z»\ 

6*7r*/”’ 


may be proved in a similar manner. 


286 . We remark about the formulae (1) and (2), that they 
satisfy the condition of absolute convergency given in Art. 281, 

since the two series and convergent. 
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Each quadratic factor in either product may be resolved into 
two factors linear in x, thus 

■ 9 (*■ i) (’ + & (’ - 2^)-’ 

which may be written in the forms 


8ina? = a?II fl + — ) . 
-« \ rir) 

cos a? = n ( 1 4* ) 

-« \ 2r — Itt/ 


In these latter forms^ the products are semi-convergent, since 
the products 

nfi+A), nfi-iV n(i+ -i-Y n(i-=a^Y 

iV rtrj' ,V nr)' ,V 2>'-lW iV 2r-l5r/ 

00 QO 2 

are divergent, the series ", being divergent. A semi- 

convergent product has the property analogous to that of semi- 
convergent sdries, that a derangement of the order of the factors 
affecb^the value of the product; we are entitled to consider the 
formulae (3) and (4), as correct, only when it is understood that 
«4ii Squal number of positive and of negative values of r arc to be 
taken; thus (3) and (4) must be regarded as an abbreviation 
of the forms 

n / \ ^ f 2^ \ 

wa.x = xL^„^ II (1+ — ), coBa!=X,t-co n + ). 

-n \ -n\ 2r — Iw/ 

287. It has been shewn by Weierstrasa^ that the divergent 
product 

«may be made convergent, by multiplying each factor by an 
exponential feictor; thus the product 

' {(' + sK'} {(* s>'*} {(' + 

is absolutely convergent. 

^ See the Ahhandlungen of the Berlio Aoademy, for 1876. 
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We have, as has been shewn in Art. 230 


e 1 h (1 

mr 2n^ir- ' 


where | | converges to zero as n is indefinitely increased ; there- 

fore, if 6 be an arbitrarily chosen positive number, \un\< e, for all 
values of n which exceed some fixed value dependent on e. We 
have now 

(* + S) *'” = (* + i) {' - S + 2^ ^ 

The series of which the general term is 

is absolutely convergent, since the series S 2^ are convergent, 

and 1 t/n I < €, 1 1 ± Mn I < 1 + €, for all suflSciently large values of n. 
Therefore, in accordance with the theorem proved in Art. 281, the 
infinite product of which the general term is 

or ^1 + e , is absolutely convergent. 

If f{z) denote the limit of the absolutely convergent product 
n (l + e and /(— z) that of 11 we have 

The above result may be employed to evaluate the limiting 
value of the expression 

♦(.)- (i - i) (i - - i) (i + i) (i + 4) 

when m and n are made indefinitely great, but so that their ratio 
has a definite finite limit. 

If 8n denotes the series 1“* + 2”^ + 3“^ + . . . + nr\ we see that 

. r f X \ • 
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now *it is well known that the limit, when n is infinite, of 8n — log^ n 
is a finite number 0'5772156..., called Euler’s constant, hence 
the limiting value of Sn-^Sm, when m and n are infinite, is that of 

loge— . We have therefore, 
m 

where k = Lmln, and the value of {z) is only when m and 
n become infinite in a ratio of equality. 


288. The formulae (2) or (4), for cos x, may be deduced from 
(1) or (3), by means of the formula coso;— sin 2a:/2 sin 4^ 

We have 


2 8ina; 

the factors in the numerator, for which r is even, cancel with 
those in the denominator, hence if we consider the product in the 

2iC\ 


numerator to be the limit 


2n / 

imit of n ( 1 + 
-2||\ 


nr)* 


and that in the 


denominator ^to be the limit of IT (l + — when ti is infinite, 

-» \ rir) 

• / 2a? \ 

we see that cos a? = IT ^1 + j which agrees with (2) or (4). 

Ibhe condition of convergence of the products shews that taking 2w 
instead of n, in one of the products, does not affect the limiting 
value of that product when n is indefinitely increased. 

289. We may deduce the product formula for sin a? from that 
of cos a?, or vice versa, by means of the formulae sin a?=cos (i w — a?), 
cos a? = sin (^tt — x). From the formula (4) we have 
^ f’t . ^-2a?\ ^/2r7r-2a?\ 

8ina? = n (1 + =n ^===r — ) 

-•\ 2r— I tt/ -«\2r— I tt/ 

2r 


I f 2r * x\ 

II ^ =-.a?lI 1 ), 

.«2r-l -odV nr/' 


where the factor x corresponds to r = 0; taking the limit of 

55-? for a? = 0, we see that we must have IT = 1, 
a? —00 — 1 

gmajss® n fl - —V 

-w \ 


henco 
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290. The product formulae for sin x and cos x may be easily 
made to exhibit the property of periodicity which those functions 


Let /{x) = ai h(l + 

then 

fi + 

\ nir J \ IT J \ rnr / 


/j _ ® \ 1 

\ n — lir) w 


UTT-^X 


now when n is indefinitely increased, we have Lf(x + Tr) = --Lf (x), 
which is the equation sin (a? + tt) = — sin a? ; the formula (4) may 
be made, in a similar manner, to exhibit the property 
cos (a? + tt) = — cos X, 

The function sin a? vanishes when a7=0, ±7r, +27r..., and these values 
correspond to the factors ar, 1±-, in the formula (3); also it has 

Tf SStT 

been proved in Art. 235, that sin a? does not vanish for any imaginary value 
of ar, thus if it be assumed that sin a? can be expressed in the form of an 

infinite product ^ (a?— c). . . ^ values of a, 6, c... must be 0, 

w, - IT, 29r, - 29r.... The value of A is then determined by putting a7=0, and 

using the theorem we obtain the formula (1) or (3). This is of 

a? 

course worthless as a proof of the formula, since we have no right to assume 
without proof that sin a; is capable of expression in the required form. 


291. It is important to notice the forms which the formulae 
(1) and (2) take in the case of an imaginary argument iy; we 
obtain in that case, the expressions for sinh y, cosh y as infinite 
products 

»i*y-y(i+$) (i+^) (i+^) <»)• 

c»hy- (i+^(i + igi)(i + ^) (6). 
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The formulae (1), (2), (6), (6) were first obtained by Euler, by means of 
the identity 

_ _ JlTT n 

• 1 1 — 2:: COS 

n 5 

2-2 cos — 
m 

putting s«=l+— 9 it becomes 

( m) -( W “ £ «=, (l + *)(2;„sin|^y ’ 

m \ \ W \ 2«i/ 

if m be now made to increase indefinitely, this becomes 

nsflo / a:® \ 

which is the formula (5). This evaluation of the limit requires an exact 
investigation, as in Art. 285. 

The formula (1) was deduced by changing a into tx. The formulae (2), (6) 
were obtained in a similar manner, from the expression for + 1 in factors. 


ExiJfPLSB. 

292. (1) Investigate Wallis^ expression for ir. 

In the expression for sin^ in factors, put x^^tTf we have then the 
approximate formvila 

>-s(>-p)(>-j) 

where n is large ; this may be written 


/I — — rT\ 2.4.6...2» 


which is Wallis’ formula. 


(2) Factorise cosh y—cosof cosx—cosa. 

We have cosh y - cos a » 2 sin ^ (a + ig) sin J (a - ly) 

putting y-0, l-c<»a-ia*5 (l - 4 ^)*> 


•Joshy-coso 
1— cosa 


therefore 




R. T. 
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Writing %x for y, we have 

00B*-CO8a=2BinHa. (l 5 |l - {l • 

(3) Prove that 


4»ra^ 




167r2^ 


= J TT — taw^^ (^arih ^ . cot . 

We have sin(»+iy)=(*+ty) U ; taking logarithms, this 

becomes 

00 f . 9.r y ) 

log (sin:PCOshy+tcos^sinhy)««log(ar+3y)+S log |1 — *• • 


equating the imaginary parts on both sides of the equation, we have 

tan-»(tanhycotar)=tan->|-|tan-i^^^^— 

let *.=y=l/V2, 

we have then 

f tan->^,=iw-tan-> (tanh^. cot^) . 


Representation of the exponential fiinction hy an infinite product. 

292 A representation of the exponential function in the 
case in which | ^ | < 1, has been given by Mathews^ 

Let us assume that z is the limiting sum of a convergent series 
2 ibn loga(l + sP). We find then that ki = 1, and 

J4-1 

for n>l, where S is any proper integral fiictor of », and S' = «/3, 
each such value of S giving one term. Prom this it follows that 

nkn=X(- If Sh = 2 (- 1 )"'* Skt ; 

and the values of all the numbers kn are to be determined from 
the set of equations of which this is the type. It cm be shewn by 
induction that 

(1) Ifn = 2’»,thenI:„ = l/2. 

(2) If n is the product of p different odd primes, 

then = )**/»». 

* Proetedingi of the Oanhridge Pltiloeopkieol Society, Vol. «v. p. 228. 
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(3) If ns= then An = (— 

(4) If n has the square of an odd number as factor, then 

kn = 0. ^ 

That, with the values of kn so determined, the series 


2A?„log^(H-F»») 


converges when | f | < 1 is easily seen. The exponential function 
is consequently represented, for all values of z such that |f|< 1, 
by the infinite product 

n (1 + z^y^n = (1 + (1 + (1 ^ (1 + ^4y/t ^ ^ . 

1 


or, since 1 = (1 — (1 + zy* (1 + z^y ^ . . ., we have by division 



(-1) /«> 


ki<i. 


where p is the product of fi unequal odd primes, and all values of p 
of this form are to be taken. 


Series for the tangent, cotangent, secant, and cosecant. 


298. Since sin;8: = F 11 ^1 — have, when z is not a 


multiple of tt. 


I 

00 / ^ \ 
logesin^ = log^^ + 21og« ^1 - — j . 


Let A be a positive real number, changing z into z + h, and 
subtracting the two expressions, we have 

sin {z + h) 


loge 


SlUF 


» log. (l + J) +1^ {log. (l + + log, (l + . 

Now, employing the theorem given in Art. 249<*^ we have 

- 1 (7^ “ + 

'“S- (' + 7^) - 


23—2 
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Yfhere | t^o | > | Vn | > | | rU converge to zero when h is indefinitely^ 

diminished. Moreover, e having any fixed value which is not 
zero or a positive or negative integral multiple of w, for all 
sufBciently small values of h the numbers IvoUli’ililval-*- Rud 
R]^6 r11 Irss than an arbitrarily chosen positive 
number e, since the moduli of \z\,\z-^nir\^\z + nir\ are greater 
than some fixed number independent of n. 

We have now 



sin (g + h) 
sinz 


[i - 4 ^( 1 +^)] +.f.[?:^- 4 ‘(-^ 5 .- 4 » 


1 

{Z’^niryy 


where the series on the right side converges when z is not a 
multiple of ir. 

Let us assume that z is such that (r — 1) tt < | | < rw, where r 
is a positive integer ; then if = ?/ < 1 , we have | z |*/wV* 17, 

for all values of n which are « r. We have now 


1 ^ 1 1 1 1 
— z* n* 7 r* 1 1 [ nV 1 — 17 ' 


provided n^T\ it follows, since the series of which rr^ is the 

general term is convergent, that the series of which 

is the general term is absolutely convergent. 

Since the two series of which the general terms are 

2^ 2Z l + ^n j., l+Wn 

«• — z^^n^T^ * {z^niry ^ (z + niry 


are both convergent, it follows that the series of which the general 
term is 


kh 


l+Vn . .1 l+^fi 
{z — niry * {z’^-nir)* 


is also convergent. If h be sufficiently small, the modulus of this 
general term is less than 

i A (1 + e) |j^— ; 

IMJW I* — »nr|an7r — 1 «| S »wr -• (r + 1 ) w, hence 
1 1 
I* — »wr I* ^ (n — r — 
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where n > r + 1, and it then follows that the series of which the 
general term is convergent. Similarly the series of 

which the 'general term is i® convergent. 

We now see that the modulus of the sum of the series of 
which the general term is \h 

exceed a number (1 + c) -4 {z), where A (z) is a positive number 
dependent only on z ; this modulus diminishes indefinitely as A is 
indefinitely diminished. It now follows that 


S 


2z 


S -5 T-s converges to L i-loa 


sin {z + h) 
sin0 


Since = cos A + sin A co 1 = 1 + A cot 2 : ( 1 + (;), 


sin^ 


where | f | converges to zero with A, we have 

\ = I {1 + ^ ^ (1 + ?)} 

=cot^(i+o(i+a 

where 1 | converges to zero with A ; hence 

r 1, sin( 2 rH-A) , 

L T loge — ^ = cotar. 

fcaoA smar 

It has now been shewn that when z is any real or complex 
number which is not an integral multiple of w, cotar is the sum 
of the convergent series 


1 + --L. + JL+_^ I 1 , 


or 


■f2ar 2 


(7), 

(8). 


n«iar®-n*7r* 

In the form (7) the series is semi-convergent, and in the 
.fprm (8) it is absolutely convergent, except for ar = 0, ± tt, ± 27r, . . ., 
for which values the series is divergent. 

In order that the student may appreciate the necessity for the investigation 
in the text, we remark that if f{z) be the sum of an infinite convergent series 
U|(2)+tt2(a)+**»+^fi(2)+...t we are not entitled to assume that 

j, /(g + ^)-/(z) g ^ Ur{Z’^h)--Ur{z) ^ 

1 feteO A 
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Suppose iRro(s) is the remainder of the series after m terms, then 
/(e ) = Ml (e ) + Ma (e) + ... + ?«„, (e)'h^(g), 

/(e+A)=Ui + + + + ? 

hence 

£ /(g + A)~/(g) ^g 2 ; ^r(g + ^0--‘»^r(g ) I 2i ^m(g+/0-f2m(g) . 
a*so ^ 1 A=o ^ /i=o * 

now since the given series is convergent, become indefinitely 

small when m is indefinitely increased ; it does not however necessarily follow 

that does the same, and it is only when it does that 

we are entitled to employ the derived series to represent the derived function 
of /(«). If for example Rm, (z) were of the form - sin mzy wo should find 

z *” ■ > - 2 Lw — ^COSWI«, 

which does not converge to zero when m is indefinitely increased, but oscillates 
between the values ±A. 


294. From the expression 



5V) •” 


we obtain, by a method similar to that of the last Article, the 
infinite series 


— tan« = 


s + s — iw a + « — Itt 

+ 1 _1 + 

js: + -J(2m— i)7r — ^(2m— l)7r^ 


tan s = r., -- — — 

1 (2m — 1)^ TT* — 4!Z^ 


( 10 ); 


the series (9) is semi-convergent, but (10) is absolutely convergent 
for all values of js except ± Jtt, ± f tt .... 


296. We may find a series for cosec z by means of either of 
the formulae cosec -g = cot ^ 2 ? — cot - 2 , cosec^ = ^cot J^-H^tan 
using the first of these formulae, we find on substituting the 
series for the cotangents 


L_ + ._ 2 _._ 2 _. 2 

27 r z-- 27r ^ z + 4i7r — W 


r 2 2 2 . 2.2 1 

cosec^ ~ H .“S— + — H i h + ... 

z + 27r z — 27r z + 4i7r z — 4f7r J 

\^z^ z-\-ir^ z -- ir^ z^2Tr^ z-\-3ir^ z--3ir^ ***J * 
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' -+ ' 


+ ...( 11 ). 


hent» cosec 2 

^1 1 

e t + ir « — 7r'*'« + 27r'^« — 27r z + Stt z — Stt 

or o<«eor-- + SA_^^ (12). 

In the formula (11), change z into z-\-\ir\ we have then 

sec* = (-37T ) - f— A V“) + — 

\5 + i7r Z’~\TrJ \z-^r%iT z — \Tr] 


or 


® ^ (2r - 1)» TT® - 4*» ' 


.(14); 


this series, when r is large, has its general term approaching the 
value " j-, therefore the series is only semi-convergenti 


The cotangent and tangent series may also be obtained as follows ; 

Using the expressions for sin {z-k'h) and sinz as infinite products, we find 
by division 


sin«’~\ WV 7r2-«2 7V 227r2-23 


if we assume that the product on the right-hand side can be expanded in powers 
of A, by multiplication, and put the left-hand side in the form cos A + sin A cot a, 
then expand in powers of A, and equate the coefficients of A on both sides of 
the e<Jhation, we find 


,1 22? . 2^ . 
cota-^ + ... 


.( 8 ). 


The justification for our assumption that the infinite product may be arranged 
in a series of ascending powers of A, the coefficients of which are the infinite 
series obtained by ordinary multiplication, would require an investigation of 
the conditions that such a process gives a correct result ; to do this would 
however require certain general theorems for which we have no space. The 
tangent series may be obtained in a similar manner from the infinite product 
cos(a;+A) /'7r2-422-4A2-8A8:\ 4^2— 4A2-8A5\ 

cos® “V A 32^2.4^2 /••• 


If the cotangent of z is expressed in the form 

n(l-rrr^^j ') I Sn(l--f-^ 

\ 2 ot-1 |VV' V 9«^n-V 

and this expression be transformed into partial fractious, the denominators of 
which are the factors in 2II f 1 — 5— » we should obtain the series (8) ; a 


similar remark applies to tan 2?, sec®, cosec®. The series have been obtained ^ 
by Glaisher, directly, by carrying out this transformation. 


^ Soe Quartefrly Journal^ Vol. zvii. 
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Expansion of the tangent, cotangent, secant and cosecant 
in powers of the argument 

296 . We have shewn in Art. 293 that 

^ 1 5 22r _ 

where |12ni| is a number which may be made as small as we 
please by taking m large enough. Now if the modulus of a? is 
less than nr^ we have 

r®7r’r r»7r^ r“7r“ 7’ 

hence if we suppose that the modulus of f is less than tt, we may 
expand each of the fractions l/(r*7r* — in this manner, and we 
have, arranging the result in powers of as we are entitled to do 
since each of the series is absolutely convergent, 

C0t«= - - ... + -J - ~ ... + -J - ... 

_2^f±+JL+ +JL\. +p . 


let Sm denote the sum of the convergent series 

Jin 2^ + ••• + ■!"•••> 

11 1 

then fifan = -I- Can 18 a number which 

may be made as small as we please, by making m large enough ; 
we have then 

1 2z r. 2-8® o, « 

2 z 2-8® 2-8®"”! 

+ iXm + ~a€a + -^€4+ ■ • + -^an' ^2n + •••• 

We see that 62 > 64 > €4 ..., hence the modulus of 

2z 2-8* 

+ ••• 

is less than Sg multiplied by the sum of ' + ... which 

TT* It* 

is a convergent series, since mod. -8 < tt. therefore the modulus of 
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% - Cfn may be made as small as we please, by making m loige 
enough. We have therefore the infinite series for cot s, 

. 1 2s c a a /I K\ 

cot ^ ^ ^ (1®)» 

which holds for all values of s such that mod. and in 

particular for all real values of s between ± tt. 

From the theorem 

s 


tan ^ = 82 : 


, + ^in f 


7 (2r-l)>7r^-4-2» 

we may obtain, in a similar manner, the series for tauF in ascend- 
ing powers of z. This series may however be deduced from (16), 
by means of the identity tan f « cot f — 2 cot 2z ; we find 

tan2? = - > - S 2 + ■ V -— 

IT IT TT 

which holds if the modulus of z is less than and in particular 
for real values of z between ± 

Substituting for cot^F, cot^r their values from (16), in the 
formula cose^ z = cot \z — cot f, we have 

co8ec^ = i + (2-l)^5^ + ?-^.^iSf4 + -^-|i5«+ 


jyhieh holds if mod. z<ir. 


297. To obtain a formula for sec in powers of f, we use the 
formula 


secFsB47r 


f-i— 

\ir“ — 4a* i 


3>7r*-4a*^5V»-4a» * 

■*'(2i»-l)*9r*-4W^^ ’ 

supposing the modulus of « to be less than ^tt; we have on 
expanding each fraction 

“wtl 3^6 2ni-lJ^w* tl* 3*^6* 

(_l)«-n L + 

^(2j»-1)‘) 11*"+* 

+ tlllllL-lj. +iJ " 


secF: 
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Now let Ssfi+i denote the sum to infinity of the infinite series 




jan+i 3211+1^5211+1 •••> 

and let the remainder after the first m terms be 62n+i> then we 
have 

sec F = — 2i + ~ + ... + ^^Sun+i + ••• 

2 > 2 ^ 

+ ^*^8 + ••• 9 

TT TT^ 

let e' be the greatest of the numbers ei, C3, ..., then the modulus 
2 * 2 * . 

of — ei + + ... is less than e' times the sum of 

TT TT® 

92 94 98 


which last scries is convergent when the modulus of z is less 
than ^TT. 

We have thus shewn that the remainder of the series we have 
obtained for sec ^ is a number of which the modulus diminishes 
indefinitely as m increases, hence we have for sec^ the infinite 
series 

2 ^ 2 ^ 2 * 

8ec « = ~ Sx + ^ + ( 18 ), 

which holds if mod. z < ^tt. 


298 . It is a well-known theorem in Algebra, that the function 
1), where 6* has its principal value, can be expanded in a 
series of the form 


^ (2n)! 


1 _®!L. g9n ^ 


where Bi, B^y ... ... are certain numbers called BernouilKa 

numbers, and that this expansion holds for all values of z for 
which the series is convergent. 

If we multiply by e* — 1 we have 


'= |« + + — + ^;;yi + — } |l - - 


D 

+ (— 1 )“~‘ + . 
^ (2n)! ^ 




I z I being taken so small that both the series on the right-hand 
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side are absolutely convergent, we may multiply them together, 
and arrange the product in a series of powers of z ; the resulting 
series will be absolutely convergent, hence equating the coefGcients 
of the powers of z above the first, on the right-hand side, to zero, 
we have a series of equations 


2 ! 


2 21^3! ’ 


4i'^3!2! 


1 ’ 1 

4!2'‘'5! 


= 0 , 


the general t 3 rpe of which is 

Bn 1 ^n-i ^ B, (^l)n 

(2 w) ! 3 ! (2/1 - 2) ! (2a - 1) ! 2 ! (2n) ! 2 (2n + 1) ! " 

By means of these equations, the numbers £i, Bg, ... may 
be calculated ; we find 

■Bi = i 1 *82 = B% = = Jjy, Ss = ~ 


299. The coefficients in the expansions of cot f, tan f, 
cosec in powers of z, may be expressed in terms of Bernouilli’s 
numbers. 

Wehav* = = + 


hen^, if mod. z is small enough. 


cot z = — 
z 


1 2«B.._2*B,^ 


2! 


4! 




Also cosec z = cot — cot ; hence we have the series 


cosec = 


1 2(2-l)5. 2(2»-l)5,. 

= -+ 4! 




Again, since tan z ^ cots — 2 cot 2z, vre have the series 
2»(2»-l)7j, 2*(2*-l)B, 


ia,az = 


2! 


■z+ 


4! 


‘+ ... 


^ ( 2 «)! 


It has been shewn that the series (19) and (20) are convergent 
if mod. z<ir, and that (21) is convergent if mod. zK^ir. 

The series in (19), (20), (21) must be identical with those in 
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(15), (16), (17), respectively; hence equating the coefiScients in 
(19) to those in (15), we have 

2(j_2* 2 2>»^. 

hence using the values of Bt, B „ ... in Art. 298, we have 

o»-g, *‘- 90 * **“945' 9450’ (2n)! 

thus tSaa may be calculated by means of the formulae which give 


The series (19) and (21) give a ready means of calculating the tangent or 
cotangent of an angle, the first few terms of the series are 
. \ X 2x^ 

x^ 2x^ 17x^ 

*“*=*+ 3 +I 6 + 3I5+- 

The oaloulstion of tan— 90*, cot— 00° mav be carried out as follows: 


tan (m/n 00°) s .k-cot(m/n90°)K 

2m«/(n* - m*) X -eseeiOTTSSeTS n/m x •636619772.'«67581 

+m/n X •2075667820507 - 4t»«/(4»» -m*)x 3169098861837 

+myn3 X -0186886502773 - m/n x -2052888804145 

+«*/«• X -0018424762034 - !»»/»’ X -0066510747882 

+m'’/nJ X -0001975800714 -m‘/n* x -0003450292554 

+«»/«* X -0000216977245 - «iV»» x -0000202791060 ' 

+m»/n« X -0000024011370 - m»/n>> x -0000012366627 

+»»«/«« X -0000002664132 - m«/«” x -0000000764959 

+m«/««»x -0000000206864 -«»«/«» x -0000000047697 

+m”/n” X -0000000032867 - »iW/n» x -0000000002960 

«iJ»/nW X -0000000003661 - m«/n« x -0000000000186 

+mB/nnx -0000000000405 -m>»/nUx -0000000000011 

+ X -0000000000045 
X -0000000000006 

In these expressions, the terms « 5 — 5 , which occur in the 

IT — Z TT* — 8* 

formulae (10) and (8), are first calculated separately, the scries being then 
more rapidly convergent. 

These series are taken from Euler’s AnalyzU of the Infinite i they are 
however given by him to twenty places of docimala 
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Sei'ies for tlie logarithmic sine and cosine. 

300. We have shewn in Art. 285 that 

"■>— « (i - 5) (i - ^) - (i - 

= (l - ^ (l - (l - =^) (1 - 

where On, 0m are numbers whose moduli may be made as small 
as we please by taking m large enough ; taking logarithms, we 
have 

log sin * = log a + log ^ + log ^1 - + ... 

+ ^°e{l-:;^^+log(1^0m). 
log COB « = log (l - ^ + log (l - Ui) + - 

expanding the logarithms, we have, assuming that 1 4r | < in the 
first case and < 2 ^ second case, so that the logarithms may 
be expanded in absolutely convergent series of powers of z, 

, sin z /I a \ 

nsoo / 1 1 1 \ 

logco., — _S^(js+ 5 ii,+ ... +=^).^+log(l-«.'X 


•i.. J. . L+ 


1.1. 

^ . 1 / 1 

^+ 55 +- 

) + 2»*(l» 

11 

2*"-l 0 

39»+5»i + — 

”” ’qoW 

22n * 


hence 
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log 5— » - S ^ + 2 ^ + log (1 - 0^), 

92n ^ 1 oan ^2» 

log cos * = - 2 —55- + 2 —srVtn + log (1 - 


where em. v» l^l^o remainders after m terms in the two series 


1 . 1 


1 . 1 


*1" 2®""^ *’*’ i»» "I" jjsi» "1" ' 


The modulus of 2 — =ej» is less than e'2— L, and that of 
rwr*" 

2*n ^2n ^ 2*** ( 2 (*» 

2 than , where e', rf are the greatest 

values of earn V» respectively; hence 

, sinF X? CY 

log-— ^-1—8^. 


logcos« = 2-^^2*»fi'«. 

2311-1^271 

Since <S5j„= -B», we have the following infinite series for 

. sin F , 
log-j-, logcosir, 

= — 2 — — — 2* — ~ — —2®*“®--^^— f22^ 

* ^ 1 2! 2 4! »(2n)! 

where mod. f < tt, 

logco80*-2(2«-l)^>f,~2»(2*-l)^Jj-... 

>2®»-(2»>‘-l)^^-g,- (23), 

where mod. z < Jtt, 

The first few terms of the series (22), (23) are 
- sin£r_ z^ z* 

log—-, g 

log cos* 

hence also 

, , ** 7*^ 62*« 

log tan « = log * + ^ + 30 + ^5 + .... 
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The series (22), (23) may be employed to calculate tables of logarithmic 
sines and cosines; it is best to calculate separately the first logarithms, 

as we thus obtain the series in a more convergent 

form* than in (22), (23). 

We have 


lc«*.^=l«g.+log£+log ((J S}. 


log COS 


Multiplying the logarithms on the right-hand side of these equations by the 
modulus *4342944819, we get the ordinary logarithms of sin ^ 90°, cos ^ 90* to 
the base 10; the formulae thus found are 


Z(sinm/m90°)= 

Jogm+ log(2w-eil-H^(2»^l 

- 3 logn-|-9*594059885702190 

- mVni X •07002282660S901 

- m*ln* X *001117266441661 

X *000039229146453 

- »»•/«• X *000001729270798 

- X *000000084362986 


- X *000000004348716 

X *000000000231931 

- mw/w” X *000000000012659 

- X *000000000000702 


*000000000000039 


These series were given by Euler, the 


- J UbOP min 90*)- 

log ( n - m) -I- (ft -b m) — 2 log M 
+10*000000000000000 

- fnVft> X *101494859341892 

- m*ln* X *003187294065461 
> fitO/ft* X *000209485800017 

- m»/n» X *000016848348597 
-f»>«/f»«»x *000001480193986 

- i»w/ft« X *000000136502272 
-«»»«/»“ X *000000012981716 

- «*•/»“ X *000000001261471 
-f»w/«‘*x *000000000124667 
-m»ln^x *000000000012456 

- f»*»/»« X *000000000001268 

X *000000000000128 

- »*•/«» X *000000000000013 
decimals being given to twenty places. 


EXAHFLEa 


301. (1) /VwrfMefwffwwo/in-*, Sn-«,S(2n-l)-* S(2n-l)-< 
' ' 111 1 

We have 

, sin* (. a*\ 

■'■l20~**7~"\6 ~12oj 2\6/ 
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hence, equating the coefficients of a* in the two expiessions for log “*** , 
we have S»“*= Jir*, Again 


therefore equating the coefficients of and we find 

Id the theorem (10), put 2z^txir; we thus find for the sum of the seriee, 
^ tanh i vx. The sum might have been obtained directly from the expression 
for cosh fcx in factors, by taking logarithms and differentiating. 

(3) that the mm of the equaree of the reeiprocale of dll numJbere which 

are not divisible by the square of any prime is Ifi/n*^. 

Let a, y, denote the prime numbers 2, 3, 6, then the required 
sum is equal to the infinite product 

(*+ 5 ) (‘ 4 ) (■+?)•"> 

) 

(^+?+5+”*) 


this is equal to 


or to 


^+^ + ^ 8 +^+ — 
1+^ + g|+ j4+... 


and this is equal to 

or to which is equid to 16/9r>. 

TO*’ 

(4) An infinite straight line is divided by an infinite number of points into 
portions each of length a. Prove that if a point be taken such that y is its 
dUtanoefrom the straight linsy and x the projection on the straight line of iti 
distance from one of the points of divisiony the sum of the squares of the 
reciprocals of the distances of this point from aU the points of division is 

sinh^^ 

w a 


ay . 29ry 2irx 

^ cosh — 

a a 
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Tlie series to bo summed is 2 which is equivalent to 

J[ i ( — } .-1 V The sum of the series is therefore 

2iy -BO VP - iy + na + ly + na/ 

2tya I a a J ’ 


TT a 

2i9ja ' . ttCx-V ly) 7r(x — I y ) * 

sin — ^ sin — — 

a a 


which reduces to the given result. 


EXAMPLES ON CHAPTER XVIL 


1. Prove that 


2. Prove that 


/I • /i\ 1 o /I . cos® 6\ /- , cos* d\ 

B08(i.rsmfl)=JffCOS-tf^l + -^j (^l+-476-j 

e that 

+ 8inar=4(»r+2i-)-|l-' / Y~ 8^7r» / 


3. Provo that 2 2 . . . where *, > have all unequal 

-ou -oo(a:+t)(^+^) 

integral values, and x is not an integer. 


Prove that 


(?+') (t+s) ft’4)' 


6. Prove that 


6. Prove that 


Ste* 2** 2«* + 

+ + - 

6. Prove that 

+ ^ + + + “^4(^"S)- 

X {l - (£)*} . ;* (*) =5 |l - . ?)’} . 

express X (xr+^a) in terms of and /ti(a?+ Ja) in terms of X(^), and thence 
find the limit when m is infinite of ^ V^wT+T. 


34 ^ 54 ^ 74 ^ 9* ^ • 


H. T. 


24 
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& If P, denotes the products of p, p, p, ... taken r at a time, shew 


that (2«-2) ! (2«-4) I "^2 1 

9. Prove that 


, 1* 1*.3* 1*.3*.6» 

*“2* 2».4* 2*.4».6*‘ 


10. Sum the series 


* +-?- + -i-+ 

I < 04 R4T^*t4 »74 » • 




11. Shew that the sum of the products of the fourth powers of the 

reciprocals of every pair of positive integers is . 

o 1 ■ u 1 


18. Prove that 
2 2 


1 + i 


2 


•) (jTPi' 


l + l»^l+2»^l+3> 

13. Prove that the sum of the series 


4+35*^4+55* 




fa *«*-!». 


(,i:j)^(dr4)^(drJ^ 


14. Shew that 

j. (m*-l) (2*m*— 1) 

r-40 K - (m - 1)5*} {25*m5» - (m - 1)*} {r^m^ - (m - 1)*} 

is - 1. 

13 5 

16. Shew that the sum of the series 6^+ *** 

^ir sech^wj?. 


16. Prove that 

tan“ia7-tan"^ta?+tan"*^*- »tan*’^tanh^ir^. 

17. Prove that 

log 12- 2log ir-iS,+i5«+ii8i+......+iiS»,+ 

where Sr is the sum of the reciprocals of the rth powers of all numbers which 
ore not prime. 

18. The side BC of a square ABOD is produced indefinitely, and along it 

are measured CC^ C 1 O 2 , C^Cs, ...... each equal to BC; if $u ^a> ^ the 

angles BAC^ BAC 2 i BACz shew that sin di sin sin dg ad inf. 

wVSircosechfr. 


19. If 2, 3, 5, ••• are all the prime numbers, shew that 
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• ^9 ^2 

¥Ti'¥+l-¥Ti 

a<4-l ■ 3<+i * 6 ‘+l "■■■' “ (Eultr.) 

20. Express the doubly infinite series "s (-i)«+** cos^i^ny 
the form of a singly infinite series of cosines of multiples of y. 

21. Prove that 

n VS+cos* ^ Vs - 2 COB 2a 008 j3 cosh /9 Vs 

+ cOB*2a)/4(aH)8«) 

where n has all integral values, positive and negative, excluding sera 


22. Prove that 

i.2.3.4‘*’6.e.7.8'*’9.10.11.12'*‘ 

1 t 1 _ 

1.3.6.7^9.11.13.16^17.19.21.83^ 9e(2+V*)’ 


83l If 0"*"^) =-A+iB, shew that 

tan~* -+tan~*r+tan“>-+ «=tan~*^, 

a o 9 A 

and hence shew that 



24. Prove that 


g 1 ^ ir^2 sinhirJy V2-t>Binfr4fV2 1 

I n*+a?* 4a;3 cosh irorVS— cos ir^VS 

n*« 1 

25. Prove that S 7 — cosec* d. 


26. Prove that 




and 


_ f, , 4(6 -c)4?+4j:*) f, , 4(6-0) d?+4a:*| f, , 4 (6-c)d7+4j;*| 

“ ir*+(6-o)> J »ir»+(6-c)* / 26ir*+(6-o)*j 


/, 2jr\ f, . 4(6-0) a?+4jf«| f, . 4 (6-o)a? -f4i!* l 
«»-.• V'*'~4»*+(6-«)* / r‘^'l6ir*+(6-c)*r* 

{£Mer.) 

24—2 
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27. If 




> +, * 


71 — m n+m Zn-m Sti+tw 5n~~m bn+m 


0 - » , .1 +_J_+_i_ . 

(»-»»)> ^ («+»»)» ^ (3«-«»)* ^ (3»+ot)*^ • 


x=,- 




(«-«»)* (n+m)* (3n-m)® (3n+«»)* 

«_ 1 , 1 _l . 1 

(«-»»)*'’’(«+«i)*‘*'(3»-«»)« (3»+»»)<'^ ’ 

prove that 

p-^" o_(2i*+2)ir* o_(e/t»+6i)ff» p_(24*‘+32i»+8)v« 

2»' ^ 2.4.»* ’ 2.4.6.«»’ 2.4.6.8.W* ’ 

whore I;=t8n = . (^uler.) 


I i »»”■ 


28. Prove that the sum of the series I — i i — i,+ in which all 

65 7* ll** ’ 

odd numbers not divisible by 3 are taken, is tt^/IS ^3. (Buler.) 

20. Prove that the sum of the squares of the reciprocals of all numbers 
which are not divisible by 3 is 47r^/27. {Euler,) 

30. Prove that 

wnhy+sinhe / y\ ( /, 2<7/+.y*\ / 2<3^-y*N 

siohe \ U) V i »r®+c»/ V^ 47 r®+c®/ V^^»+c *7 

2<3f-y*\ 

V* c*A 4.r»+c»; V 4iHW \ W+^J ' 


coshy- cosh 0 
1-coshc 


81. Prove that when n is odd 
cot®g+cot* g+ +oot*^2i^' =.K«-1)(«-2), 

+”*>** ■ 2)(n*+3»- 


(Enler.) 


■13). 


32. Provo that the infinite product (l+«»») (l+^)(l+^) “ 

equal to V \ / 

1 »-l 1 M-l 

^ n (cosh wiw+oos «r/S»), or cosh^vx n (coshirax+cosvjSx)^ 

according as n is even or odd, Of., ft. denoting sin ^ , cos ^ respectively, 
where r is an odd number. (OlaMer,) 
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33. Prove that the infinite product +| 2 n) 

is equal to 

1 1 

-r H (cosh 27 raa - cos 2*pjft»), or ^ — sinh nx n (cosh 2irax - cos2fr/34;), 

according as is even or odd, a, /3 having the same meaning as in the last 
question. (Olaiaher.) 

34. Prove that 

1 1 1 

+ 2*"+^ 

— ^ sinh 2fra.r+j8 sin 27rffj? 1 

1 cosh cos 277/327 ”2^’ 

a, /9 having the same meaning as in the last question. (Olauker.) 

35. Shew that 

ax-^-hy f aa?4- 5y+r(a*-h5^) g o? -f fry -r (g^+ fr*)) 
r=i t(47+rg)*+(y+rfr)2 (jp-ra)2+(y-rfrp/ 

is equal to 
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CONTINUED FRACTIONa 
Proof of the irraHonality of x. 

302. Let f(e) denote the sum of the convergent series 
flj* a* 




then 


hence 


l.c^l.2.c(c + l) 1.2.3.c(c + l)(c + 2) 

/(c) /(c + 2 ) 

/(c+1) c(c+l)/(c+l)’ 




therefore /(c + l)//(c) can be expressed as a continued fraction of 
the second class 

1 fl?/c (c + 1) ®»/(c + 1) (c + 2) + 2) (c + 3) 

1 - 1 - 1 - 1 - 

Let c = ^, and write for w, the series /(c) becomes 

1 ^ I ^ _ 

1 . 2 ^ 1 . 2 . 3. 4 ••• 

or cos®, and /(c + 1) becomes 


hence 


tan® 1 a? a? a? 


an expression for tan ® as a continued fraction of the second class. 

303. Lambert’s prooP of the irrationality of ir depends on the 
continued fraction found in the last Article. Put as=\'ir, and if 
possible let = m/n, where m and n are integers ; we have then 

1 _ m* 

~n-3n— 6»— 7n— 


I PnbUdiad in the meiii(dn of the Academy of Berlin in 1761. 
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now^ after a certain term, the denominators of the fractions min, 
m*lSn, ... exceed the numerators by a number greater 

than unity, hence, by a well-known theorem', the continued frac- 
tion on the right-hand side of the equation has an irrational limit, 
and cannot therefore be equal to unity. Hence ^tt cannot be equal 
to a fraction mjn in which m and n are integers, and therefore ir is 
irrational. This result is of course included in the much wider 
theorem of Art. that is a transcendental number. 


Transformation of the quotient of two hypergeomf^rj^^^ series. 

304. The fraction /8 + 1, 7 + 1, a?)/jP(a, /8, 7, a?), where 
denotes the hypergeometrical series 

can be transformed into the continued fraction 


where 


1 JCiOS 

rurzr: 


ct(v->fi) . ( ^ + l)(7-H-a) _ (a + l )( 7 + l- ^) 

. J(7 + 1)’ (7 + 1)(7+2) ’ (7 + 2)(7 + 3) 

* (j84-2)(7+2-a) . _ ( tt + w-l)(7 + n-l-ff) 

(7 + 3)(7 + 4) ■(7 + 2n-2)(7+2w-l)* 

. (/3+n)(v+n-a) 

®*»-(7 + 2»-l)(7 + 2n)' 

As aa example of the use of this transformation, taking the 
series 

( 2 2 4 ) 

^sssin^cos^jl + gsin»^ + g^sin*^+ 

and putting a==l, /8 = 0, 7 — a? = sin’^ in the above formula of 
transformation, we find 




1.2 . ,^ 1.2 . ,^ 8.4 . 

’ r: r= 1- 


The second convergent gives Snellius' formula for 
. sin 0 cos <f f ^ 3 sin 2^ 

^ * 1 — § sin* 2 (2 ■+- cos 2<f)) * 


' See Chxyetare Algebra, Vol. iz. p. 484. 
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Euler*8 Transformation. 


306. Other series may be transformed by means of Euler's 
theorem^ 


Wi + t«a + t^8 + i44+ ...= — 






which may also be written in the form 


1 , 1 , 1 , 1 , _ _ 

Uj ““ «a “ Oj “ a4 *** ai+ Oa ± Oi + ttg ± tta + ’*’* 

As an example of this method, we obtain from the theorem 

TT ^ mw 1 1.1 1.1 

n n m n^m m 2/i + m 

the theorem 


IT mi7 _ 1 w* (n — mV (n + m)® (2n — mf (2n + m)* 

n n "~m + w — 2m+ 2m + 2m + 2m + n — 2m + ’**‘ 
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Investigate the theorems in Examples (1) to (13). 

_ tanh ^ 1 31^ 

X 1 -f* 3-J- 5 + 

n tan x (?i® — 1) tan^^r (n* — 4) tan* a? (w* - 9) tan* a? 


2. tan7ia?= _ 

i — o — 

when x<](rr^ n being unrestricted. 


5- 


7- 


3. tan9ia;s 


4. tanraa;= 


ntana; (n*- 4) tan* a? (w*- 16) tan* a? 
1— tan*a?- 3- 3 tan* 5^ 5 — 5tan*a?- 

n tan x (it*- 1 ) tan* a? (n* - 9) tan*a? 

1~ 3 — tan*a?— 5 — Stanza;— "*”* 


_ . , ar a?* 4a7* 

6. tan->x=f^3^— 


& tan-»^=r-^ 


Asfi 


16x» 


l-x»+ 3-3x»+ 6-5x*+ 

<-<C8e Chrjrstal’s Algeira, Vol. u. p. 487< 
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7. 


tan”* d7*s 


1+ 3 — 6 — 3jc®*4“*' 




_ntanh« (7i*+l) tanh*:F (n*4-4)tanh*i? 

wan 1 «-k ———————— 


9. 


- cosec -=1 + 
n n 


1 

w- 1 + 


(w— l)n n(n+\) {2n-\)2n 
1+“’ n-l-f 1 + 


sin 7rx _ . l+x \-x 2(2+Jr) 2(2~jtr) 
Itx “ "^1- JF— 1+47- 47- 1+47 — 


11 . 


irX - - 
COS -^*1 + 


X 

1 - 


1+4? 1—4? 3(3 + 4?) 
47- 2+47- 4? — 


12 . 


cot- 

X 


1 1 1 1 1 

47— i+ 1+ 347-2+ 1+ 647-2+ 


13 . 


sin^ 

~0' 


1.2 . ,, .1.2 . 3.4 . -3.4 . 

TT3®*“ ^^376®“ 677®*" ^^779®*” 
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1. Prore that if m is a positive integer 

COS WM? ” COS VIKCL / A* • 

scosec a {2 sm a cos (m— 1) 2 sin 2a cos (m - 2) j?+ 

co84;~cosa ' ' ' \ ^ 

+ 2 sin (m * 1) a cos «+BiD (iTeaWifo.) 


2. Prove that if m and n are positive integers 


sinmo; 1 ... . . jf-a 

* r- S 1)* sin ma cot 


sinno? 2n 


2 * 


ihr 


where expressions are also equal to 


2n 


2( - l)*'sin ma cot{x-a)f 


or ~ 2 (-l)*sin«ioC 0 sec(j?-a), 

according as m+7i is even or odd. 




3. Prove that 

cot (4? - a) cot (4? - i3) . cot (4? - X) = cos Jwtt + S i! cot (4P - o), 
where il«»oot(a-j3)cot(a-y) cot(a-X). {Hermite.) 

4. If Che the angles of a triangle, and x^y^zexe real quantities 
determined by the equations 

cosh X (sin ^sin C)^ bcos^^, 

cosh y(sinC'8inil)^acos^J9, cosh s (sin J sin cos 

then any three points so situated that the distances between each pair are 
proportional to 4 ;, y, x, respectively, lie on a straight line. 


6. shew that tan and 


1 pam x^scn-i 2njtir 

6. Prove that - 2 2 — is equal to the greatest integer in min, 

n pal AsO “ 



MISCELLANEOUS EXAMPLES 


379 


7! Prove that 


tan“i 


462 


462 


(2a+6)*+36*'‘'*®'"” (2a+36)*+36*'*‘’ 
nJ* 


.+tan“ 


46 * 


(2a+2n-l6)*+36> 

is equal to tan"^.^2-j-~^g^j; and hence shew that the sum of the infinite 
series cot"^ (12+|)+cot“^(22+ j)+cot“*(32+ j)+ is cot'^i. 


8. If tanA sec^+tan JSsecA^tanU, 

prove that 

tan A sec if +tan^sec^+tan Csec C+2 tan A tan i? tan f7*=0. 
Trace a connection between this result and the known theorem that 
sin A cos J +sin cos J? +sin (7 cos (7— 2 sin A sin B sin (7 b 0| 
where A^B^C are the angles of a triangle. 


9. If m and n be any numbers, x)rove that 


sin 4? |l - 


n(7i+l) 


: (m+ncos4:) 


(m+n)(m+n-i-l) 21 

+ 

1 X 


n(rt-H) (n + 2) (n-f-3) 


(m+n) (w-f 71+ 1) (m+w+2) (ni+n+S) 


<i i 


m+7i 


-{m(m+l)(«+2)+»(n+l)(»+2)cos*}^-^^^^^^^ 

10. Prove that 

1 ^ • 

1 COSO, COs(a+^}, cos(a+^ + y), cos(a+i8+y+6) 1 


cos a, 1 cos/2, 

COB(^+y), 

co«(i3+y+*) 

cos(a + |3}, cos/3, 1 

cosy, 

«)S(y+#) 

008(o+/3+y), cos(/3+y), cosy. 

1 

OOBd 

C08(o+^+y+3), cos(/3+y+d), coB(y+fi), 

oosd, 

1 

11, Prove that the determinant 




1 , cos A, sinii, eos(3A + ^ 
1, cobB, BinB, cos(3^+Z} 
I 9 oosC7, sin (7, cos (3(7+ .1) 
1, cos2>, sin/>, cos(32>+Z) 


•Is equal to 2 sin (A+<S^+X) multiplied by the product of the sines of half the 
dififorraces between A, B, U, 2), and also by a numerical factor, S denoting 

i(A + fl+(7+Z>). 

12. Pknve that, if 

co8(4j?-y-s)sin(y-«)+cos(4y-4i-4?)sin(«-4?)+cos(4r-iP-y)sin(4r-y)=a0, 
and no two of the three x^ y, z are equal, or differ by a multiple of w, then 
cos 2.r+cos 2y +COS 2r=0. 
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13. Prove that, if y and d be two values of 6 between 0 and n-, nihich 
satisfy the equation 

sin 2d cos2(a+/9)-fsin 2acos* 0+d)+sin 2)3 cos^ (a+d)s=0, 
then a and )3 satisfy the equation 

sin 2<l> cos® (7+5)+ sin 2y cos® (5 + (/>) + sin 2d cos* (7 + 0) =0. 

14. If tana, tan^, tan 7 are the three values of tan - obtained when 

o 

tand is given, prove that 

(1) cosa cos |3 cos ysin (o+/3+7)+sm a sin ^ sin 7 cos (a+)3-|-y)=0. 

(2) sin (3+7) sin (7+a) sin (a+/3) =sin 2a sin sin 27. 

15. Shew that 

2 sin ()3 - 7) cos cos — ^ sin — ' 

2 ifi 2 

- • \ 7 + a a+^ 2a + 3)3+37 

2 Sin (/3 - y) cos ' cos cos ^ 

= 2 (a+j3+y) + 2 sin (2a+)3+7) 

cos 2 (a + )3 + 7) + 2 cos (2a + )3 + 7) ’ 

where the summation 2 refers to the sum formed by a cyclical interchange of 
the angles a, 7. 


16. Prove that, if 

“ f+ 1+ 1+ 

the error made in taking the nth convergent to u instead of u is 

2 (u®~l) 

/- — 5 ,cos~Hn 
n-v4 — n®cot , 

(- 2 )» 

17. Prove that the senes 


1 

n®-l 


1 

3n®-3 


+ 




5n®-6 


to QO 


has for its sum - |sec ^ * ij- • 

18. Shew that the equation tan 2=0;;, where o is real, cannot have 
imaginary roots unless a<l, and that then it has one pair of imaginary 
roots. 


19. Shew that the antiparallels through A, B, Cto any three lines AO, 
BOf CO with respect to the angles A, B^ C of the triangle ABC meet in a* 
point O', and that the six feet of the perpendiculars from 0 and O' on the 
sides lie on a circle. 

If GLf OMy ON be perpendiculars to the sides BC, CA^ AB from the 
centroid O, a,nd P any point on the circumference of the circle LMN^ 
shew that 

(4a2^.52+c2) AP®+(a®+462 + c®)i5P*+(a®+6®+4c®) OP® 

ia constant. 
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20. If X be real, and 1>jp>0, and if taii“^2 mean the least positive 
angle whoso tangent is Zy shew that 


""Y (-l)*-tan 
»-o 


- (2r+l)r f ttX 

‘ (27+iF-T^=*^" 3 




21. If P be any point on a circle passing through the centres of the three 
circles escribed to the triangle ABO, prove the relation 

AP^ 

-I— (1 -hcos il — cos JB- cos U) + (1 - cos A +cos P- cos 0) 

DC ca 

CP^ 

H — ' (1 - cos A - cos P+cos C)= 1 +COS A -f cos J?-f cos 0. 


22. If Uy^—Aco^nB-^-BsmnO, where A and B are independent of 
prove geometrically the equation 

+ 2W„ cos -1 “O' 

Prove that 

23. If Oi, O 2 ; Qi, 6*2; Ni, N 2 ; Pi, P 2 be respectively the two positions 
of the circumcentre, centroid, nino>points centre, and orthocentre of a triangle 
in the ambiguous case, prove that 

20 i 02 ^ZOiG 2 cosec i! =4iViiV'2*= ^ i 

a, h, A beinr the given parts. 

2^. liines AB'C\ BCA*, OA*B* are drawn through the angular points 
A, P, Jof a triangle, making equal angles B with AB, BO, CA respectively; 
and lines AQ*'B*, OB'* A**, BA” O'* making equal angles B with AC, CB, BA 
respectively. Shew that the triangles A*BC\ A”B”C” are equal in all 
respects, the area of each being A sin® ^(cot cot A ~ cot JB- cot C)\ Shew 
also that if Ta be the tangents to the circumcircles of these triangles 
from the point A, with a similar notation for the tangents from B and C, 
then will 

aTj^^cT(l\ hTd^aTj^\ cTJ^hTd' 

26. Sum the series 

Tf— 

where the value 91*0 is omitted, and q are positive integers to be increased 
without limit. 

26. Shew that, if a=2fr/17, the quantities 

cosa+cos3®a+cos3^a+cos3^a, and cos 3a + cos 3^ a + cos 3^a+ cos 3^ a 

are the roots of the equation and explain how the process thus 

indicated can be continued to obtain the value of cos a. 

Ay B,C, D, E, F, O, H, K are nine consecutive vortices of a regular polygon 
of seventeen sides inscribed in a circle whose centre is 0 ; a, /9, y, 3 are the 
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projections upon OA of the middle points of the chords BJff, CJT, DF^ OH 
respectively ; shew that the common chord of the two circles on ajS and yd as 
diameters passes through 0, and is of length iOA, 

27. If a, y, d be the distances of the nine-points centre from those of 
the inscribed and escribed circles of a triangle ABC^ shew that 

1 1 1 I ^ 

/8+y+d“*llfl y+d+a — 11/8 d+o+/3— lly o4*/8+y— lid * 

and that a*+/3^+y*+d*«i2‘(13~8cosiicosj8cosC), 

where Jl is the radius of the circumcirole. 

28. F^ve that tan 

29. Prove that if I he the centre of the inscribed circle of a triangle ABC, 
and Z, M, N the centres of the escribed circles, the circles inscribed in the 
triangles IMN, INL, ILM touch the circle ABC, and the tangents of the 
angles of the triangle formed by the three points of contact are respectively 
equal to 



and two similar expressions. 

30. Shew that if x? be not an int^er, the series 

(jp+w»)* (a? -!-»)*’ 

in which m and n receive in every possible way unequal values, ser^ or 
integers lying between I and - 1, vanishes when I increases indefinitely. 

81 Shew that sin*” 6 cos** 0 can be expanded in the form 

when m and n are positive integers. 

Shew also that 

(p +2) i!p+ !+(»»- n) ilp+ 1 + (i» +» -p) i!p«0, 

except in the case of the last terms of the series, when both m and n are even. 

32. The circumference of a circle whose centre is 0 is divided into n 
equal parts at the points jn, and Q is any internal point. 

Ffove that 

tan PiQO+taaP^QO + + tan P^QO^ntasi P'Q*0, 

where P' is a point on the circle such that QOP'^^n . QOPi, and Q' is a point 
on QO such that (if the ordinates QR, Q'R* cut the circle in R, R*) 

qOW^n. QOR. 
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39 s I^ve that, if mi, m 2 , m. are the integers less than and prime 

to m, and lipu Pu the different prime factors of m^ 

mO 




sin mO . n sin . n sin < 

P\P2 P\P%PzPi 


. md _ . md 
2*llsin — . n Bin • 


Px PiPxPi 
84. Prove that the sum of the products 

Bini»i 8 in 9 ^a + sin r 


for aU pomtive integral values dtp, g, r which are such that when 

s > 3, is aero unless s is a multiple of 3, and is - 1 sin to, when < is a multiple 
of 3. 


36. Prove that 

tand-=5/l-— + — - — I, 

2 1 4 ^ 8 64 /• 

. . «f, 3 31 , 187 1 

am 6-^ 1 1 -g*^+i28**“l024*^'*‘ J ’ 

« • 1 . 431 , 1 

2sin^d->- |l ~ 32 **"^2048**” ) * 


where s»tan 2d, 












